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Definition 1 (Metric Space). Let X be any nonempty set. A functiond : X x X — R
is called a metric on X if:

(i) d(z,y) > 0 for all z,y € X, and d(z,y) = 0 if and only if z = y.

)

(i) d(z,y) =d(y,z) for all z,y € X.
y) <
)

(iil) d(z, d(x,z) +d(z,y) for all x,y,z € X.

Then (X, d) is called a metric space equipped with the metric d.

Example 1

Let X = R and the metric be d(z,y) = |x — y|. Then (R, d) is a metric space.
Example 2

Let X = R™ and the metric be d(z,y) = Imax |z; — y;|. Then (R",d) is a metric
space. =

Example 3

Let X = C([0,1]) be the set of all continuous functions on [0, 1] and define

/ £(t) — ()] dt

Then (X, d) is a metric space.

Example 4 (Discrete Metric Space)
Let X be a nonempty set and define

0, ==y,
d(ﬂf,y)={1 r 4y

Then (X, d) is a metric space, called discrete metric space. The constant 1 may be
replaced by any positive constant.

Definition 2 (Open Ball). Let (X, d) be a metric space. Let x € X. Then an open
ball centered at x with radius r > 0 is defined as:

By(x)={y € X :d(z,y) <r}

Definition 3 (Closed Ball). Let (X, d) be a metric space. Let x € X. Then a closed
ball centered at x with radius r > 0 is defined as:

By(x)={y € X : d(z,y) <r}

1 Continued. ..



Swapnamoy Kader

Definition 4 (Open Set). Let (X, d) be a metric space. Let U C X. Then the set U
is said to be open if, for all x € U, there exists r > 0, such that, B,.(x) C U.

Theorem 1 (Open Set Properties). Let (X, d) be a metric space.

(i) The empty set @ and the whole space X are open.

(ii) The arbitrary union of a collection of open sets is open.

(iii) The finite intersection of open sets is open.

Proof. We prove by using the definition of open set (Definition 4).

(i)

(i)

(iii)

The statement is vacuously true, because, the empty set contains no points, so
the condition in the definition is automatically satisfied. Also, for every x € X
and every r > 0, we have B,(x) C X. Hence both @ and X are open.

Let {Uqa}acs be an arbitrary collection of open sets in (X, d).
Let U = | Ua.

acJ
Take any point x € U. By the definition of a union, = € U,, for some specific

ag € J. Because U,, is an open set, there exists an r > 0 such that the open
ball satisfies:

Br(x) C Uq,
Since U,, C U U, = U, it directly follows that:
aeJ
B,(x) CU

As this holds for every x € U, the union U is an open set.

Let {Uy,Us, ..., Uy,} be a finite collection of open sets in (X, d).
Let V =) U..

Take anyZ Soint xr € V. By the definition of an intersection, = € U; for all
i € {1,2,...,n}. Since each individual U; is open, there exist radii ; > 0 such
that:

B,,(z) CU; foreachi=1,2,....,n

Define r = min{ry,79,...,7,}. Because the collection is finite, the minimum of
these strictly positive numbers is also strictly positive (r > 0).
For this chosen r, the open ball satisfies B,.(z) C B,,(z) for every i. Therefore:

B.(x) CU; foralli=1,2,....n

2 Continued. ..
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This implies that the ball is contained within the intersection:
n
B.(x) C(\Ui=V
i=1

As this holds for every € V, the intersection V' is an open set.

Theorem 2 (Openness of an Open Ball). An open ball is an open set.

Proof. Let (X,d) be a metric space, and Let B,(z) = {y € X : d(x,y) < r} be an
open ball with center x € X and radius r > 0.
To prove that B,(x) is an open set, we must show that every point y € B,(x) is an
interior point. That is, for any y € B, (x), there exists a radius R > 0 such that the
open ball Bg(y) is entirely contained within B, (z).
Let y be an arbitrary point in B,.(z). By definition, the distance between z and y
satisfies:

d(xz,y) <r

We define the radius R for the neighborhood around y as:

R=r—d(z,y) >0
Let z be any point in Bg(y). By definition:

d(y,z) < R
Then the distance d(x, z) using the triangle inequality:
d(z,z) <d(z,y)+d(y,z) <d(z,y) + R
Now, substitute R = r — d(x,y) into the inequality:
d(z,z) <d(z,y)+ (r—d(z,y)) =r

Since d(z, z) < r, the point z belongs to B, (x). Because this holds for all z € Bg(y),
we have established that:

Br(y) C B,(x)

Since every point y € B,(x) has a neighborhood Bg(y) entirely contained within
B,(z), the open ball B,(z) is an open set. O

Definition 5 (Closed Set). Let (X,d) be a metric space. Let F© C X. A subset
F C X is said to be closed if its complement F'© = X \ F' is open.

Theorem 3 (Closed Set Properties). Let (X, d) be a metric space.

3 Continued...
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(i) The empty set @ and the whole space X are closed.

(ii) The arbitrary intersection of a collection of closed sets is closed.

(11i) The finite union of closed sets is closed.

Proof. Let (X, d) be a metric space. The proof follows from Definition 5, Theorem 1,
and De Morgan’s laws.

(i)

(iii)

The complement of X is X¢ = &. Since the empty set is vacuously open, its
complement X is closed.

The complement of the empty set is ¥° = X. Since the entire metric space X
is open, its complement & is closed.

Let {F,}aecr be an arbitrary collection of closed sets in X, where I is an index
set. Let ' = ﬂ F,.

acl
Taking the complement and applying De Morgan’s Laws yields:

Fe = (ﬂFQ)C— U Fs

acl acl

Since each Fy, is closed, its complement FY is open by definition. Because the

. . . -
arbitrary union of open sets is open, U F? is open.

acl
Since the complement F'° is open, the intersection F' is closed.

Let {F;}, be a finite collection of closed sets in X. Let F' = U F;.
i=1
Taking the complement and applying De Morgan’s Laws yields:

n ¢ n

i=1 i=1

Since each F; is closed, its complement FY is open by definition. Because the
n

finite intersection of open sets is open, ﬂ Ff is open.
i=1
Since the complement F° is open, the union F' is closed.

]

Definition 6 (Interior Point). Let (X, d) be a metric space and Let A C X. A point
x € A is called an interior point of A if there exists r > 0 such that B,(z) C A.

4 Continued. ..
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Definition 7 (Interior). Let (X, d) be a metric space and Let A C X. The interior
of A, denoted by A° or int(A), is the set of all interior points of A. That is,

A° = {x € A : there exists r > 0 such that B,(z) C A}

Definition 8 (Closure). Let (X, d) be a metric space and Let A C X. The closure
of A, denoted by A, is the set of all points z € X such that every open ball centered
at = intersects A. That is,

A={z€ X :B.(x)NA# @ for every r > 0}

Definition 9 (Boundary). Let (X, d) be a metric space and Let A C X. The bound-
ary of A, denoted by 0A, is defined by

OA=A\A° <= 90A=AnX\ 4

Definition 10 (Dense Set). Let (X, d) be a metric space and Let A C X. We say
that A is dense in X if A = X. Equivalently, A is dense in X if every nonempty open
ball in X intersects A.

Definition 11 (Compact Set). Let (X, d) be a metric space. A set K C X is compact
if every open cover of K has a finite sub-cover.

Mathematically, if {U,}acr is an open cover of K, where [ is any index set, then
there exists a finite sub-cover, namely {U,,, Uq,, - .., U,, } of K. That is,

KclJv. = KgOUai
=1

acl

Theorem 4 (Sequential Compactness of Compact Sets). A compact set K is sequen-
tially compact.

Proof. Let K be a compact set and {z,} be a sequence in K.

Assume that K is not sequentially compact; thus, {x,} has no convergent subsequence
converging in K.

Then, Vax € K, 37, > 0 such that B, (x) contains finitely many points of {z, }. The
collection {B,, (x) : € K} is an open cover of K, and K being compact, this has a
finite sub-cover. Thus,

k
K C U B, (x;), where z; € K
i=1

5 Continued...
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As K is covered by finitely many balls and by assumption each ball has only finitely
many elements of {x,}, then {z,} being infinite in K has some elements in K that
are not covered by that finite collection. This is a contradiction to the compactness
of K.

Thus, our assumption is wrong. Then, there exists a subsequence {z,, } of {z,,} which
is convergent to some x € K. The existence of x in K is guaranteed as a compact set
contains all its limit points.

Thus, compactness implies sequential compactness. ]

Theorem 5 (Total Boundedness of Sequentially Compact Sets). A sequentially com-
pact set is totally bounded.

Proof. We claim that for € > 0, the set of points of mutual distance > ¢ is finite, in
the sequentially compact set K.
If this is not true, then we can construct a sequence {x,} in K such that

d(zp, ) > e whenever m #n

Clearly this sequence does not have any convergent subsequence. This contradicts
the sequential compactness of K. Thus the claim is true.

Now choose z1 € K. Then, if possible choose x5 € K such that d(zq,xs) > €. If this
is not possible, then the ball B.(z1) covers K and we are done.

In the same process, if possible choose x5 € K such that d(x,z3) > € and d(z9, x3) >
e. Again, if this is not possible, then K is covered by two balls of radius ¢ centered
at r1 and x9, and we are done.

We continue this process of picking a point as long as possible. But, by the validity
of the claim, this process must terminate after a finite number of steps. And thus K
can be covered by a finite number of e-balls.

This shows K is totally bounded.

Therefore, sequential compactness implies total boundedness. ]

Lemma 1 (Lebesgue Covering Lemma). If K is sequentially compact and {G,} is
any open cover of K, then there exists r > 0 such that for every x € K, the ball B,(x)
is contained in a single open set of the cover {Gy}.

Proof. Assume that this is not true. Then for every n € N there exists a ball of radius
1/n which is not contained in any of the sets of {G,}.

Thus, for each n € N there exists x,, € K such that B ,(,) is not contained in any
set of {G4}.

For each such n € N, using these x,, we construct the sequence {x,}°; in K. Since
K is sequentially compact, the sequence {z,} has a convergent subsequence {z,, }
converging to some x € K.

Because {G,} is an open cover of K and = € K, there exists some index ag such that

6 Continued...
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z € Gop. As Gg, is open, there exists § > 0 such that Bs(z) C Gg,.
Since x,, — x, there exists m; € N such that for all £ > m,

4
d(zp,,r) < B

Also, since ny — 0o, there exists mo € N such that for all & > ma,

1 )

ng 2
Let m = max{my, mo}. Then for every k > m and every z € By, (7, ), we have

1 o o6 9
< _— —_ —_ —_ =
d(z,x) < d(z,zp,) + d(xp,,z) < - t5 <513 )
Hence,
Bl/nk (:Enk) g B(;(a?) g Gao

This contradicts the choice of xy, , since By, (Tr,) Was assumed not to be contained
in any member of the open cover {G,}.

This contradiction shows the assumption was false, and therefore there exists r > 0
with the required property. [

Theorem 6 (Compactness of Sequentially Compact Sets). A sequentially compact
set is compact.

Proof. As {G,} is any open cover of K, by Lemma 1, there exists » > 0 such that for
all x € K, B,(x) is contained in a single G,.

By Theorem 5, as sequential compactness implies totally boundedness, thus, there
exists w1, x9, ..., 2 € K such that

t
=1

As each ball B,(z;) is contained in a single set of {G,}, say G,,, then the collection
{G.,}_; is a finite subcover of K. This shows that K is compact.
Thus, sequential compactness implies compactness. ]

Theorem 7 (Compactness of Closed and Totally Bounded Sets). Let X be a complete
metric space. Every closed and totally bounded subset K of X is compact.

Proof. Since K is closed in the complete metric space X, K is complete. Thus K is
a closed, totally bounded and complete set. Let {x,} be a sequence in K. As K is

7 Continued...
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totally bounded, then, Vr > 0, K can be covered by finitely many balls of radius r.
Consider » = 1. Then

ni
Kc|JBi(y"), wek
=1

As {x,} is an infinite sequence, at least one of the balls By (ygl)) must contain infinitely
many elements of {z,}.

Let BM denote that ball containing infinitely many terms, and choose the infinite
subsequence of {x,,} contained in BY); denote it by {:L’S)}.

Next choose r = % and cover BY) by balls of radius % This covering is again finite,
thus one of the balls of radius %
ball B and the infinite subsequence contained in it {xg)}.

Continue this process inductively for all £ > 1. We obtain an infinite nested chain of

balls B® where B® has radius 7, = 27%*! (or simply 2% depending on indexing),

will have infinitely many terms of {xs)}. Call this

and an infinite subsequence {x%k)} contained in B®). Moreover we may choose these
subsequences so that the indices are strictly increasing: choose ny < no < --- with
T, € B® (pick, for example, the first term of {x%k)} whose index is larger than
nk;_1>.

Now, consider the subsequence {x%n)} of the original sequence {z,}. If m > n, then,
using the triangle inequality,

Az, o) < d(af) ai) + o d (20D 2)

n

Now, since
(e ) < 22

as both {x,(f)} and {x,ilc__ll)} are in B*~! by construction. Thus,

d(IgLn)7ISLn)> S 22—’/71 + 22—(m—1) 4. + 22—(n+1) < 22—’/1

Hence, {x%n)} is a Cauchy sequence in K.

Then, as K is complete, every Cauchy sequence is convergent. Thus we have found a
convergent subsequence {x%n)} of the sequence {z,}.

Then, by closedness of K, the limit point to which the subsequence {x%n)} converges
is in K.

Thus {x%n)} is a convergent subsequence of {z,} converging to a point in K, and
{z,} being any arbitrary sequence.

This shows K is sequentially compact and hence compact, by Theorem 6. ]

Theorem 8 (Closedness of Compact Sets). A compact set is closed.

8 Continued...
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Proof. Let K be a compact set in a metric space (X,d). Let z € K¢ For each y € K

define
7ﬁy = %d(l’, y)

Then x € B, (v) and y € B, (y), and clearly
B, ()N B, (y) =@

Thus {B,,(y) : y € K} is an open cover of K. By compactness of K, there exist
Y1, ---,Ym € K such that

=1

Choose
T:min{ryi : 7/ — 1,2,...,m}

Clearly r > 0. For each i we have B,.(z)NB,, (y;) = 9 sincer < ry,, so B.(x)NK = @.
Hence B,(xz) C K¢ which shows K¢ is open. Therefore K is closed.
Thus compactness implies closedness. ]

Definition 12 (Continuous Mapping in metric space). Let (X, dx) and (Y, dy ) be two
metric spaces. Then the mapping f : (X,dx) — (Y, dy) is said to be continuous at a
point z € X, if for every € > 0, there exists, § > 0, such that, f(Bs(z)) C B.(f(x)).
Equivalently, if for every e > 0, there exists, > 0, such that, dx(z,y) < § —

dy (f(z), f(y)) <e.

Theorem 9 (Topological Characterization of Continuity). Let (X, dx) and (Y, dy)
be two metric spaces. The map f: (X,dx) — (Y,dy) is continuous if and only if for
every open set V. .C Y, the set f~1(V) is open in X.

Proof. ( = ) Assume f is continuous on X. Let V' C Y be an open set. If
fYV) = 0, it is open by definition. If f~1(V) # (), choose an arbitrary point
e fHV).

By definition of the preimage, f(x) € V. Since V' is open in Y, there exists an € > 0
such that the open ball BY (f(x)) C V. Because f is continuous at x, there exists a
d > 0 such that for all 2/ € X:

dx(z,2') <0 = dy(f(z), f(z') <e

This implies that f(Bg(x)) € BY(f(x)) C V. Taking the preimage on both sides
yields B (z) C f~1(V). Since every point z € f~1(V) is an interior point, f~!(V) is
open in X.

( <= ) Assume that for every open set V C Y, the preimage f~(V) is open in
X. Let z € X and Let € > 0 be given.

9 Continued...
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Consider the open ball V = BY(f(z)), which is an open set in Y. By our assump-
tion, its preimage f~*(BY (f(z))) is open in X. Since f(x) € BY (f(z)), the point
belongs to this preimage.

Because the preimage is open, there exists a § > 0 such that the open ball BgX (x) C
f~YBY (f(x))). This means that for any 2’ € X:

dx(z,2") < = f(a') € B (f(2)) = dy(f(2). f(2)) <e¢

This matches the - definition of continuity at x. Since x was arbitrary, f is contin-
uous on X. O

Theorem 10 (Preservation of Compactness). Let (X, dx) and (Y, dy) be two metric
spaces. Let the map f: (X,dx) — (Y,dy) be continuous. Then the continuous image
f(K) CY of a compact set K C X is compact.

Proof. Let {V,}aer be an open cover of f(K), meaning f(K) C U V., where each V,

ael
is open in Y.

Because f is continuous, the preimage f~*(V,,) is open in X for every a € I. By the
properties of preimages, we have:

K CfHf(K)cf (U Va> =J o)

acl acl

Thus, {f~1(Va)}aer forms an open cover of K.
Since K is compact, this cover admits a finite subcover. There exist finitely many
indices o, ..., a, € [ such that:

K r v
=1

Applying f to both sides yields:

f(E) € f (_U f1<vm>> =UJse ) cUva

Hence, the arbitrary open cover {V,} has a finite subcover {V,,,...,V,,}, proving
that f(K) is compact. O

Definition 13 (Lipschitz Mapping). Let (X, dx) and (Y, dy) be two metric spaces.
Then the mapping f : (X,dx) — (Y,dy) is said to be Lipschitz if there exists a
constant A > 0 such that, we have d(f(x), f(y)) < Ad(z,y), for all z,y € X.

Definition 14 (Product Metric). Let (X, dx) and (Y, dy) be two metric spaces. The
product space X x Y consists of all ordered pairs (z,y) where x € X and y € Y. To
define a metric d on X X Y we can use the following; if (z1,y1), (z2,92) € X X Y
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o [;-metric: d((z1,v1), (2, y2)) = dx (21, x2) + dy (Y1, y2)

L4 lg—metric: d((xla 91)7 (1’2, ?JQ)) = \/dX(xla x2)2 + dY(yb y2)2

o loo-metric: d((z1,y1), (22,y2)) = max{dx (w1, 72),dy (y1,92)}

Definition 15 (Open Sets in Product Metric). An open set in the product space
V € X x Y is described as for & = (z,y) € X x Y, there exists » > 0 such that
B, (z) C V.

If we consider the [,-metric, where & = (z1,y1) and § = (z2,y2) then, d(z,7) =
max{dx(z1,x2),dy(y1,y2)} and so, B.(%) = By(x1) X B.(y1)-

Theorem 11 (Finite Product of Compact Metric Spaces). Let (X,dx) and (Y, dy)
be two metric spaces. Let K1 C X and Ko CY be compact. Then Ky X Ko is compact
m X xXY.

Proof. We will use the property of sequential compactness. Let {(x,,y,)}>2; be an
arbitrary sequence in K7 x Ks. By definition of the Cartesian product, =, € K; and
yn € Ky for all n € N.

Since K7 is compact, the sequence {x,}>°, contains a subsequence {z,,}°; that
converges to some point z € Kji:

lim z,, =«

1— 00
We consider the corresponding subsequence {y,,}°; in Ky. Since K3 is compact,
this subsequence contains a further subsequence (a sub-subsequence) {yn] 152, that
converges to some point y € Ko:

lim y,, =y

j—o0 7
Now, looking at the corresponding sub-subsequence of the first component, {:Emj };";1
Since it is a subsequence of the convergent sequence {x,,}3°,, it also converges to the
same limit z:

lim z,, ==

j—o0 7
By the definition of convergence in the product metric space, the sequence of pairs
converges component-wise. Therefore, the sub-subsequence {(xnj  Yns, )}52, converges
to (I,y) € Ki x Ky:

lim (:L’m.j ) ynij) = (xv y)

J—00
We have shown that every sequence in K7 X Ky has a subsequence that converges to
a point in K7 X Ks. Thus, K; x K5 is compact, by Theorem 6. O
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Definition 16 (Topological Space). Let X be any nonempty set. A topology on a
set X may be defined as a collection 7 of subsets of X, called open sets and satisfying
the following axioms:

(i) The empty set @ and X belong to 7.
(ii) An arbitrary union of members of 7 belong to .
(iii) The intersection of any finite number of members of 7 belong to 7.

Then (X, 7) is called a topological space and the set 7 of the open sets is commonly
called a topology on X.

Definition 17 (Outer Measure). Let X be any nonempty set. Then the map u* :
P(X) — [0, 0] is said to be an outer measure if:

(i) For the empty set &, we have p*(@) = 0.

(ii) If A C B, where A, B € P(X), then p*(A) < p*(B).

[e.9]

(iii) For any sequence of sets {A,} from P(X), we have, p* <

An) < Z 1 (Ap).

n=

Remark 1 (Standard Construction of Outer Measure). Let X be any nonempty set.
Let S C P(X) and h: S — [0, o0], then,

p(E) =inf{> h(A;): A; €8, EC|JA;}

where j runs over a finite or countable index set. This forms an outer measure.

Definition 18 (o-Algebra). Let X be any nonempty set. Let A C P(X). Then, A
is called a o-algebra if:

(i) The whole set X and the empty set @ must be in \A.

(ii) If a set A is in A, its complement A° = X \ A is also in A.

o
(iii) If sets Ay, Ag,... are in A, then their union U A; is also in A.
i=1

Definition 19 (Borel o-algebra). Let X be any nonempty metric (or topological)
space. Then the g-algebra generated by the family of all open sets is called the Borel
o-algebra on X and represented as B(X).
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Definition 20 (Measure). For a nonempty set X and a o-algebra A over X, a
measure g is a function pu : A — [0, 0o that satisfies two main properties:

(i) For the empty set &, we have u(@) = 0.

(ii) For every countable collection of pairwise disjoint sets Ay, Ag, ... in A, we have,
K (U An) - Z:U(An)
n=1 n=1

Example 5 (Dirac Measure)
For a nonempty set X and the o-algebra P(X), fix a point Xy € X, then the Dirac
measure for all sets £ € P(X) is defined as:

5 (E)— 1 , zg€eF
10, w0 ¢ E

Definition 21 (Well Separating Set/ Carathéodory Measurable Set). Let pu* be an
outer measure on P(X). A set A C X is well-separating or Carathéodory measurable
with respect to u* if,

VE C X, p(E)=p (ENA)+ u (EnNA°.

Theorem 12 (Carathéodory Theorem (I)). Let u* be an outer measure on X. The
collection of well separating sets is a o-algebra. Furthermore, the restriction of u* to
that collection is a complete measure.

Proof. Let A be the collection of well separating sets w.r.t. u*. Then,
e Let A=2. Then VE C X,
p(E) =0+ p"(E) = p'(2) + p*(E) = p (EN @) + p"(EN X).
As @ = X¢, thus @, X € A.
o Let Ac A Then VE C X,
W (E) = p*(E 0 A)+ 1 (B0 A%) = 1 (B0 A) + (0 (A)°),

Thus A€ € A.
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e We next show that A is closed under finite unions. Let A, B € A. We shall
prove that AU B € A.
Then since A € A, for all E C X,

pAE) =@ (ENA) + (BN A%).

Again, as B € A, applying the same identity replacing F with EN A and £ N A€
gives
p(ENA)=p(ENANDB)+ u(ENAN B

p(ENA) =p (ENA°NB)+ u*(ENA°N B°)
Therefore,
p(E)=p (ENANB)+u (ENANB) 4+ u (ENA°NB) 4+ u (ENA°N B°)

Now, we note that,
ENA°NB°=EN(AUB),

and

EN(AUB)=(ENANB)U(ENANBYU(ENA°NB)
By sub-additivity of u*,

p(EN(AUB)) <p (ENANB)+p (ENANBY) + p (ENA°NB)
Using the decomposition of *(FE) above we obtain
p(E) = p (EN(AUB)) +p"(EN (AU B))
Then, by sub-additivity of u*,
p(E) <p (EN(AUB)) +p*(EN (AU B)Y)

Therefore
W (E) = (BN (AUB)) + u*(EN (AU BY)

Thus AU B € A.
Since A is closed under complements and finite unions, it is also closed under
finite intersections by De Morgan’s laws.

e In particular, if A, B € A and AN B = &, then we have
ENANnB=ENB and ENA°NnB‘=(AUB)NE
Then, as A € A, for every F C X,

pH(E) =@ (ENA) +p* (BN AY)
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And as B € A, using F replaced by E N A°, we get
p(E)=p (ENA)+u (ENA°NB)+ p*(ENA°N B

hence
p(E)=p (ENA)+p (ENB)+p (EN(AUB)Y)

If we choose E = AU B, then
(AUB)NA=A, (AuUB)NnB=B, (AUB)N(AUB)‘=

and thus
§H(AU B) = i*(A) + 1*(B)

Let {A;} be a countable collection of sets in A. Let
A=JA, Bi=4, B, =A\[JA4 (n=>2)

Then each B; € A, and the collection {B;} is countable and pairwise disjoint.
Also B,, C A, for every n > 1. Moreover,

Now, consider the finite union
n
— U B
i=1

Then F,, € A, Vn>1
Also, since {B;} is a disjoint collection, { EN B;} is a disjoint collection for every
E C X. Hence

prH(E) = p (ENF,) +p"(ENE)

and

“(ENE,) Z“ (EN B;)

Therefore, for every n > 1,

pH(E) = (BN F) + 3 1 (E0By)
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n
Now we note that F¢ is a decreasing sequence and F, = (U Bi)c, SO
i=1

nOlFC (U )_Ac

Since p* is monotone, the sequence p*(ENFY) is decreasing and bounded below.
Clearly, as;

Fﬂ(GBi)C:(EmFC Em(UB) (BN A°)
i=1
and therefore
p(ENAS) < lim pu*(ENFY)

n—oo

And by sub-additivity,

(ENA) i (ENB)

By previous work,

n

p(E)=> p(ENB;)+ " (ENE)

i=1

As n — oo, we obtain,

n—00 -
=1

pr(E) = lim (Z p(ENB;)+p'(EN Fﬁ))

And therefore,
Z (ENB;) + p*(E N A%

Since N
EnA=|JEnB)
i=1
sub-additivity gives

(ENA) i (ENB;)

Hence,
pi(E) 2 pr(ENA)+ p (BN A%
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On the other hand, by sub-additivity,
pH(E) < p (ENA) 4+ p (BN A9

Therefore,
W (E) = 1" (B0 A) + (B0 AY)

Thus,
A= UAZ eA

1=1

Therefore A is a o-algebra.

Next we show that the outer measure restricted to A is a complete measure. Let
=4

e By definition of outer measure, p*(&) =0 and @ € A. So u(@) = 0.
o Let A, B € Awith A C B. Then, as u* is monotone,
pr(A) < p'(B) = pu(A) < pu(B)
Thus x4 is monotone.

e Let {B;} be a countable collection of disjoint sets in A. Then, by a previous
result we had, if A, B € Aand AN B = &, then

i (AU B) = i (A) + (B

hence
u(AU B) = u(A) + u(B)

Then, by induction we get,
n
Sp = U Bi = u(Sy) = ZN(BZ')
i=1 ‘
Let

=1

Since A is a g-algebra, we have S € A. Applying the Carathéodory property to
S, € S with E = S gives,

M(S) = M(Sn> + M(S \ Sn)
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Therefore,
p(S) = 3 (B + (S \ Sn)

Since u(S\ Sp) > 0,

Hence,

Therefore,
{(Un) - Soum
i=1 i=1

Thus p is countably additive.

To show that p is complete it is enough to show that if A C B, B € A and
uw(B) =0, then A € A and p(A) =0. Since A C B and u(B) = 0, monotonicity
of the outer measure gives

0<p(A) <p(B)=pu(B)=0

Hence, p*(A) = 0.
We now show that A € A. Let E C X be arbitrary. By sub-additivity,

WH(B) < 1 (0 A) + (B 1 A°)
For the reverse inequality, since EN A C A, we have,
W*(E 0 A) < 1 (A) = 0

Hence,
p(ENA)=0

Also, by monotonicity,
pH(ENAY) < p'(E)

Therefore,

p(ENA)+p" (ENAY) =0+ p (ENA°) < u'(E)
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Combining both inequalities, we obtain,
pr(E) = p(ENA)+ p (B0 AY)

Since this holds for every £ C X, we have A € A. Finally, because A € A,

Thus, p is a complete measure.

]

Definition 22 (Approximating Hausdorff Measures). Let (X, d) be any metric space.
Fix any function h, such that

h:P(X)— [0,00]
For any set A C X we define the diameter as
diam(A) = sup{d(x,y) : x,y € A} and diam(@)=0.

Take e > 0 and set £ C X. Let {E;}32; be a countable cover of E. Then we define
H(E) =inf { Y h(E) « EC|J By, V), diam(E;) <=}
j=1 j=1

This is called the Approximating Hausdorff Measure.

Definition 23 (Hausdorff Measures). Assuming the existence of Approximating
Hausdorff Measures, we define the Hausdorff measure by

H(E) = lim H°(E) = sup H(E)

e—0+ e>0

Theorem 13 (Outer Measure Validity of Approximating Hausdorff Measures). For
each fixed € > 0, the Approzimating Hausdorff Measure, H® is an outer measure.

Proof. Fix € > 0, by definition,

e As diam(@) = 0, then hA(@) = 0 and @ is covered by countably many sets of
diameter 0. Thus
(@) =inf Y h(@) =inf0 =0

Therefore H* (@) = 0.
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o If 0 < g1 < &9, then for ¥ C X the collection of covers of E of diameter less than
g1 is a subset of the collection of covers of E of diameter less than 5. Hence

mf <€2 Z h(Ej) mf L Z h(E

diam(E dlam

SO

H=(E) < H(E)
Thus, H°(F) is decreasing as ¢ is increasing.

e [f AC B C X, then any cover of B covers A. Thus

where A C B C U E;. Hence H*(A) < H*(B).

j=1

e Let {E;} be any countable collection of sets in X. Take § > 0. For each i choose
a countable cover of F;, say {O;,}, such that

- )
> h(Oin) < H(E) + 7
n=1

Then, since

JE=UU 0w

i=1 i=1n=1

> D 0in) < Z ('HE(Ez‘) + %) = ZHg(E

i=1 n=1

we have

Taking infimum over all sums and letting 6 — 0, we have,
'H‘f(U E) <Y H(E
i=1 i=1

Therefore, H* is an outer measure for fixed ¢. O

Theorem 14 (Outer Measure Validity of Hausdorff Measures). The Hausdorff Mea-
sure H is an outer measure.

Proof. Now, for H, we have,
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o H(®) = lim H*(@) = lim 0= 0.

e—=0t e—=0t
o If A C B then H*(A) < H%(B). Taking the limit ¢ — 07 we get H(A) < H(B).

e If {E;} is a countable collection of sets, then, for every fixed £ > 0,

H(@E) < iHE(EZ-) < iH(E)

Now take the supremum over ¢,

(UE)—supHg(UE) Z )

e>0

Therefore, H is also an outer measure. ]

Theorem 15 (Additivity of Hausdorff Measure for Positively Separated Sets). Let
(X, d) be a metric space. If A, B C X are positively separated sets, then the Hausdorff
measure H is additive.

Proof. Now, if A, B C X are disjoint (or positively separated sets), then d(A, B) = d,
ie.

= inf{d(z,y) :x € A, y € B} >0

Then for any € < d, we have
H(AUB) =H(A) + H(B)

and consequently

(AU B) = H(A) + H(B)

To show this, consider {O;} to be a countable cover of A U B such that Vi > 1,
diam(O;) < ¢ < d. Then each element of {O;} intersects either A or B by this
construction as, diam(0;) < € < d(A, B).

If {O;} met both A and B, there would be a € ANO;, and b € BN O; and therefore,
d(a,b) < diam(0O;) < d(A, B), a contradiction.

Hence the cover splits into a cover of A and a cover of B.

Also, we have, V§ > 0,

Zh ) < HS(AUB)+0

By construction, Let the elements of {O;} which intersect with A be {O#} and those
which intersect with B be {OF}. Clearly,

Vi, 0An0P =2 and {0;} = {0 U{0OP}
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Then,

Hence,

HE(A) +H(B) < S m(OM + Y h(0OF) < i hO;) < HE(AUB) +6
As 9 — 0, we obtain
But by sub-additivity,

Therefore,

H (AU B) = H(A) + H(B)
Taking the limit e — 0" yields
H(AUB) =H(A) + H(B)
Il

Theorem 16 (Well-Separating Property of Borel Sets). Every Borel set is well sep-
arating with respect to the Hausdorff measure H.

Proof. As Borel sets are generated by open sets and Borel sets form a o-algebra, it is
sufficient to show that any open set G C X is well separating with respect to H.
Let G C X be any open set. Then for every £ C X, by subadditivity,

H(E) <H(ENG)+H(ENG)

We assume that H(F) < oo, else the equality is trivial.
We consider the inner approximation of G. Define, for every n > 1,

G, ={reG: d(z,G)> 1}

1 o
Then d(Gp,G¢) > = > 0 and Gy € Gy € G5 C -+ with G = | JG;. Now consider
n
i=1
the partitions Dy = G1, and D,, = G471 \ Gy, for n > 1. Then

Dy={reG: g <d,G) < 1}
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oo
Then, G = U D; and {D;} is a collection of pairwise disjoint sets.
i=0
Then for ¢ +2 < j, D; and D; are clearly separated by a positive distance, as

1 1
——=>0

d(D;. D;) >
(Di, Dj) i+1 5

Then, each of the sets of the subfamily of {D;} with odd index, i.e., the subfamily
{D2-1}, and with even index, i.e., the subfamily {Ds}, are pairwise disjoint and at
a positive distance.

As each D; are disjoint, then for every £ C X the collection {E N D;} is pairwise

disjoint, and
k

JEnD)CE

Now using the result for disjoint sets and monotonicity,

H (U(E N Di)> =Y H(END;) <H(E)

=1 i=1

Then for the subfamily {Doy_1} we get

zn:,H(E N D2k—1) < H(E)

k=1

and for the subfamily { Dy} we get

zn: H(E N D) < H(E)

k=0

Then,

2n

> H(E N Dy) < 2H(E) < oo

k=0
Also,

G\G,=|]JDi
Thus,
EN(G\Gy) =En|JDi=JEnD)
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Then, by sub-additivity,

H(EN(G\Gy)) < iH(Eﬂ D;)

=n

Now the series > > H(E N D;) < oo, thus it is convergent and all terms are positive,
so the tail converges to 0. Hence

n—o0

lim H(EN(G\G,)) = T}LIEO;H(EQDZ-) =0

1

As d(Gp, G) > — > 0, the sets EN G, and E N G are disjoint and have a positive
n

distance. Also, (FNG,) U (E NG C E. Thus,

HENG,) +H(ENGY) =H(ENG,)U(ENG)) < H(E)

Also,
G=G,U(G\G,) = ENG=(ENG,) U(EN(G\G,))

Then, by sub-additivity,
HENG) <HENG,) +H(EN(G\Gn))
Thus,
HENG)+H(ENG) <H(ENG,) +H(ENG)+H(EN(G\G))
But from the positive separation of GG,, and G¢, we already proved,
HENG,) +H(ENG) <H(E)

Therefore,
H(ENG)+H(ENGY) <H(E)+H(EN(G\Gp))
Since

lim H(EN(G\Gy)) =0

Letting n — oo yields, o

HENG)+H(ENGS) < H(E)
Combining this with sub-additivity,

H(E) <H(ENG)+H(ENG)

we obtain,

H(E)=H(ENG)+H(ENG)

Thus, all open sets are well separating with respect to H.
Therefore, every Borel set is well separating with respect to H. ]
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Definition 24 (Hausdorff Dimension). Let (X, d) be any metric space. Fix the
function h, such that

h:P(X)— [0, 00] ; h(E) = [diam(E)]*

where for any set A C X we define the diameter as

diam(A) = sup{d(z,y) : z,y € A}
Take e > 0 and set £ C X. Let {E;}32; be a countable cover of E. Then we define,

mf{i diam(E;)|* : E C G E;, ¥y, diam(E;) < 6}

J=1 j=1

And therefore,
Ha(E) = lim Hs,(E)

The Hausdorff Dimension of a set £ C X is defined by;

dimy(E) =inf{a > 0: Hy(E) =0} =sup{a > 0: H,(E) = oo}

Remark 2 (Special cases of H,). Depending on the value of o we have the following:
(i) If @ =0, then H, is the counting measure.

(ii)) If @« = 1, then H; on R coincides with the Lebesgue measure (m), i.e., the

length.
(iii) If @ = n, then #H, on R" coincides with the n-dimensional Lebesgue measure
7.{.71/2
(m,,) up-to a constant factor. Thus, H,, = ¢, - my,, where, ¢, = m

(iv) If v is not an integer, then H, measures the a-dimensional size of fractals.

Remark 3 (Hausdorff Measure on [0,1]). Depending on the value of o we have the
following:

(i) Consider the interval I = [0,1]. We measure H,(I), where o > 1. We fix a > 1.
The, for each integer n, we can cover I by using n adjacent closed intervals;

E—1 k
Ik:l ,—1 ,where k=1,2,...,n

n n
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ko k-1 1
Now, diam(/}) = — — =—.
n n n

Thus, for any € > —, the cover {/;}}_, can be considered. Thus,
n

n

He (1) < kZ:[diam(fk)]a - (_)a _la

As HZ (1) is non-increasing in e, the limit as ¢ — 0, for every n is,
Ho(I) = im HE(T) < n' ™
e—0

As, o > 1, we have, 1 —a < 0, so, n'™ — 0, as n — 0o. Then,

Ho(I) < lim n' ™ =0

n—oo

As, Hausdorff measure is non-negative, then, H,(I) = 0.

Consider the interval I = [0, 1] and o = 1, then we claim, H,(/) = 1.

Fix € > 0, and we choose positive integer n > —. Then we can partition [ into
€

n equal sub-intervals;

kE—1 k
Ik:l ,—} ,where k=1,2,...,n
n 'n
. E—1 1
Now, for each I, we have diam([) = — — = — < ¢, and {I}}_, covers
n n n

1. Then,
Hi(I) < Z[diam([k)] =n- <l> =1

n
k=1
As, this holds for all € > 0, then as e — 0, we have, Hi([) <1
Now, Let € > 0, and {E; };ca be any cover of I, with diam(F;) < ¢, for all i € A.
By compactness of I, we get a finite sub-cover, say, {E;,, Fy,, ..., E;, } and for
each k, we define,
Ji = [inf E;, , sup E;, |
Then, diam(F;, ) = |Ji|, where |J;| represents the length of J; and I C U Jp.
k=1

Then, | | J Jil <> 1kl < diam(E;,).
k=1 k=1 k=1

As the length of the cover is at-least 1, hence, 1 < Z diam(E;, ).
k=1
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This holds for every finite sub-cover and every cover with sets of diameter less
than €. Thus, H{(/) > 1, for all £ > 0.
As e — 0, we have, H;(I) > 1. Therefore, Hi(I) = 1.

Definition 25 (Semi-ring). Let X be an arbitrary set. A collection § C P(X) is
said to be a semi-ring if:

(i) @ e8.
(ii) If A,B € S, then ANB € S.

(iii) If A, B € S, then there exists a finite collection of disjoint sets R; € S, i =
1,...,m, such that

ws-(n
=1

Definition 26 (Pre-measure). Let P be a semi-ring and Let pp : P — [0, 00] be a
function such that:

(i) po(2) = 0.

(ii) If P € P and P = (J;2, P}, where each P; € P for j > 1, and the family {P;}
is pairwise disjoint, then

po(P) = ZMO(PJ‘)

Then pg is a pre-measure on the semiring P.

Lemma 2 (Monotonicity of the pre-measure). If P C @ and P,Q € P, then by the
property of the semiring P,

Q\P=|JR
j=1

where each R; € P and the R; are pairwise disjoint. Hence
Q=PU(Q\P)=PuU (URj)
j=1

and therefore,

m

1o(Q) = po(P) + ZMO(Rj) > po(P) = po(P) < po(Q)

J=1

Thus g is monotone.
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Lemma 3 (Tiling Lemma). If P,Q1,Q2,...,Qm € P, then

P\ ( U Qj) = U R;
j=1 i=1
where the sets R; € P and are disjoint.

Proof. The base case for m = 1 is true by definition of P.
Assume that the claim is true for m = k, i.e.,

(o) (09

where fNEl € P are disjoint. Then, for m =k + 1,

j=1 j=1
= (U Ez) \ Qi1
1=1
t ~
=J (= \ Qrs1)
=1
t m
=UUr)
=1 s=1
_ U R;
i=1
where R, R; € P are disjoint. O
Lemma 4 (Finite Covering Lemma). If Q1,...,Q, € P are pairwise disjoint and

Q) € P € P for each j, then,

po(P) > Zuo(Qj)

Proof. If Q1,Qs, ..., Q,, are disjoint subsets of P € P, then
p=(Ue)u [P\ (Ua)]
j=1 J=1
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By the tiling lemma (Lemma 3),
m n
P=(Ue)u(Us)
j=1 i=1
where (), R; € P and every set in the union is disjoint from each other. Hence
po(P) = " mo(@Q) + Y po(Ri) = po(P) > mo(@Q)
j i=1 j=1

7=1
]

Lemma 5 (Countable Covering Lemma). If {Q;} is a countable collection of disjoint
sets and ); C P € P, then

po(P) > ZMO(QJ‘)

Proof. If {Q;} is a countable collection of disjoint subsets of P € P, then by Finite
Covering Lemma (Lemma 4),

m
po(P) =) " no(Q;)  for every m
j=1
Taking the limit m — oo we obtain

Ho(P) =3 (@)

1

<.
Il

]

Lemma 6 (General Covering Lemma). Let P, Q); € P, such that P C U Q;, then,
j=1

po(P) < ZMO(QJ')

1

<.
Il

Proof. Let P, Q; € P, such that P C U Qj, then, Let Q; = PNQ; € P by the
j=1

property of P. Also Q; C Q;, and then by monotonicity po(Q}) < 110(Q;)-

Then, we have

00 o) j—1 oco Ny
P = UQ;:U(QQ\U@) :U URj,k
j=1 j=1 i=1 j=1k=1
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using the tiling lemma (Lemma 3), where R;; € P are pairwise disjoint.
Therefore,

S i Z(Zm(Rj,k)) <3 (@) <3 m(@Q)).
j=1 k=1 j=1 k=1 j=1 j=1

Thus, we have our result;

]

Definition 27 (Outer Measure Induced by a Premeasure). Let P be a semiring on
X and Let ug be a premeasure on P. For every set F C X, define

inf{ZMO(Pj) P, eP,;EC UPJ}
j=1

j=1
Then, the set function p* : P(X) — [0, oo] defined above is an outer measure induced
by the premeasure p.

Note*: This is precisely the standard outer-measure construction from countable
covers. The proof is identical to the proof that the infimum construction yields an
outer measure.

Theorem 17 (Carathéodory Existence Theorem). Let P be a semi-ring and py be a
pre-measure on P. Then there ezists a measure p on o(P), such that u(P) = po(P),
for every P € P.

Proof. Let p* be the outer measure induced by i as in the previous definition. For
any P € P, we have,

1 (P) < po(P)
since P covers itself.
If, P C UOO P; with P; € P, then by the General covering lemma (Lemma 6),

) < Z to(P;). Hence

Py<inf) po(Py) = w'(P) = po(P) < p'(P)

Thus, we have ug(P) = p*(P) for all P € P.
Lastly, we show that P is well separating with respect to pu*. Let P € P and VE C X,
by sub-additivity, we get

pHE) <p (ENP)+p (BN P
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oo

Fix e > 0 and Let £ C U P; where P; € P. By the definition of outer measure, we
i=1

may choose such a cover with

D no(P) < pi(E)+e
i=1

Now, each P; € P. By the Tiling Lemma (Lemma 3), for every i > 1 we may write,

Pz'ﬂP:GAi,k; H‘\P=OB¢,4
k=1 -

where all A; , B; ¢ € P are pairwise disjoint.
Since
P=(PNP)U(P\P)

the pre-measure property gives,

o(F) = Z po(Aix) + Z to(Biy)
=1 =1

Moreover, the family {A; .} covers EN P and the family {B, ¢} covers ENP°. There-
fore,

3

i

M

(ENP)< po(Ai k)

1 1

e
I

7

*(E N P°) i

Adding these inequalities yields

(BN P)+p (EN P <Z<ZNO ik +ZMO ze>

=1

and,

s.

8

g Il

=S wo(P) < (B) +<

i=1

Letting ¢ — 0 yields,
p(E) 2 p(ENP)+p"(EN P

Combining with the earlier inequality gives, for all P € P and all £ C X,

W (E) = w*(ENP) + u*(EN P°)
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Thus P is well separating with respect to u*.
By Carathéodory’s Theorem (Theorem 12), the collection

M={AC X : Ais p*-measurable}

forms a o-algebra.
Since every P € P is u*-measurable, we have

PCM
Therefore,
o(P)C M
Define,
= 1o p)

Since o(P) C M, the restriction p is a measure on o(P). Finally, for every P € P,

p(P) = p(P) = po(P)
Hence,
plp = po

Therefore u is a measure on o(P) extending the pre-measure py. ]
Theorem 18 (Ring Generated by a Semi-ring). Let P be a semi-ring on X, and Let
to be a pre-measure on P. Define,
n
R = {U P : P; € P are pairwise disjoint, n € N}
j=1
Then, R is a ring containing P, and,
o(R) =a(P)
Moreover, the function ugy extends to a pre-measure iy on R by
n n
110 (U Pj) = > ()
j=1 j=1

whenever Py, ..., P, € P are pairwise disjoint.

Proof. First, we show that R is a ring containing P. Let Ry, Ry € R with
R1:UP7§> RQZUQj7 P,Q; €P
i=1 j=1

where the families {F;}}.; and {Q;}L; are pairwise disjoint.
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e Then,
n m n m
wom - (Ur)n(Ua) -U0wne
i=1 j=1 i=1j=1
Since P;,(Q); € P and P is a semiring, we have P, N Q; € P. Moreover, the
family {P; N Q;};,; is pairwise disjoint, because the P; are pairwise disjoint and
the (); are pairwise disjoint. Since the indices %, j run over finite sets, 1 N Ry

is a finite union of disjoint sets from P.
Hence Ri N Ry € R.

e Also,
R\ Ry = (UB) \ (UQJ'> :U(H\L_JQj)

By the tiling lemma (Lemma 3), for each i = 1,...,n, there exist finitely many
pairwise disjoint sets R;1,..., R € P, such that,

m k
P\ (U QJ) = JRis
j=1 =1
Therefore,

n k
R\ Ry = J|JRis
i=10=1
This is a finite union of sets from P. Moreover, the union is pairwise disjoint
because the P; are pairwise disjoint and each family {Ri7g}§;1 is pairwise disjoint
inside P;.
Thus, Ry \ Ry € R and similarly, Rs \ R; € R.

e Finally,
Ry U Ry :R1U(R2\R1)
As Ry\ Ry € R and R; € R, and Ry and Ry \ Ry are disjoint, their union is

again a finite union of pairwise disjoint sets from P.
Therefore, R U Ry € 'R.

Hence R is closed under finite unions, intersections and set difference.

Therefore R is a ring.
Now, P C R, because if P € P, then

1
P:UP — PeR

J=1
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By construction of R, we have,
PCRCo(P)

Let o(R) be the o-algebra generated by R and hence the smallest o-algebra contain-
ing R.

Then, as 0(R) is the smallest o-algebra containing R and o(P) is a o-algebra con-
taining R, we have

d(R) Ca(P)

Again, o(P) is the smallest o-algebra containing P and ¢(R) is a o-algebra containing
P (as R is generated using P), then we have

o(P) Co(R)
Therefore,
o(P)=0(R)

Now we define the extension of py to R.
If R € R, then by definition of R there exist pairwise disjoint sets P;,..., P, € P

such that,
R=|JP

j=1
Define,

to(R) = o (U Pj) = : NO(Pj>

j=1
We must show that this definition is well-defined.
Suppose that R € R has two representations:

rR=JP =],
j=1 k=1

where P;, (), € P and both families are pairwise disjoint. We need to show that,

D (P =) po(Qr)
=1

k=1

For each fixed j, and for each fixed k, since

PPCR=J@w QcR=[JP
k=1 Jj=1

34 Continued. ..



Swapnamoy Kader

Thus, we have,

m

PijmRij<UQk> (£ N Q)
k=1

k=1
and,

QkaﬂRQkﬂ<U ) @i p)

J=1
Since Pj,Qr € P and P is a semi-ring, P; N Qy € P. Also, for fixed j and fixed £,
the sets P; M@y, are pairwise disjoint because the P; and the () are pairwise disjoint.
Therefore, by the pre-measure property of uy,

po(Py) = mo(PiNQk),  o(Qk) = Zuo QrN P))

k=1
Summing over 7 = 1,...,n and k = 1,..., m respectively, we get
ZMO(PJ):ZZm(PjﬂQk% Z ZZMO kNP
j=1 j=1 k=1 k=1 k=1 j=1
But,
QNP =PNQy = > > uo(PNQr) =) > m(QxnNF)
j=1 k=1 k=1 j=1
Therefore,
> (P = po(Qr)
j=1 k=1

Thus g is well-defined.
Next, we show that fip extends pg. If P € P, then P € R and

1
:Up
j=1

Hence, by definition,
fio(P) = po(P)
Therefore,
fiolp = po
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Finally, we show that fio is a pre-measure on R. Let {R;}32; be a pairwise disjoint
collection of sets in R such that

R:G&GR

j=1

We must prove that,
fio(R) = ) fio(R))
j=1

Since R € R, there exist pairwise disjoint sets P, ..., P, € P such that

Also, for each j, since R; € R, there exist pairwise disjoint sets

Qj1y- s Qjm; €P
such that

Ry =] Qi
k=1

Since the sets R; are pairwise disjoint, the family {Q; 1}« is pairwise disjoint. Now,

[e’e] oo My
#=Un=UUax
j=1 j=1k=1
Therefore, for each i = 1,...,n,
oo My oo My
P,=PNR=PnN <U UQch) =JU@ne;
j=1k=1 j=1k=1

Each set P; N Q; belongs to P, since P is closed under finite intersections. Also,
for fixed 4, the sets P; N @) are pairwise disjoint because the sets ), are pairwise
disjoint. Hence, by the pre-measure property of pg on P,

Summing over ¢t = 1,...,n, we get

n

fio(R) = po(F)

=1
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oo My

_ZZZMO (PN Qjk)

i=1 j=1 k=1

For fixed j and k, since Q1 € R, we have

n

Qjr =QjxrNE=0Q;,N (U Pz') =J@jxn P)
i=1

1=1

The sets Q; N P; are pairwise disjoint and belong to P. Therefore,

po(Qjk) = ZMO QirNF;)

Hence,
= Z Z po(Qjk) = Zﬁo(Rg)
j=1 k=1 j=1

Therefore, jip is countably additive on R whenever the countable disjoint union be-
longs to R. Also,

fo(2) =0
because @ € P and (@) = 0.
Hence fip is a pre-measure on the ring R extending p from P. O

Definition 28 (Monotone Class). A collection M C P(X) is called a monotone class
if:

(i) whenever E; C Ey C --- and E; € M for all j, then U E; e M
j=1

oo
(ii) whenever Ey D Ey DO --- and E; € M for all j, then ﬂ E;e M
j=1

Theorem 19 (Monotone Class Theorem). Let R be a ring of subsets of X. Assume
that X 1is o-finite with respect to R, i.e.,

nr

j=1
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where R; € R. Then the monotone class generated by R coincides with the o-algebra
generated by R. That 1s,

Proof. Let M be the least monotone class containing R, and A be the least o-algebra
containing R, i.e., A = o(R) is the o-algebra generated by R.

By construction, R € M and since every oc-algebra is a monotone class, and A
contains R, we have M C 0(R) = A.

So it remains to show that M is a o-algebra containing R.

e Clearly @ € PC R C M. So, @ € M.

e By the o-finiteness assumption, there exist sets [?; € 'R such that,

~Un-U(Un)-Us.
j=1 n=1 \j=1 n=1

Since R is a ring, each S,, € R. Hence S, € M for every n, and, S; C Sy C
S3 C ---. Now, as M is a monotone class, it follows that,

XeM

Define
M/:{AEM: AUR, ANR, A\R, R\Ae M forall R R}

Now, since R C M and R is a ring, R is closed under finite unions, intersections, and
set differences. Therefore, if A € R and R € R, then, AUR, ANR, A\R, R\A
are all in R, and hence in M. Therefore, we have R C M’. Also, by definition
M C M.

Let {E;} be an increasing sequence of sets in M’ ie., £y C Ey C -+, and let

ne
j=1

Since each E; € M’ C M and M is a monotone class, we have E € M.
Fix R € R. Since E; € M’, we have, for all j,

e F;UR € M and E; U R is increasing to £ U R in j in M. Hence,

—

(E;UR) e M —> U JUREM = EUReM

j=1
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e ;N R e Mand E; N R is increasing to £ N R in j in M. Hence,

=

I
-

¢

(E;NR)eM = (| JEj))NREM = ENReM

.
I
-

J

e ;\ Re M and (E; \ R) is increasing to £\ R in j in M. Hence,

¢

(B;\R) e M = (

||C8

)\ReM — E\ReM

<.
Il
—

e R\ Ej € M and (R\ Ej) is decreasing to R\ E in j in M. Hence,

=

(R\Ej)) e M = R\(GEJ-) EM = R\EeM

1 j=1

J

oo
Therefore, £ = U E;je M.

j=1
Let {E;} be a decreasing sequence of sets in M, i.e., By O Ey D -+, and let

A
j=1

Since each E; € M’ C M and M is a monotone class, we have £ € M.
Fix R € R. Since E; € M’, we have, for all j,

e F;UR€ M and E; U R is decreasing to £ U R in j in M. Hence,

=
=,

(BEjUR)eM = ([ |Ej)UREM = EUReM

<
Il
—
B
Il
—

e F;NR e M and E;N R is decreasing to £ N R in j in M. Hence,

(BjNR)eM = ([|Ej)NREM = ENReM

=
=,

<
Il
—
<
Il
—

o ;\ Re M and (E; \ R) is decreasing to E'\ R in j in M. Hence,

DX

(E\R)EM:>( )\RGM:>E\R6M

ujg

I
—

J
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e R\ Ej € M and (R )\ Ej) is increasing to R\ £ in j in M. Hence,

GR\E eM = R\(ﬂE)eM — R\EeM

7=1

0.9]
Therefore, £ = ﬂ E;e M.

j=1
Therefore, M’ is a monotone class containing R, and M being the smallest monotone
class containing R, we get,

MCM

Since by definition, M’ C M, we conclude that, M = M.
Therefore, for every A € M and every R€ R, AUR,ANR,A\ R, R\ A€ M.
Now, define

M'={AeM: AUB, ANB, A\ B, B\ A€ M for all B € M}
From, the previous result, as M’ = M and R C M, we get
Rg M//

In a similar manner as above one proves that M” is a monotone class, simply by
replacing R € R by an arbitrary fixed B € M.

Thus, M” is a monotone class containing R. Since M is the least monotone class
containing R, we have

M g M//
Since M"” C M by definition, it follows that
MII — M
Therefore,
M — MI — M//

This concludes that M is closed under finite unions, finite intersections, and set
differences.
Since X € M, for every A € M we have,

=X\AeM

Thus, M is closed under complements.
Finally, Let {£;} is any countable collection of sets in M, then

Ur-0(Um) = As-n(0#

7=1
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As M is a monotone class, then,

J o] J o]
{UE} 1t nM = | (UEk) eM = | JE eM
k=1 j=1 k=1 j=1
Similarly, the sequence
J 0 J 00
{(ﬂEk}j>1inM:> (ﬂEk>eM:>ﬂEjeM
k=1 a j=1 k=1 j=1

Therefore M is a o-algebra containing K.

Since o(R) is the smallest o-algebra containing R, we have, A = o(R) C M.
Earlier we already showed that, M C o(R).

Consequently, A = 0(R) = M.

Hence, we have proved that,

]

Theorem 20 (Carathéodory Uniqueness Theorem). Let P be a semiring on X and
Let 119 be a premeasure on P. Then there exists a measure p on the o-algebra o(P)
generated by P such that u|lp = uo.

o0

Furthermore, if po is o-finite on P, then u is unique, i.e., if X = U P; with P; € P
j=1

and pio(P;) < oo for all j, then the extension p is unique.

Proof. By the existence part, (Theorem 17) we already have a measure p on o(P)

with plp = po.
Let p1 and ps be two measures on A = o(P), such that

mlp = nalp = o
Define the ring generated by the semi-ring P by,

R = {U Pj : P; € P are pairwise disjoint, n € N}

j=1

By the theorem 18 on the ring generated by a semi-ring, R is a ring containing P,
and,
o(R) = o(P)

Since 1 and po agree on P, finite additivity implies that they agree on R. Indeed, if
R=]JP
j=1
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where P; € P are pairwise disjoint, then,
pi(R) = (P) =Y po(Py) =Y pa(Py) = pa(R)
j=1 j=1 j=1

Therefore,
p1lr = p2|r

(o.¢)
By o-finiteness, there exist sets P; € P such that, X = U Pj, where P; € P and
j=1
po(Pj) < oo, for all j > 1.
These sets need not be disjoint. Therefore, we replace them by disjoint sets in the
ring R. Define

j-1
Ri=P, and R;=P\|JP, Vj=>2
i=1
j—1
By the tiling lemma (Lemma 3), each set P} \ U P; can be written as a finite disjoint
i=1

union of sets from P. Hence, R; € R, for every j > 1.
The sets R; are pairwise disjoint, and

(o.0)
X =|JR;
j=1
Also, since R; C P;, and since p; and po agree with py on P and agree on R, we have

i (Ry) = pa(R;) < .

More precisely,
p(Rj) = pa(R;) < po(F;) < oo
Now define,
M={AcA: u(ANR;)=w(ANR;), Vj>1}

We show that M is a monotone class.

o Let 4 C Ey C E3 C --- be an increasing sequence of sets in M, and define
[o¢]
E =] E.

k=1
Then for each fixed j > 1, Ej N R; increases to &' N R; in k. Since py and po
are measures, continuity from below gives

p(ENRy) = lim (B, N Ry)
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Since Ej € M for every k, we have,
(B N Rj) = po(Ex N Ry)

Hence,
,U,l(E N R]) = kh—>n;o ,U,Q(Ek N R])

Again by continuity from below,
kh_>nolo pe(Er N R;) = p2(E N Ry)
Therefore, for every 7 > 1,
m(ENRj) = pa(ENR)
Thus, £ € M.

Similarly, Let 1 D Ey D E3 D --- be a decreasing sequence of sets in M, and
define, &/ = m E;.

j=1
Then for each fixed j > 1, E, N R; decreases to £ N R; in k. In order to
use continuity from above, we need the first set to have finite measure. Since
EinN R]’ - R]’ and ,ul(Rj) = ILLQ(R]') < 00, We have,

,ul(El N R]> < oo and IU/2(E1 N R]) < o0
Therefore, by continuity from above,
p(ENRy) = lim (BN Rj)

Since each Ej, € M,
(B 0 Ry) = po(Ey N R;)

Hence
p(ENRy) = lim (B0 Ry).

Again by continuity from above,
klirgo pe(Er N R;) = po(E N Ry)
Therefore, for every 7 > 1,
m(ENRj) = po(E N Rj)

Thus, £ € M.
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Thus, M is a monotone class.

Next, we show that R C M.

Let R € R. Since R is a ring and R; € R, we have, RN R; € R, for every j > 1.
Since p; and pe agree on R, it follows that, for every 5 > 1,

m(ROR) = po( RN Ry)

Therefore,

ReM

Thus,
RCM

Since M is a monotone class containing R, the monotone class generated by R is
contained in M. That is,
M(R)C M

By the Monotone Class Theorem for rings (Theorem 19), using the o-finiteness as-
sumption,
M(R) = o(R)
Hence, 0(R) C M.
But, ¢(R) = o(P) = A. So, A C M.
Since by definition M C A, we conclude

M=A

o
Now Let A € A. Since X = U R; and the sets R; are pairwise disjoint, we have,
j=1

A:AﬁX:AﬁGRj:[j(AﬁRj)

J=1 J=1

where the sets AN R; are pairwise disjoint.
Since A € A =M, for every j > 1, we have, p11(AN R;) = pa(AN Ry).
Therefore, by countable additivity,

p(A) = ZM(A NR;) = Zﬂz(A NR;) = p2(A)

Hence, for every A € A,
p1(A) = p2(A)
Therefore,
p1=p2 on o(P)

Thus the measure extending pg from P to o(P) is unique. ]
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Theorem 21 (Functional Generation of Borel Measurable Functions). Let (X, d) be
a metric space and F be a family of functions from X to R, such that:

(i) F 2 C(X), where C(X) is the space of continuous functions on X.
(11) F is closed under addition and multiplication by constants.
(11i) F is closed under pointwise limits.
(w) If f € F, then |f| € F.
Then F contains all Borel measurable functions.

Proof. Let B(X) be the Borel o-algebra on X. Note that B(X) contains all closed
sets. Define
M:{EGB(X):]IEEF}

where 15 denotes the indicator (characteristic) function of E.

Clearly M is nonempty, since @ € B(X) and 15 =0 € C(X) C F. Thus @ € M.
We first show that every closed set K C X belongs to M. Let K be closed; if K = &
this is already done, so assume K # @. Define

f(z) =d(z,K) = inf d(z,y), reX
yeK

Then, Vz € X, for all ¢ > 0, there exists y € K such that, f(z) +¢ > d(z,y).
Also, Vx € X, Vy € K,

flz) <d(z,y) <d(z,2) +d(z,y) <d(z,z) + f(2) +¢

hence

f(z) < f(2) +d(z, 2)
Similarly,

f(z) < f@) +d(z, 2)
Therefore,

|f(x) = f(2)] < d(x, 2), Vi, ze X

Thus f is 1-Lipschitz, and in particular continuous. Thus, f € C(X) C F.
Now, Vz ¢ K, f(x) >0, as K is closed, and Yz € K, f(z) =0. Thus

0, r e K,
f($>{>o, rd K

Now, for all n > 1, consider the construction of the function
fu(z) = (1 =nf(z))s = max{0, 1 —nf(z)}
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Since f € F and F is closed under multiplication by constants and addition, we have,
1 —nf € F. By assumption, if g € F, then |g| € F. Hence, |1 — nf| € F. Now
observe that,

(1 —nf(x) + 1 —nf(z)
2

fu(x) = (L =nf(z)); = max{0,1 —nf(x)} =

Therefore f,, € F for every n > 1.
Then,

0, ¢ K
1, zeK

As fn(z) € F and F is closed under limits, so 1x € F.

Therefore, K € M. Since K was an arbitrary closed subset of X, it follows that M
contains all closed sets.

Now, Let {F,} be a family of sets in M, such that

n—00

i 160 {

E\CE,CE;C--- and E=|[]JE,

Then 1g, € F and also

n—00

Since F is closed under pointwise limits, we obtain,

1lp€F = Ec M — UEneM

n=1

Similarly, Let {B,} be a family of sets in M, such that
BiD>ByD>DBygD--- and B:ﬂBn
n=1

Then 1p, € F and also

lim ]an = ]lB
n—>00

oo
Since F is closed under pointwise limits, so 1z € F — Be M — ﬂ B, € M.
n=1
Therefore, M is a monotone class.

Now we show that M contains all Borel sets.
First note that M is closed under complements. Indeed, if £ € M, then 1g € F.
Since 1 € C'(X) € F and F is closed under addition and multiplication by constants,

lge=1—-1geF
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Hence E° € M.
Next, M is closed under finite unions. If £, F' € M, then 1g,1p € F. Since F is
closed under addition, multiplication by constants, and absolute values, we have,

lg+1p+|lg—1p c

5 F

]lEUp = max{]lE, ]lF} =
Thus FU F € M.
Similarly,
lp+1p—|1p—1p| c

5 F

]lEﬂF = min{]lE, ]lF} =

so ENF e M.
Let R be the ring generated by the closed subsets of X.
Since M is closed under finite unions, finite intersections, and complements, and since
M contains every closed set, it follows that, M contains the ring R generated by the
closed subsets of X. Therefore,

RCM

Since X is a metric space, it is closed in itself. Hence X € R. Therefore,

X=Jx

n=1

so the o-finiteness hypothesis of the Monotone Class Theorem (Theorem 19) is satis-
fied.
Since M is a monotone class containing R, the Monotone Class Theorem (Theorem
19) gives

d(R)C M

Since R contains every closed set,
B(X) Co(R)

On the other hand, every element of R is Borel, so,

o(R) C B(X)
Therefore,
o(R) = B(X)
Therefore,
B(X)C M

Thus, for every Borel set £ C X, we have,

1gp e F
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Next we show that this implies all Borel measurable functions from X — R are in F.
Let f be any Borel measurable function from X to R.
Consider j = —n?, —n?+1,...,n% — 1.
Let
n,  f(x)=n,

SNIRES
n n ’

-n, f(x)<-n

=
=
I

S I
=
8

Then each of the sets
By = {f(x) > n}
By = U e |20

n n

Ez ={f(z) < —n}

are Borel sets, and by the previous part we have shown that for every Borel set £ C X
the indicator 1 € F.

Hence
n’—-1

fal@)= 3 g, +nlp +(-n)lg,

j=—n?

Since 1g, ;, 1g,, 1g, € F and F is closed under addition and multiplication by con-
stants, we have f,, € F.
Now, for each z € X, we have,

1
@) <n = |fule) ~ fla)] < -
Thus, f,(z) — f(z) pointwise as n — oo.
As F is closed under pointwise limits, f € F.
Therefore, F contains all Borel measurable functions from X to R. ]

Theorem 22 (Regularity of Borel Measure). Let X be a metric space and A be the
Borel o-algebra on X. Let p be a finite measure on A, i.e. i(X) < oo. For every
e >0 and every E € A there exist a closed set F' and an open set G with

FCECG and  uw(G\F)<e

Proof. Define the collection of ’approximable’ sets as:

A'={E € A:Ve> 0,3 closed F and open G with F C E C G and u(G\ F) < ¢}
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We first show that every open set G belongs to A’
Let E = G C X be open. If G = @, it is trivial. If not, define for each n € N the
inner-approximation sets:

1
Gp={r € G: d(z,G° Zﬁ}

1
Take z € G\ G,,. Then d(z,G) < e

1
So, 3y € G°N By p(w), such that d(x,y) < —.
n

1
Let d(x,y) =0 and r = — — § > 0. Then, Vz € B,.(z), we have,
n

d(y,z) <d(z,z) +d(z,y) =r+0=

S

1

Therefore, as y € G¢, and d(z,y) < —, it follows that d(z, G%) <
n

Thus,

S|

2¢ G, = B.(r) CG, = G} isopen

Therefore, G,, is closed.

o0
Also, {G,} is an increasing sequence and G = U G, as if x € G, then since G is

open, =
d(x,G) >0
Choose n sufficiently large so that,
1
— <d(z,G°
~ < d(z, G

Then, x € G,. Hence,
G=JaG,

n=1

Since p is a finite measure, ;(G) < oo, and by continuity from below,
p(G) = lim u(G)
Then,
:UJ(G \ Gn) = M(G) - M(Gn) — 0 asn— o0

Hence, for every € > 0, there exists n such that, u(G \ G,) < €, this means, we can
approximate F from below by G,, for large n.
Setting F' = G,,, we obtain, ' C (.
Then F = G, C G, where G, is closed (left) and G is open (right), and u(G\G,,) — 0.
Therefore, Ve > 0, 3 closed G,, and open G such that G, C G and u(G \ G,) < e.

Hence, every open set G is in A’'.
Now we show that A’ is a o-algebra:
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e As the empty set @ is both open and closed, we consider F' = @ and G = &.
So we have,
o CoCO and @\ @) =0

Thus @ € A'.

e Let £ € A, then Ve > 0 there exist closed F' and open G with F' C F C G and
uw(G \ F) < e. Taking complements, we have,

G¢ C E°C F°
where G is closed and F° is open. Since F¢\ G° = G \ F, we have,
pFNG) =p(G\F) <e¢
Thus, £ e A'.
e *Let E1, By € A'. Then, by definition, we have Ve > 0:
— J closed Fy and open Gy such that Fy C Fy C Gy with u(Gy \ F) <

— Jclosed F» and open Gy such that Fy C Fy C Gy with u(Gy \ Fo) <

DM DN M

Now, Let F:= Fi1UF,, E:= FE;UFEs and G := G1 U Gs.
Then, F', being union of two closed sets, is closed; and G, being union of two
open sets, is open. Then,

FCECG
where F'is closed and G is open.
Now,
G\F=(GiUGy)\ (F1UF) C(Gi\ F1)U (G2 \ F3)
Then

G\ F) < p((GrUGo) \ (FLUF))
SuGI\F1) + u(Ga\ F) <e/2+¢e/2=¢

Thus, for EF = E; U E5 there exist closed F' and open G such that FF C EF C G
and p(G\ F) < e.
Hence 1 U By € A'.

e *Let {£;} be a collection of sets in A’ (not necessarily disjoint).
Then, for each j, there exist closed F; and open G; such that

£
Fyc B Gy and G\ F)) < o7y
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Let
o.¢) o0 o0
=Jr =G, E=\JE
j=1 j=1 j=1

Then G, being a countable union of open sets, is open, however, I’ is not
necessarily closed.
Clearly F/ C E C G and

G\F' =G\ F)
j=1
Hence, by the subadditivity of p,
WG\ F) 3 (G;\ Fj) =<
B WA st
j=1 j

However, since F' = U F; and p is finite, we have
j=1

U ) — u(F") as  n— o0

Therefore there exists ng € N such that
o
/ A
n(F"\ U k) < 5
1=1
Let
no
F=|JF
j=1

Then F' is closed since it is a finite union of closed sets.
Then FFC F' C E C G, and:

WG\ F) < u(G\ F) 4+ p(F'\ F) <

8_8
2_

l\Dlm

no

Thus, for £ = U E;, we have: for every € > 0 there exist a closed set F' = U F;

j=1 j=1
o0
and an open set G = UGj such that F C E C G and u(G\ F) <e¢
j=1
Thus, E = | | E; € A.
j=1

o1 Continued. ..



Swapnamoy Kader

Therefore, A’ is a o-algebra.

All open sets are contained in A" and A’ C A.

As, A’ is a o-algebra, and since A is the minimal o-algebra containing the open sets
(i.e. the Borel o-algebra), A C A’

Combined with A" C A by definition, we have A = A'.

Therefore, every Borel set is approximable.

This proves that every finite Borel measure on a metric space is regular. ]

Definition 29 (Pointwise Convergence). Let (X, .4, 1) be a measure space. A se-
quence of functions {f,} is said to converge to f pointwise on X if Ve > 0 and
Vz € X, there exists N € N such that |f,,(z) — f(z)| < € whenever n > N.

Definition 30 (Pointwise Convergence Almost Everywhere). Let (X, A, ) be a mea-
sure space. A sequence of functions {f,} converges to f pointwise almost everywhere
if 3 a measurable set F C X with measure u(E) = 0 such that lim,,_,o fn(z) = f(2)
for all z € X\ E.

Definition 31 (Uniform Convergence). Let (X, A, i) be a measure space. A sequence
of functions {f,} converges to f uniformly on X if, for every e > 0, there exists an
integer N such that for all n > N, we have, |f,(z) — f(z)] < e for all x € X.

Definition 32 (Convergence in Measure). Let (X, A, u) be a measure space. A
sequence of measurable functions { f,,} is said to converge in measure to a function
f if for every € > 0, the measure of the set where f,, differs from f by more than e
vanishes as n — oo, i.e., nh_}rglo p{z e X :|fulz) — f(z)| > €}) =0.

Theorem 23 (Uniform Implies Pointwise Almost Everywhere Convergence). If a
sequence of functions {f,} converges to f uniformly on X, then {f,} converges to f
pointwise almost everywhere in X.

Proof. Suppose {f,} converges uniformly to f on X. By definition, for every € > 0,
there exists an N € N such that for all n > N and for all z € X:

[fulz) — fla)] <e
Fix an arbitrary xg € X. For the same € > 0, we can choose the same N such that
for all n > N:
| fa(mo) — flzo)| <€
This implies that lim f,(x¢) = f(xg) for every xy € X. Since the sequence converges
n—oo

pointwise for all x € X, it converges for all x except possibly on a set of measure
zZero.
Thus, {f.} converges to f pointwise almost everywhere in X. O

Theorem 24 (Uniform Implies Convergence in Measure). If a sequence of functions
{fn} converges to f uniformly on X, then {f,} converges to f in measure.
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Proof. Suppose {f,} converges to f uniformly on X. To show {f,} converges to f in
measure, we must show that for every € > 0,

Tim ju({x € X ¢ |fale) — f(2)] > £}) = 0.

Given any € > 0, since {f,} converges to f uniformly, there exists an integer N such
that for all n > N:

sup | fu(z) — f(2)] <e.

rzeX

This implies that for all n > N and all x € X, the inequality | f,,(z) — f(x)| < € holds.
Consequently, the set of points where the difference is at least € is empty:

{r e X :|fu(x)— f(zx)| >} =2 foraln>N.
Since the measure of the empty set is zero, we have:
p{x e X :|fulz) — f(x)| >€}) =0 foralln> N.
Taking the limit as n — oo, we obtain:
T pu({e € X ¢ |fule) — f(@)] 2 ) =0,
Thus, f, converges to f in measure. ]

Theorem 25 (Convergence a.e. Implies Convergence in Measure). If a sequence of
functions { f,} converges to f pointwise almost everywhere on X, and if, u(X) < oo
then {f,} converges to f in measure.

Proof. Assume that f,(x) converges to f(z) for all z € X \ E, where u(FE) = 0.
Fix e > 0 and let

By={reX:3m=n, |fule) =~ f2)] = e} = [J {2 |ful2) - @) 2 ¢}

m>n
Then {B,} is a non-increasing (nested) sequence of measurable sets:
X2B12By2 -

Hence ﬂ B,, is measurable.

n>1
Since p(X) < oo we have u(B,) < pu(X) < oo for every n, so lim, . (B,,) exists
and is finite. Moreover

ﬂBngE
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because if x ¢ E then f,(x) — f(x), so there is N with |f,,(z) — f(z)] < € for all
m > N, hence = ¢ By. Therefore,

u( f Bn) <uWE)=0
By continuity of measure from above,

u( M Bn) = lim p(By) =0

n—o0
n>1

Finally, for each n,
{z:[fulz) = f(z)] = €} € By
Thus,
p{x | fn—fl>¢€}) <u(Bp,) — 0 as n—

Hence f, converges to f in measure. ]

Theorem 26 (Subsequential Extraction from Convergence in Measure). If a sequence
of functions {f.,} converges to f in measure, then there exists a subsequence { fp,}
such that f,, converges to f almost everywhere.

Proof. For every m € N choose N(m) with N(m) > N(m — 1) such that

w({ I — 11> -3) <2

This is possible because f,, converges to f in measure, so,

N({|fn—f|>%})—>0 as n — oo

Define 1
Ey = {.T €X: |fN(m)(x) —f(l')| > E}

If 2 belongs to only finitely many of the sets E,,, then fy(n)(z) — f(z). Thus the
set where convergence does not happen is

E = ﬂ U E,. C U E}.
m>1k>m k>m

the set of points that belong to infinitely many Fj.

For each m,
u( g Ek) <SS uE) <Y 2 =27 0 as m— oo
k>m k>m k>m
Hence pu(F) = 0.
This shows convergence pointwise almost everywhere. ]
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Theorem 27 (Egorov’s Theorem). If a sequence of functions {f,} converges to f
almost everywhere and u(X) < 0o, then Ve > 0, 3E C X, with u(E) < e, such that,
{fn} converges to f uniformly on X \ E.

Proof. Fix m and N, and consider the set
Enn={re€X: In> N with |f,(z) — f(x)] >

= J{zeX: [fula) - fl2) = =}

n>N

}

1
m

1
m

For every fixed m,

(VEun C{z e X fule) 7~ f(a)}

N

But by assumption (pointwise a.e.) pu({z: f.(z) -~ f(x)}) =
Also, for fixed m, the sets E,, y are decreasing in N, and since /J(X ) < oo the limit

A}iinoo,u(EmN) exists and equals 11 m Enn) =0.

N
Hence for each m there exists N(m) such that

3
M(Em,N( )) < 2_m

Let -
E = U E,, N(m)

m=1

Then by subadditivity,

> p(Bain) €3 =

m=1 m=1

If v € X \ E, then for each m we have x & E,;, n(), 50
1

[fule) = fl@)] < —,  Vn=N(m)
Thus for every 6 > 0 choose m Wlth — < ¢ and then for all n > 1r<r}€a%>§n N(k) we have
() = fz)] < 0.
Therefore, f,, converges to f uniformly on X \ E. ]
Example 6 (Pointwise =% Convergence in measure)
Consider f, : R — R, f,(z) = | | , with Lebesgue measure ¢ on R. Then

f(z) = lim f,(x) =0 forevery z € R

n—oo
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So, f, — f pointwise.
However, for any fixed € > 0,

{z:|fu(x) = f(2)] > e} = {w - 2] > ne}

and p({z : |z| > ne}) = oo for every n.
Hence pu({z : |fn — f| > €}) -/~ 0, so f, does not converge to f in measure.

Example 7 (Convergence in measure =~ Pointwise)
Consider [0, 1] with Lebesgue measure. Define a sequence of measurable sets by

E1: [071]7
1 1
E 0, - FEy=1]-,1
2 [ 72]7 3 [27 ]7
1 11 1 3 3
— 10, - Y —= 2 — 121, ...
E4 [074]7 E5 [472]7 EG [274]7 E7 [47 ]7

(so the intervals get smaller and exhaust dyadic subintervals). Each set E, has
Lebesgue measure p(F,) — 0 as n — o0, and every point x € [0, 1] belongs to
infinitely many of the sets E,, (and in fact, to infinitely many sets of arbitrarily small
length).
Define f,, = nlg,.
Then p({z : |fn(x) — 0] > e}) = u(E,) — 0 for each € > 0, so f,, — 0 in measure.
But for every = € [0, 1],

lim sup f,(x) = o0

n—oo

because z is in infinitely many £, and on those indices f,,(x) = n — oo. Thus there
is no pointwise convergence (not even on any point) and in particular f,, does not
converge pointwise to 0.

Example 8 (Pointwise =~ Uniform Convergence)
Consider the set [0,1) and the sequence of functions f,(z) = z".
Then f,(z) — 0 for all z € [0,1). But this is not convergent uniformly.
Indeed,
sup |z" —0|=1 vn
z€(0,1)
since values arbitrarily close to 1 are attained on [0, 1).
(Note*: Changing [0, 1) to [0,1 — ¢] makes it uniformly convergent.)

Theorem 28 (Monotone Convergence Theorem). Let (X, A, 1) be a measure space.
Let f, : X — [0,00] be a monotone increasing sequence of nonnegative measurable
functions. Let

f(x) = lim fu(x) (possibly f(x) = oo)

n—oo
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Then f is measurable and
i [ odn= [

Proof. Since f, < f for every n, by monotonicity of the integral we have

/fnd,ug/fd,u for all n
X X

lim nws/fw
X X

n—oo
a</ fdu
X

/jﬂuzmm{/gmwg$mm&0§g§f}
X X

N

there exists a nonnegative simple measurable function g = Z CjXE;, where ¢; > 0
j=1
and the sets E; are measurable and pairwise disjoint, such that 0 < g < f and

/gdu>a
X

N

q/ngu = (g¢)) p(Ej) > a

J=1

and hence,

Let a be any real number with

Since

Let ¢ < 1 be such that

Let ¢} = gcj. On Ej we have 0 < ¢ < f.

Then, Vo € Ej,

nh_)ralo falz) = f(z) > ¢
Hence dng € N such that Vn > nyg, fn(z) > cg.
Define

EJ(.n) ={z € Ej: fulz) > )}

Then E](.n) increases in n for fixed j and

Ej=|JEM"
n=1
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Thus, by continuity from below,

p(E;) = lim M(E(-n))

n—oo J

Let

N
Gn =Y & Xpm < f
j=1 ’
N
We chose ¢ so that Z(ch) p(E;) > a. By the convergence of ,u(E](.n)) to p(Ej), there
j=1
exists N’ € N such that for all n > N’,

N
[ g [ gndn= 3G () >0
X X st

Therefore for all n > N’ (for some N’ € N) we have / fndp > a.
X

Thus, for all sufficiently large n, we have,

/fnd,u>a
X

liminf/ fndu > a
X

Hence,

n—oo

Since a < [y fdp was arbitrary, it follows that,

liminf/ fndp > / fdu
On the other hand, we already showed that,

/fnd,ug/fd,u for all n
X X
iimsup [ fudu< [ fap
n—00 X X

limsup/ fndu S/ fdu < liminf/ fndp
n—oo JX X n—oo  Jx

lim h@z/fw
X X

n—0o0

and therefore,

Hence,

Therefore,

]
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Lemma 7 (Fatou’s Lemma). Let (X, M, u) be a measure space. Let {f,} be a se-
quence of nonnegative measurable functions. Then

n—o0

/ liminf f,, dpy < hm mf/ fndu
X

Proof. Define, for each n > 1,
gn = inf f,,

m>n

Each g, is measurable, and the sequence {g,} is nondecreasing (since the index set
in the infimum shrinks as n increases). Moreover,

lim mf fn =sup inf f,, =supg, = hm In
n— n>1m2n n>1

For every m > n we have g, < f,,, hence integrating gives

/Qndﬂﬁ/fmdu for all m > n
X X

Taking the infimum over m > n on the right-hand side yields

/gndué inf/fmdu
X mzn [ x

Now take the limit (supremum) as n — oo of the left-hand side and the corresponding
limit inferior on the right:

n—oo

lim gndp < lim inf/ fndu
n—oo X

By the Monotone Convergence Theorem (Theorem 28) (since g, T liminf, f, and

each g, > 0),
/ liminf f,, dy = lim / gn dp
X n—oo n—0o0 X

Combining the last two displayed inequalities gives Fatou’s lemma:

/ liminf f, dy < hm mf/ fndu
X

n—o0

]

Theorem 29 (Dominated Convergence Theorem). Let (X, A, 1) be a measure space,
and Let {f,} be a sequence of measurable functions. Let f, converges to f either
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pointwise a.e. or in measure, and suppose there exists a function ¢ : X — [0,00)
such that | f,| < ¢ for all n and

/god,u<oo
X

lim fnduz/fdu
X X

n—oo

Then

Proof. First consider the case f,, — f pointwise a.e. Then f is measurable as the
pointwise almost everywhere limit of measurable functions and, for a.e. v € X,

[f(z)] = lim |fu(2)] < @()

n—0o0

/ Ifldué/ pdp < 0o
X X
Therefore, f is integrable.

Consider g, = ¢ + f, and h,, = p — f,.

As |fu] < ¢, we have p + f,, > 0.

Then g, and h,, are non-negative measurable functions.
Then by Fatou’s lemma (Lemma 7),

So, | f| < ¢ a.e. and hence,

/ liminf g, du < lim inf/ gn dp
X * JXx

n—oo n—

But lim g, = ¢+ f a.e., hence
n—oo

/(90+f>dﬂﬁliminf/(90+fn)d,u:/ gpdu—l—liminf/ frdu
X n—oo  Jx X n—oo [y

where in the last equality we use that [, ¢ du < oo so the constant [, ¢ dp may be
taken outside the liminf. Therefore

/ fdu < liminf/ fndu
X n—oo X

Similarly by Fatou’s lemma (Lemma 7),

/ liminf A, dpy < lim inf/ hy dp
X X

n—oo n—oo
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As lim h, = ¢ — f a.e., we have
n—oo

/}((so—f)duSMTInglf</X¢du—/andu>
_/deugligiogf<—/)(fndu)

Fdp > limsup / fodp
X

X n—00

Hence,
which implies

Combining this with the opposite inequality obtained previously, we get

limsup/ frdu §/ fdu < liminf/ fndu
n—oo JX X n—oo  Jfx

/fduz lim [ fndp
X n—oo X

This proves the theorem in the case where f, — f pointwise almost everywhere.
Now suppose that f,, — f in measure. By Theorem 26, every subsequence of {f,}
admits a further subsequence which converges to f pointwise almost everywhere.
Applying the result already proved to such a subsequence, we obtain,

/ankdﬂﬁ/xfdu

Therefore every subsequence of the sequence

Uty

has a further subsequence converging to

/deu

Hence the whole sequence converges to the same limit, and so,

and therefore

lim fnduszdu
X X

n—o0
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Definition 33 (Equi-Integrability). A family of measurable functions {f,} is equi-
integrable if Ve > 0, there exists d. > 0 such that if u(E) < d., then,

[ faldu<e o
E

Theorem 30 (Vitali Convergence Theorem Finite Measure Version). Let u(X) < oo
and Let f, : X — R be an equi-integrable family such that

sup [ |fuld < o0
n X

Let f, — f in measure. Then f is integrable and
[ tudn— | rau
X X

Proof. As f, — f in measure and p(X) < oo, there exists a subsequence { f,,, } which
converges to f almost everywhere. Hence

|f| = liminf |f,,| a.e.
k—o00

By Fatou’s lemma (Lemma 7),

/\f]d,ugliminf/|fnk|d,u§sup/\fk]d,u<oo
X k—oo Jx koJx

Thus, f is integrable.

We now show that f also satisfies the same equi-integrability estimate. Let £ > 0 and
choose 6 > 0 corresponding to /2 from the equi-integrability of {f,}.

Let E be measurable with p(E) < 4.

Since f, — f in measure and p(X) < oo, by Theorem 26 there exists a subsequence
{fn,} converging to f almost everywhere.

Applying Fatou’s lemma (Lemma 7) to the nonnegative functions, | f,,, |1, we obtain,

[ 1f1di < tmint [ £l do
E k—o0 E

Since p(F) < 6, by equi-integrability,

[luldn<s v
E 2
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Hence,

£
du < =
/E|f| nEg

Therefore f satisfies the same equi-integrability condition.
Consequently, the family {f,} U {f} is equi-integrable.
Fix € > 0. As p(X) < 00, choose n > 0 such that

3

UM(X)<§

By equi-integrability of {f,}U{f} we can pick § > 0 such that for every measurable
set £ with u(FE) < 4,

13 e
up [ fldn< s and [ |fldu<?
n E FE

As f, — f in measure, there exists ng € N such that for all n > ny,

p({z: falz) = f(@)] > n}) <9

Then for n > ng,

Jite=stdn=[ A= fldu [ (= flde
X {Ifn—fl<n} {Ifn—fl>n}
The first term is bounded by

Wl ™

/ | fo— fldu < nu(X) <
{fn—11<n}

by our choice of 7.
Using the triangle inequality in the second term and, Let

where u(A,) < 9. Then,

£ €
/|fn_f|dﬂ§/ !fn|du+/ fldp <= += =
An An An 6 6

this is by choice of §.
Hence, combining everything, for n > ny,

Wl ™

€ 2¢e
—=—<¢

€
n - d o
/X|f fldp<g+3=3

Thus,
/ o= fldi— 0
X
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and hence,

/andu—>/deu

Lemma 8 (Urysohn’s Lemma). Let (X, d) be a metric space. Let Fy and Fy be two
disjoint closed subsets of X. Then there exists a continuous function ® : X — [0, 1]
such that ®|p, =0 and ®|p = 1.

]

Proof. Consider the sets F{y and F; which are closed and disjoint. If Fiy = & we define
® =1, and if F} = @ we define & = 0.

So we assume that both Fjy and F; are non-empty.

For any non-empty subset Y C X and x € X, define

d(z,Y) = inf d(z,y)

As the distance is Lipschitz in z, the function x — d(z,Y") is continuous. Further, if
Y is closed then

0 Y.

de,y)y=4 "€

>0, z¢Y

Define
d(l’, Fo)

d(z, Fo) + d(z, F1)
Since Fy and Fj are closed and disjoint, for every x € X at least one of d(x, Fyy) and
d(x, Fy) is strictly positive. Hence,

d(I,FQ) + d(I,Fl) >0

O(z) =

so ® is well-defined.

Since d(-, Fy) and d(-, F}) are continuous and the denominator is positive, ® is con-
tinuous.

This defines a continuous map ¢ : X — [0, 1] with ®|p = 0 and ®|p = 1. O

Theorem 31 (Tietze Extension Theorem). Let X be a metric space and F' be a closed
set in X. Let fo : F© — R be continuous. Then there exists a continuous function

f: X — R such that flp = fo.
Proof. There are two cases that arise.

e Case I: f; is bounded.
Then 3 M > 0 such that | fo| < M.
Define two sets:

F*:{xeF: folz) € l%vM]}’
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F~ = {xe F: fo(z) € l—M,—%H.

Then F™ and F~ are two closed and disjoint sets.
Thus, by the lemma (Lemma 8), there exists a continuous function ® : X — [0, 1]
such that

(I)’F+:1 and (I)’F—:O

Let o0 I
=
fi 3 3
Then,
M M M
= — L = —_— < —
fl|F+ 3 ; f1|F 3 y |f1| = 3
Hence,
2M
sup | fo(z) — fi(z)] < =
zeF

Applying the same construction to fo— f1 on F', we obtain a continuous function

fo : X — R such that,
hl <t (2
=313

supl o) ~ i)~ ool < (2) 2

zeF

and

Proceeding inductively, we obtain continuous functions f; : X — R such that

k-1
1 /2
<_-Zz

| fi| < 5 (3> M

and

Since -
1 /2\"
<-(2) M
| frl < 3 (3)

the Weierstrass M-test implies that the series, Y . fi converges uniformly on

X. Define,
F=> f
k=1
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Since each fj is continuous and the series converges uniformly, f is continuous

on X. Also,
2\ ¥
< (§> M —0

flr = fo

e Case II: f; is not necessarily bounded.

sup
reF

k
folw) =3 i)

Hence

Let gy = arctan(fp), then gy : F' — R is continuous and |gg| < T
By Case I, there exists a continuous function g : X — R such that g|r = go.
Let -

F = {x eX: |glx)| > 5}
Then F” is closed and F' N F' = &, because on F' we have, [g(z)| = |go(x)| < 7.
Applying Lemma 8 again, there exists a continuous function ¢ : X — [0, 1],
such that,

Ylp=1 —and  ¢|p =0
— If x € F’, then ¢(z) = 0, so g(x)y(xz) =0 < .
— Ifz ¢ F', then |g(x)| < § and 0 < ¢ (x) <1, s0, [g(z)¥(z)| < |g(z)| < 3.

Therefore,

gap@] <5 Veex

Therefore, the function f = tan(gt) is well-defined and continuous on X.
Finally, for x € F', we have ¢ (z) = 1 and g(x) = go(z) = arctan(fo(z)).
Hence,

f(x) = tan(g(x)¢(x)) = tan(go(r)) = tan(arctan(fo(z))) = fo(x)

Therefore,

flr = fo
O]

Definition 34 (Completion of a Measure Space). Let (X, A, u) be a measure space

and (X, A, 1) be its completion. Then, the o-algebra A consists precisely of all sets
of the form £ = AU B, where A € A, BC N, with N € A such that u(N) = 0. For
any such set E, u(F) = u(A).

Theorem 32 (Approximation of Complete Measurable Functions). Let u be any
measure on (X, A) and Let (X, A, Ji) be its completion. Let f: X — R be a function
that is A-measurable. Then there exists f X — R that is A-measurable such that
f(z) = f(z) almost everywhere.
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Proof. We start using characteristic functions and eventually build up to general
measurable functions. B o
Let f =1 for some F € A, so f is A-measurable. Then F = AU B, where A € A,
B C N and N € A with u(N) =0. Let f = 14. As A € A, f is A-measurable.
Moreover,
As fi(N) =0. Thus f = f a.e.
Hence, for 1z which is .Zf—measurable, there exists 14, which is A-measurable, such
that f = f a.e.
Now consider simple functions. Let

f= Z cklg,

k=1

where for k = 1,2,...,n, By, = A U B, with E; € ./Z(, A € A, B, C N, and N; a
null set with u(Ng) = 0.
Then for each 15, we obtain 14, by the previous step, and for fthe A-measurable

function we get,
n
f= Z crla,
k=1

which is A-measurable and,

{reX:fl@)# f@)}c|Bec N
k=1 k=1

As i(Ng) = 0. So, [ (U Nk> = 0. Thus f = f a..
k=1

Now, Let f be any non-negative A-measurable function. Then f is the pointwise limit

of simple functions f,, which are A-measurable. For each f,, we find an A-measurable

function f,, and a null set N,, such that

fo=/fn on X\N,

Let N = | J N,.. Then ji(N) = 0. Thus, on the set X \ N,

n=1

f: lim fn

n—oo

and on the set N, we define f = 0.
Then f is A-measurable and f = f ae.
Finally, Let f be an arbitrary real-valued .A-measurable function. Then we can write,

~

f=fr—f
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By the previous step there exist A-measurable functions f* and f~ such that,
ft=F" ae. and f=f" ae.

Define,
f=r =
Then f is A-measurable and f = falmost everywhere. O

Theorem 33 (Approximation by Continuous Functions). Let X be a metric space,
B(X) be the Borel o-algebra on X and p be a finite reqular Borel measure. Let
f X — R be a measurable function. Then, Ve > 0, 3 a continuous function
g: X =R, st

u({re X f(x) #gla)}) <=

Proof. Let E C X be a Borel set. By regularity of the Borel measure, 9 a closed set
F and an open set GG such that

FCFECAQG, WG\ F) <e

Then F' is closed and disjoint from G*.
By Urysohn’s lemma (Lemma 8), 3 a continuous function g such that g|p = 1 and

glge =0 and 0 < g(z) <1 elsewhere.
Now for f =1p. On F,1p=1and g|p =1, and on G¢, 1p =0 and ¢

{reX: fx)#gx)} SG\F

Ge — O. And,

and thus,
p({r e X: flz) #g(2)}) <u(G\F) <e

Now consider the simple function

/= Z cklg,
k=1

where for £k = 1,2,...,n. Then for each k, there exists a continuous function g such
that .
n(fr e X gi(2) # 1, (2)}) < ~
Let .
9= Z CkYk
k=1
Then,

n

{reX: flo)#g@)} C (Jlr e X 1p,(2) # gi(2)}

k=1
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and therefore,
n

p({r e X fz) #g(0)}) < Zg =¢
k=1
Now, Let f be any arbitrary real-valued measurable function. Then, there exists a
sequence of real-valued simple measurable functions {f,} such that,

f: lim fn

n—oo

pointwise on X.
For each simple function f, there exists a continuous function g, such that

p{z e X fule) £ 9.0)}) < 55
Let ~
Bi=J{o € X1 fula) # ga(0))

Then the pointwise limit of g, exists and equals f on X \ Fy, and p(F,) < %

Applying Egorov’s theorem (Theorem 27), there exists Ey such that u(Fs) < %,
where,
gn — f uniformly on (X \ Ey) \ E»

Let g: (X \ E1) \ B2 — R be the limit of g,. Then, g is continuous on (X \ E) \ Eb.
By regularity of the Borel measure, there exists an open set U such that

EiUBE,CU  and  u(U) < u(Ey U EBy) +%

Let F=X\U.
Then, F is closed and
FC X\ (EyUE))

Moreover,

WX\ F) = u(U) < p(BrUB) + % <&

Since F' C (X \ E1) \ Es, the restriction g|z is continuous on the closed set F'. Then,
by the Tietze extension theorem (Theorem 31), there exists a continuous function
g : X — R extending g on F. Since g extends g on F', we have g = f on F. Hence,

{reX: flx)#g(x)} SX\F
Therefore,
p({e € X f(x) £ g@)}) < u(X\ F) <=
Thus, there exists a continuous g : X — R such that
(o € X : fla) #9(x))) <c
]
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Theorem 34 (Density of Continuous Functions in L'). Let X be a metric space and
Let 1 be a finite reqular Borel measure on X. If f is integrable, i.e. / |fldu < oo,

X
then, for every € > 0, there exists a continuous function g : X — R such that,

/ |f—gldu<e.
X
Proof. Consider the truncations fj; defined by

M, f(x) = M,
fu(a) = q f(z), |fl@)] <M,
Then |f — fa| — 0 pointwise as M — oo, and 0 < |f — fur| < |f]-
By the Dominated Convergence Theorem (Theorem 29), since [ |f|du < oo, we
X

have
/u-mmm%o
X

In particular, for any € > 0 we can choose M large enough that

J 15 = uldn <5

By the Approximation by Continuous Functions Theorem (Theorem 33), there exists
a continuous function gp; such that,

€

p({r e X o fu(x) # gu(r)}) < i

Define the truncation of g; by

M? gM(x) > Ma
hae(z) = S gu (), |gm (@) < M,
—M, gy(zx)<-M

Since truncation is a continuous operation, hj; is continuous.
Moreover, if fy(z) = gy(x), then |fi(x)] < M, and therefore,

ha(z) = gu(x) = fu(z)

Hence,
{zeX: fule)#hu(@)} C{re X fulz)# gu(z)}
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Also, | far(x)] < M and |hpy(x)| < M so, | far(x) — hy(x)] < 2M.
Therefore,

/ |fM—hM|dM:/ \far — hoau| dp
X {fm#hn}

<2M p({fam # har})
<2M pu({fm # 9u})

19
< OM - —
AM
_ &
92

Let g = hjs. Then

/le—gldué/X\f—fM]dujL/X|fM—g|du

<5+5
4 2

_3€<€
= )

Thus there exists a continuous function g : X — R such that

/If—gldu<6
X
u

Definition 35 (Product Space). Let (X, A, u) and (Y, B, A) be two finite measure
spaces. Then
XxY=A{(x,y):x e X,yeY}

is a product space.

Definition 36 (Measurable Rectangle). Let A € A and B € B. Then A x B is said
to be a measurable rectangle.

Definition 37 (Elementary Set). For some finite number of sets A; € A and B; € B,
a set of the form,

n
Q= U(Az x B;)
i=1
where the rectangles A; x B; are pairwise disjoint, is called an elementary set.

Definition 38 (Least o-Algebra). Q2 = A®B = o(P) is the least o-algebra on X x Y
containing P = {Ax B: A€ A, B € B}.
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Theorem 35 (Semi-ring Existence). Let (X, A, u) and (Y, B, \) be two finite measure
spaces. Then, the collection of sets P ={A x B: A€ A, B € B} is a semi-ring.

Proof. To prove that P is a semi-ring, we must verify three fundamental conditions:

e Since A and B are c-algebra’s, then, @ € A and @ € B. By the definition of
the Cartesian product:
=L XD

Since @ € A and @ € B, it follows immediately that & € P.

e Let P, P, € P. So, we can express these sets as P = Ay X By and P, = Ay X By,
where A, Ay € A and By, By € B. Computing their intersection yields:

PlﬂPQZ(AlXBl)ﬂ<A2XB2>:(A1ﬁA2>X(BlﬂBz)

Because A and B are o-algebra’s, they are both closed under finite intersections.
Therefore;

AlﬂAQGA
BiNnByeB

Consequently, (A1 NAy) x (B1NBy) € P, proving P is closed under intersection.

o Let P, P, € P. We consider the difference between two rectangles P; \ P.
Consider P, = A; x By and P, = Ay x By. We can write the difference using
the following identity:

(A1 x Br) \ (A2 X By) = ((A1\ A2) x B1) U ((A1 N Ag) X (B \ Bp))
Since A and B are o-algebras,
Al\AQGA, AlﬁAQEA, Bl\BQEB

Hence,
(Al\AQ)XBlep, (AlmA2>><(Bl\BQ>EP

Moreover,

((Al \ Ag) X Bl) N ((Al N Ag) X (Bl \ BQ))
= ((Al \ Ag) N (Al M Ag)) X (Bl N (B1 \ BQ))
:@X(Bl\BQ):@

Therefore, P, \ P; is a finite union of pairwise disjoint sets from P.

Therefore, the collection of sets P = {A x B: A€ A, B € B} is a semi-ring. O
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Theorem 36 (Pre-measure on the Semi-ring). Let (X, A, pu) and (Y,B,)\) be two
finite measure spaces. Then, there is a pre-measure 19 on P such that no(A x B) =

p(A) x A(B).
Proof. Let us define the Set Function n : P — [0, 00) by:
(A x B) = p(A) - A(B)

Since (X, A, ) and (Y, B, \) are finite measure spaces, the product u(A) - A(B) is a
well-defined non-negative real number.

To show that 7y is a pre-measure on the semiring P, we must show that 79(@) = 0
and that it is countably additive on pairwise disjoint decompositions in P.

e The empty set @ in P can be written as @ x &. Using our definition:

m0(2) =n0(@ x &) = u(2) - A(@) =0-0=0

0.9]
e et Ax B = LJ(AZ X B;) where the rectangles (A; x B;) are pairwise disjoint
members of 772. :
For each fixed x € A, we have, B = U B, because, if y € B, then (z,y) €
{i:x€A;}
A X B, so there exists some ¢ such that (z,y) € A; x B;. Hence z € A; and
Yy e Bz
Moreover, the family {B; : = € A;} is pairwise disjoint because the rectangles
(A; x B;) are pairwise disjoint.
Since A is a measure,

Z )\(BZ — ]lA Z]lA

{i: xEAl}

Integrating over X with respect to u, we obtain,

HANE) = [ Lal@NB)dula) = | Zm By) dp()

Since the summands are nonnegative, the Monotone Convergence Theorem
(Theorem 28) yields,

oo

Z [ L@ B dua) = 3 u(AINB)

1=1

Therefore,

0(A x B) ZnoAxB
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Therefore, ny is a pre-measure on the semi-ring P. ]

Theorem 37 (Existence of a Measure). Let (X, A, u) and (Y,B,)\) be two finite
measure spaces and §2 is the least o-algebra on X X Y. Then, there exists a unique
measure n on ) extending ng.

Proof. By Theorem 35, the collection, P = {A x B: A€ A, B € B} is a semi-ring.
By Theorem 36, the function 79(A x B) = u(A)A(B) defines a pre-measure on P.
Also, by Definition 38, 2 = o(P).

Therefore, by Carathéodory Existence Theorem (Theorem 17), there exists a measure
n on €2 extending 7).

Since no(X X Y) = pu(X)A(Y) < oo the pre-measure 7 is finite. Hence, by the
Carathéodory Uniqueness Theorem (Theorem 20), this extension is unique.
Therefore, there exists a unique measure 7 on {2 extending 7).

In particular, for every A € A and B € B,

(A x B) =mno(A x B) = n(A)A(B)
O

Definition 39 (Slices). Let (X, A, 1) and (Y, B, \) be two finite measure spaces and
Let £E C X x Y. For fixed x € X; we define £, = {y: (z,y) € E} and similarly, for
fixed y € Y, we define E, = {z : (z,y) € E}. These are called the z-slice and y-slice
respectively.

Theorem 38 (Tonelli for Sets: Vertical Sections). Let (X, A, ) and (Y, B, \) be two
finite measure spaces and €2 is the least o-algebra on X XY . For any set E € ), we
have,

(i) Ve € X, we have E, ={y €Y : (z,y) € E} € B.

(11) © — NE;) is A measurable.

(ii1) n(E) = [x MEx)du(z)

Proof. We first check the Properties for rectangles in the semi-ring P. Let F =
A x B € P where A€ A and B € B.

(i) For a fixed x, the section £, ={y € Y : (z,y) € A x B}.
Ifxe A then £, = BeB.
If x ¢ A, then E, = & € B.
So, E, is always in B.
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(ii) The function x — A(E,) can be written as:

\E.) = {3“9) = MB) L@)

Since 1 4(x) is a measurable function (because A € A), the whole function is
measurable.

(iii) By definition n(E) = n(A x B) = u(A)A(B). And,

/ A(E,) du(z) = / A(B)La(z) du(z) = A(B) / La(x) dyu(x) = A(B)u(A)
X X

X

Thus, n(E) = [y MEg)dp(x)

Now Let {F;} be a disjoint collection of sets in P. Let £ = U E; where E;NE; =)
i=1
for i # j, and each F; satisfies properties (i), (ii), and (iii). Then,

(i) As, the section of a union is the union of the sections:

n n

E,={yeY:(zy c|JE}=JE).

1=1 =1

Since each Fj; satisfies property (i), we know each (E;), € B. Because B is a
o-algebra, it is closed under finite unions. Therefore:

E, B

(ii) Because the sets E; are disjoint, their sections (F;), are also disjoint for any
fixed x. The measure of a disjoint union is the sum of the measures:

n

MNE,) =\ (U(Ez'):c) = Z AM(Ei)z)

1=1

Each function f;(z) = A((F};),) is measurable by property (ii)) of F;. The sum
of a finite number of measurable functions is also a measurable function. Thus:

x +— A(E;) is measurable.

(iii) By additivity of the measure 7:
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Since each FE; satisfies property (iii), we can replace n(FE;) with its integral:

S 0B) =3 [ A(E)) duto

By the linearity of the integral:

2 /X MEi)e) du(w) = /X (Z A((E»x)) dp(x)

Substituting our result from Property (ii), which is Z A(Ei)z) = MEy):

n(E) = /X A(Ey) du(z)

Thus, if the properties hold for individual disjoint sets, they hold for their finite union.
By the Ring Generated by a Semi-ring Theorem (Theorem 18), every element of the
ring R generated by P can be written as a finite disjoint union of elements of P.
Since we have shown that properties (i), (ii), and (iii) hold for elements of P and
are preserved under finite disjoint unions, it follows that every element of R satisfies
properties (i), (ii), and (iii).

Now, Let M be the collection of all defined as,

M ={FE € Q: properties (i), (ii), and (iii) hold}
e Case I: Let £; C E5 C ... besetsin M, and Let E = UE”

(i) Since E, = U(En)x and as each (F,), € B and B is a o-algebra, so,
E, € B.
(ii) By continuity of measure,

Since each function x — A((E,),) is A-measurable and measurable func-
tions are closed under pointwise limits, it follows that, x — A(E,) is A-
measurable.

(iii) By the Monotone Convergence Theorem (Theorem 28):

J AEdu= [ tim (B dn

X
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e Case II: Let E1 O Es D ... be a sequence of sets in M, and Let £ = ﬂ E,.
n=1
Since the measure spaces are finite, so, pu(X) < oo and A\(Y) < oc.

(i) For any fixed x € X,

Ea: = (m En) = m(En)x

Since each E,, € M, we know (E,), € B for all n. Because B is a o-algebra,
it is closed under countable intersections. Therefore, F, € B.

(ii) Define f,(z) = M(E,),). Since E, € M, each f, is an .A-measurable
function. Because E, is a decreasing sequence of sets, the sections (E,,),
are also decreasing for every x. Since A(Y') < 0o, we can use the continuity
of measure for decreasing sequences:

The pointwise limit of a sequence of measurable functions is measurable.
Therefore, x — A(E;) is A-measurable.

(iii) As, (X x Y,€,n) is a finite measure space, the continuity of the product
measure gives us:

n(E) = lim n(Ey)

n—oo

Since E, € M, we can replace n(E,) with its integral form:

n(E) = lim [ A((En)) du(x)

n—oo X

Let gn(z) = AM(En)z). We know g,(z) < A(Y) for all n and all z.
Since the space is finite, the constant function A(Y') is integrable. By Dom-
inated Convergence Theorem (Theorem 29),

n(E) = /X lim A((E,).) dp() = /X A(Ey) du(z)

n—oo

Therefore, M is a monotone class.
Since every element of R satisfies properties (i), (ii), and (iii), we have,

RCM
Hence, by the Monotone Class Theorem (Theorem 19),
o(R)C M
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Since R is the ring generated by P, we have,
o(R)=0c(P)=%Q

Therefore,
QCM
But, by definition, M C Q.
Hence,
M =Q
Therefore, every set E € (2 satisfies properties (i), (ii), and (iii). O

Theorem 39 (Tonelli for Sets: Horizontal Sections). Let (X, A, u) and (Y, B, ) be
two finite measure spaces and §2 is the least o-algebra on X XY . For any set E € (),
we have,

(i) Vy € Y, we have E, = {z € X : (z,y) € £} € A.
(11) y — u(Ey) is B measurable.
(iii) n(E) = Jy n(Ey)dA(y)

Theorem 40 (Tonelli’s Theorem: Vertical Sections). Let f : X x Y — [0,00] be Q2
measurable. Then,

(i) Vo € X, we have f(z,-):Y — [0,00] is B measurable.

(i) The function z — [, f(x,y)d\(y) is A measurable.

(i) Xﬂjﬂnzf;CAfWWNM@OdM@

Proof. Let f = 1 be the characteristic function of a set E € ().

(i) For a fixed x, we have
f(z,y) = 1p,(y)
Since E, € B by Theorem 38, the function f(x,-) is B-measurable.

(ii) For each z € X,

/fuwmxm=/i&@MMw=Ma»
Y Y

By Theorem 38, the function x — A(E,) is A-measurable.
Hence, = +— / f(x,y)d\(y) is A-measurable.
Y
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(iii) Since

/ Llgdn=n(E)
XxY

A(/yﬂEz(y)d/\(y)) du(x):/X)\(Ex)du(x)

Theorem 38 gives,

/XxY b = /X (/Y g, (y) d)\(y)> dp(z)

T /X </Yf(l’7y> dA(y)) du(x)

Now Let f be a non-negative simple function on X x Y. Then, we can write

and

Therefore,

f(x,y):ZcZ]lEl(x,y), CZZO
i=1

where E; € () are pairwise disjoint.

Since properties (i), (ii), and (iii) hold for each indicator function 1g,, they also hold
for f by linearity of the integral.

This is because:

(i) Since
fla,) =Y e,
i=1
so f(x,-) is B-measurable for every = € X.

(ii) Moreover,

/Y Pl ) M) = 3 A(E))

i:

which is A-measurable as a finite sum of A-measurable functions.

(iii) Finally,

n

| ran=3cne)

=Y /X A(E),) dyu(z)

79 Continued. ..




Swapnamoy Kader

_ /X > (B du(a)

:/X (/Yf(af,y) dA(y)> dp(x).

Now Let f: X XY — [0, o0] be any 2-measurable function. There exists an increasing
sequence of non-negative simple functions {f,,} such that f, T f pointwise.

(i)

(iii)

For a fixed x € X, we have

Since each f,(x,-) is B-measurable and limits of measurable functions are mea-
surable, f(x,-) is B-measurable.

For each x € X, the Monotone Convergence Theorem (Theorem 28) with respect
to \ gives

lim fnacyd)\ /fxyd)\

n—oo

Since each function
o [ fueg)ar)

is A-measurable, their pointwise limit

o [ feg)a)
is also A-measurable.

Applying the Monotone Convergence Theorem (Theorem 28) with respect to 7,

fdn= lim fndn
XxY n—=xo Jxxy

Since the formula has already been proved for simple functions,

Xxyfndn = /X </Y fulz,y) d)\(y)> dp(z)

Applying the Monotone Convergence Theorem (Theorem 28) again with respect
to u,

ran= 1t [ ([ 5w i) duto

XxY n—oo

/XJ;H;O(/J””” V) i
- [ ([ 1 i) duw

Continued. ..



Swapnamoy Kader

Therefore properties (i), (ii), and (iii) hold for every non-negative {2-measurable func-
tion f. ]

Theorem 41 (Tonelli’s Theorem: Horizontal Sections). Let f : X x Y — [0, 00] be
Q measurable. Then,

(i) Yy € Y, we have f(-,y): X — [0,00] is A measurable.

(i) The functiony — [y f(x,y)du(z) is B measurable.

i) [ gan= [ ([ i) aw

Theorem 42 (Fubini’s Theorem: Vertical Sections). Let (X, A, u) and (Y,B,)\) be
finite measure spaces. If f : X XY — R is Q-measurable and fXXY |f|dn < oo, then:

(i) For almost every x € X, the section f(x,-) is A-integrable (meaning it is B-
measurable and its integral is finite).

(i) The function x — [, f(x,y) d\(y) is defined for almost every x € X, and it is
A-measurable.

(11i) The iterated integral exists and equals the integral over the product space:

/Xxyf an = /X ( /Y f(z,y) dA(y)) dy(x)

Proof. We define the positive and negative parts of f by:

[z, y) = max{f(z,y),0},  f (z,y) = max{—f(z,y),0}
Then

Feft—f fl=ft s
/ Fldn < oo
XxY

/ fTdn < oo, / fdn < oo
XxY XxY

(i) Since |f] is a non-negative Q2-measurable function, Tonelli’s theorem (Theorem

40) gives,
/M ] dn = /X ( /Y £ (@)l dA<y>) dy(z)
1

8

Since

it follows that,
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The left-hand side is finite by assumption. Therefore,

/Y (2, y)] dA(y) < o

for p-almost every x € X; otherwise the outer integral would be infinite. By
Theorem 40(i), the section f(z,-) is B-measurable for every x. Hence f(z,-) is
A-integrable for p-almost every x.

(ii) Applying Theorem 40(ii) to f™ and f~, the functions

xH/yf*(rc,y)dA(w

and
e /Y () dAy)

are A-measurable.
By part (i), both integrals are finite for p-almost every x. Hence,

xr—>/fxyd)\ /fw;ydA /f (z,) d\(y

is defined for p-almost every x and is A-measurable.

(iii) Applying Tonelli’s theorem (Theorem 40) to f* and f~ gives,

A /X </Y fH(x,y) dA(y)) dp(x)
/X><Y I~ dn= /X (/Y f(z,y) dA(y)) dp(x)

Since all four integrals are finite, we may subtract the two equalities. Using
linearity of the integral,

XxY fdn = /Xxy(er —i7)dn
/(/f*a:ydA /f (x,y) d\(y )dﬂ(x)
-/ ( [ st dA<y>) ()

Therefore properties (i), (ii), and (iii) hold. O

and
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Theorem 43 (Fubini’s Theorem: Horizontal Sections). Let (X, A, u) and (Y,B,\)
be finite measure spaces. If f : X XY — R s Q-measurable and fXXY |fldn < oo,
then:

(i) For almost every y € Y, the section f(-,y) is p-integrable (meaning it is A-
measurable and its integral is finite).

(i) The function y — [ f(z,y)du(x) is defined for almost every y € Y, and it is
B-measurable.

(11i) The iterated integral exists and equals the integral over the product space:

/Xxyfdnz/y(/Xf(:c,y)dM(x)) d\(y)

Remark 4 (Completion of Product Measures). Let (X, A, u) and (Y, B, A) be finite
measure spaces. If I and A denote the completions of p and A, then the completion
of the product measure p x A is closely related to the product measure 77 x \.

(A complete treatment requires a more careful analysis of null sets in product spaces
and is beyond the scope of these notes.)

Definition 40 (Signed Measure). Let X be a set with o-algebra 4. A function v :
A — R is called a signed measure on (X, A) if v(@) = 0 and whenever {F;}72, C A
are pairwise disjoint, we have,

v (U Ej) = Z v(Ej)

Note*: In some texts, signed measures are allowed to take the values £o0o0 (but not
both). In these notes we restrict ourselves to finite signed measures, i.e. measures
taking values only in R.

Theorem 44 (Boundedness of the Range of Signed Measures). Let X be a set with
o-algebra A and Let v : A — R be a signed measure. Let S = {v(FE): E € A}. Then,
S s bounded.

Proof. Assume that S is unbounded. For A € A, define,
Sa={v(FE):Ec€ A ECA}

Since S = Sy is unbounded, we start with Ag = X.
We now construct pairwise disjoint sets {B,,}>° ; such that, |v(B,)| > 1, for every n.
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Assume A, 1 € A has the property that S _, is unbounded. Then there exists a

measurable set C),, C A,,_1, such that,

n—1

w(C)| > [v(An-1)| +1

Now split
An—l = Cn U (An—l \Cn>

where the union is disjoint. Since
V(Au 1) = U(C) + Ay 1\ Cr)
we have,
V(A1 \ C)| = [v(An-1) = v(Co)| = [v(Cn)| = [v(An-1)| > 1

At least one of the two collections S¢, or S, ,\¢, is unbounded. Otherwise, their
union would imply that Sy, _, is bounded, since every measurable subset of A, _; can
be written as the disjoint union of a subset of C}, and a subset of A,_1\ C,.

e If S¢ is unbounded, set

An - Cru Bn - An—l \ Cn

o If Sy, ,\c, is unbounded, set

An - An—l \ Cn; Bn - Cn

In either case, Sy, is unbounded and |v(B,,)| > 1.
Since A, C A,_1 and B,, C A,_1 \ A, the sets B,, are pairwise disjoint.
o

Let E = U B,,.

n=1

By countable additivity, v(F) = Z v(By).
n=1

Since v(E) € R, the series, Z v(B,) converges. Hence, v(B,) — 0.
n=1

This contradicts |v(B,)| > 1, for every n.
Therefore S is bounded. ]

Theorem 45 (Continuity of Signed Measures). Signed measures are continuous, i.e.,
if v: A— R is a signed measure, then,
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(i) f By C By C -+ and E = | | B}, then, v(E,) — v(E).

j=1

(ii)) If B\ 2 Ey D -+ and E = (| Ej, then, v(E,) — v(E).

j=1

Proof. We consider 2 cases:

e Case I: Let /41 C E;C - and F = U E;, where I; € A and E € A. Then,
j=1

E=FU(E\ Ey)U(Es\ Ey) U
and for each n,
E,=F U(E\E)U---U(E,\ E,1)

Hence, using additivity of the signed measure v on the disjoint union,

( El "’Z ]+1\E

and for each n,
n—1

v(E.) =v(E) + Y v(Ejn\ E))

J=1

e
By definition the infinite series Z v(Ej\ E must converge, so

<.
[y

n—1 00
nh_{loloz v(Ej1 \ Ej) = Z v(Ej \ Ej)
j=1 j=1
Therefore,
n—1
lim v(B,) = lim [V(El) 3 v( By \ EJ)}
=
=v(E1)+ > v(Ej \ Ej)

Thus v(E,) — v(F) as n — 0.
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e Case II: Let £ D Ey D E3 D -+ andE:ﬂEj,WhereEjEAandEEA.

j=1
Then,

(ﬁ ) (E1\ EQ) U (B2 \ E3)U---=EU(E;\ E3) U (Ey\ E3) U

and for each n,
Ey=(E1\ Ey))U(Es\ E3)U---U(E,_1\ E,) UE,

Thus, using additivity of the signed measure v on the disjoint union,
v(E) =v(E)+ > v(E;\ Ejn)

and for each n,

v(Ey) = v(E) + Y v(E;\ Ejp)

(0. 9]
By definition the infinite series Z v(E; \ Ejy1) must converge, so,

7=1
n—1 0o
tin S (B \ B = SO(E;\ Epn)
j=1 j=1

Hence,

n—o0

v(E7) = lim lV(En) + i v(E;\ Ej+1)] = hm v(E,) + Z v(E;\ Ejt1)

j=1
Comparing with v(E,) = v(F) + Z v(E; \ Ej+1) we conclude,

lim v(E,) = v(E)

n—oo

Therefore, in both cases, lim v(E,) = v(E).

n—oo
Therefore, signed measures are continuous. ]
Theorem 46 (Existence of Maximal Positive Subsets). Let X be a set with o-algebra

A and a signed measure v. Let E € A. Then there exists, E, C E, E, € A, such
that,
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s=v(Ey)=sup{v(E): B'e A, E'CE} <

Proof. Choose a sequence of epsilons {;}22; with ¢; | 0 and i £j < 00.
For each corresponding index k choose Fy, C E, Ei € A, such]t:}iat,
v(Eg) > s — ey
Thus, we have a sequence of subsets of £, {Ej}%2,, with,
v(E) > s — ey, forall k=1,2,...

Consider any two sets Fy and Ey, and Let

A:=Ep\ Ey, B:=E.NE,, C:=FE\ Ey
Then, A,B,C,AUB,AUC,BUC, AU BUC C E. Therefore,

v(A), v(B), v(C) < (1)
v(A)+v(B)+rv(C)<s (2)
v(A)+v(B)>s—eg (3)
v(B)+v(C) >s—eg (4)
From equation (2) and equation (3), v(C) < .
From equation (2) and equation (4), v(A) < &,.
From equation (1) and equation (3), v(A) > s — e — v(B) > —¢.
From equation (1) and equation (4), v(C) > —&y.

Therefore, the measures v(A) and v(C) can’t be large positive or large negative.
Thus, we have,

—er < v(A) <¢g and — e <v(0) <

Then,
v(B)=v(A)+v(B)—v(A)>s—¢ep—eg

Thus, for any k and ¢, if Ey, E, C E with v(Eg) > s — ¢ and v(FEy) > s — &g, then,
V(EkﬂEg) > 8 — €L — &y

Thus, more generally, if P,Q) C E are measurable sets with v(P) > s — a and
v(Q) > 5 — 3, then,
v(PNQ)>s—a—pf

Now, consider the sets Ei, F1 N Ey, E1 N Es N Es, . ... Then, by induction,

V(E1> > s —¢&q,
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(ElﬂEg) §— €1 — €9,
V(ElﬂEgﬁE3)ZS—€1—82—€3

Now as the sequence goes down then, let

ﬂE = I/(E(l)) > 5 — (isj)

7=1 7=1
Similarly, let

e} e}

B = (5 = o) 25— (30)

j=2 =2

Similarly, if
B0 = ()5 = o5 25— (35)

j=n j=n

Then,
EOcCcEDcCcE® c...c EMWC
and Let -
E.=|JE™CE
m=1
Then,
v(Ey) <s
And,
- ) 2 o o550 =
() = Jum v(B™) 2 fim (5= ) e
Jj=m
Since the tail sums Z ej — 0 as m — oo.
j=m
Therefore,
s<v(BEy)<s

Therefore, we have found E, C F such that v(Ey) = s. O

Lemma 9 (Maximal Subset is Positive). Let E, be as in Theorem /6. Then E is
a positive set, i.e., v(A) >0, for every A € A with A C E,.

Proof. Let A € A with A C E,. Suppose, for contradiction, that v(A) < 0.
Since A C E,, we can write,

E,=AU(E,\ A)
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where the union is disjoint. Hence,
V(Ey) = v(A) + (B \ A)

Therefore,
v(Ex \A) =v(Ey) —v(A) > v(EL) =

But, L \ AC E and E, \ A € A, which contradicts the definition of
s=sup{v(E'): E' € A, E' C E}
Thus, no such A exists, and therefore, v(A) > 0, for every measurable A C E,. [

Theorem 47 (Hahn-Jordan Decomposition). Let (X,.A) be a measurable space and
v be a signed measure on this space. Then there exist two sets X and X_ in A, and
two unique positive measures vy and v_ such that,

(i) X = X, UX_;
(ZZ) X_|_ ﬂX_ = @,’
(iii) for every E C X, with E € A, v(E) > 0;

(i) for every E C X_ with E € A, v(F) <0;

Proof. Let
s=sup{v(F): Ee€ A EC X}

Then, by Theorem 46, there exists X, € A such that v(X;) = s.
Define X_ = X \ X,. For any F € A with E C X_, suppose that, v(E) > 0.
Since £'N X, = &, we have,

V(X+ U E) = V(X+) + V(E) > S
which contradicts the definition of
s=sup{v(F): Fe A FCX}

Therefore,
v(E) <0 for every measurable £ C X _

Also, by Lemma 9,

v(E)>0 for every measurable £ C X
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Now if v is a signed measure then VA € A, v4(F) = v(AN E) is a signed measure.
Thus, define

vi(E)=v(ENX;) and v_(F)=—-v(ENX_)

Since X is a positive set and X_ is a negative set, both v, and v_ are non-negative
set functions. Moreover, Since E — v(E N A) is a signed measure whenever v is a
signed measure, both v, and v_ are measures.

Also,

v(E)=v(ENXy)+rv(ENX_)
— v (B) — v_(E)

Therefore, X = X;UX_and X;NX_ =2, X, X_ € Adand, vy (X ) =v_(X;) =0.

To prove uniqueness, suppose
/ /
V=vy—v_ =V, —V_
are two decompositions satisfying
ve(X2) = v (X4) = 0

and
V(X)) =V (X)) =0

Let £ € A. Since

VIENX)=vi(ENXy) —vo(ENXy) =vi(ENXy)

and

vi(BENXy) =vy(E)
we obtain,

vi(E) =v(ENXy)
Similarly,

4 (B) = v(EN X))
Now,

EnX,=(EnX;nX,)U(ENnX, NX")

Since X, N X’ is both a positive set and a negative set, every measurable subset of
it has measure 0. Indeed, if A C X, N X" is measurable, then v(A) > 0 because
A C X, and v(A) <0 because A C X!, hence v(A) = 0.
Hence,

v(ENX:NX')=0

90 Continued. ..



Swapnamoy Kader

Therefore,
V+(E> = V(E N X+ N X_/|_)

By symmetry,
Vi(E)=v(ENnX, NX))

Thus,
vi(E)=V (E) VEeA
Similarly,
v (E) =1V (F) VE e A
Hence the decomposition v = v, — v_ is unique. ]

Theorem 48 (Lebesgue Decomposition Theorem). Let p and n be two finite measures
on (X, A). Then there exist a nonnegative measurable function f and a nonnegative
measure ns and a set Xy € A such that

(i) n=fu+ns,
(i) w(Xs) =0 and ns(XS) =0.

The measure ns s called the singular part of n with respect to pu, and n, = fu is
called the absolutely continuous part and the measures n, and ns are unique.

Proof. Existence: Let f > 0 be a measurable function. We say f is admissible if

VE € A, /Efdu <n(EB)

The existence of such a function is guaranteed since the zero function is admissible.
Let f1 and f5 be two admissible functions and set

f=max{f1, f2}

Then, VE € A, by splitting E into the two measurable pieces E N {f; > f>} and
EN {fl < f2}7 we geta

/fdu=/ fdu+/ J du
E En{fi>f2} En{fi<f2}

:/ ﬁ@+/ fo dp
En{fi>f=} En{fi<f2}

Using admissibility of f; and fo we get

/Efdu <p(EN{f> ) +nEN{A < L) =n(E)
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Hence f = max{f1, fo} is admissible.
Therefore finite maxima of admissible functions are admissible.
Let {f;} be an increasing sequence of admissible functions. Let

f=supf; = lim f;

j>1 J—oo

Since we can replace any sequence with its partial maxima (g,), we may assume
without loss of generality that {f;} is an increasing sequence. Thus, for every E € A,
using Monotone Convergence Theorem (Theorem 28)

[ an= [ (tim fy) =t [ fdu <t n(B) < n(E)
E E J7© j—oo J g j—00
Therefore f = lim f; is admissible.

j—o0

Consider a sequence of admissible functions {fi}. Let
s = sup{/ fdu ; fis admissible}
X
Choose {fx} such that / frdu — s as k — oo. For each n define,
X

gn = max{fl, fg, cey fn}

Since each f; is admissible and the maximum of admissible functions is admissible,
each g, is admissible. Moreover, for every : = 1,2,...,n,

/%wz/ﬁw
X X

Also, g, is an increasing sequence of admissible functions. Let f = lim g,,.
n—oo

By the previous argument, f is admissible. Hence,

/deués

On the other hand, since g, > f,, we have,

/deMZ/XgndME/andu

Taking n — oo, we obtain,

Therefore,
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and hence,

/de,uzs

Now, take ¢ > 0 and define f. := f + . Also, define,

Ne :=1n— fepb

This defines a finite signed measure. Then, by the Hahn-Jordan Decomposition the-

orem (Theorem 47),
e =1 —ne
and
X=X'uX_, X'nX =g, with n¥(XF)=0

We claim that pu(X1) = 0.
Assume not. So, consider,
ge = [ +elys

Then, for any measurable subset A C X g. = f. on A, and for any measurable
subset B C X, g. = f on B. Then, VE € A,

/gaduz/ gadwr/ gaduz/ fadwr/ fdu
E EnxZ EnX: Enxd EnX:

Now, n. :=n— feu =nF —n-, and as EN X C X, we have n_ (EN XT) = 0.
Thus,
NENXD) = (f)(ENXT) =0l (ENXT) >0

Hence,

(fem(ENXD <n(BENXT) = [ fedup <n(BENXT)
nAe

And, by admissibility of f, we have,

/ fdp<n(ENXD)
ENnXgs

Therefore,
[ gedn <(BEOXD) +0(E0X2) = n(E)
E

Thus, g¢. is admissible. Therefore, by the maximality of f,

/ggdué/fdu
X X

/ngdu=/xfdu+6u(X§)

But
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Hence,
[ fansenceny < [ g
X X

Therefore,
uX) =0

Now, it E C X, then E is a negative set for the signed measure,

ne=n—(f+eu

Therefore,
ne(E) <0
Hence,
oE) = [(F+e)dn<o
Thus,

wE) < [ fdutenB) < [ fausenx)
Again, f being admissible,
/fWSMﬂ
E

Then, choosing a sequence of epsilons {e,} such that ¢, | 0 and taking

&:Dx;
n=1

we get

Therefore, u(X;) = 0.
Now it £ C X¢, then,

and for every n,
So, as n — 00,

Therefore,
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Now, for every E € A, define

m@ﬂzﬂ@—(MX@zn@%iéfw

Since f is admissible, we have,

[ ran<nE)  vEEA
E
Hence,

ns(F)>0 VYEeA
Therefore, ns is a non-negative measure.

In particular, if £ C X¢, then,

S

o(E) = [ fdn
E
and hence,
ns(E) =0
And,
1s(X$) = n(X9) = (fu)(XE) = n(X7) —n(X]) =0
Therefore, n = fu + ns, where X is the singular set. In particular u(Xs) = 0 and

ns(Xg) = 0.
This proves the existence of the decomposition.

Uniqueness: Suppose
n=fup+n" = fop+n

Let nél) = fipu and 77&2) = fou. Then,
n=n + V) =g +nl?
Let X 5(1) and X 5(2) be singular sets for ngl) and 779), respectively. Define,
X, =xWMux®

Then,
n(Xs) =0
Also,
(X)) =0 and (X)) =0

S

Let E € A. Since 77&1) < p and 77(9) < {1, we have,

n\V(ENX,)=0 and n"P(ENX)=0
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Therefore,
n(E) =M (E N X,)

=n(ENXy)

=P (ENX,)

=P (E)
Hence,

M =n®
Consequently,

) =n—n =n—n =y

Thus the absolutely continuous part and the singular part are unique.
]

Theorem 49 (Radon-Nikodym Density Theorem). Let p and n be two finite mea-
sures on (X, A) such that, n < p. Then there exists a nonnegative measurable func-
tion f such that,

n(E)z/fd,u VEec A
E
The function f is unique up to equality p-almost everywhere.

Proof. By Theorem 48, there exist a nonnegative measurable function f, a measure
ns, and a measurable set X such that,

n=fu+mns

where,
w(Xs)=0 and (X)) =0

S

Since n < p and pu(Xs) =0, we get,

n(Xs) =0

But 7, is supported on Xj, so,

Thus ns = 0, and hence
n=ru

Let f; and fy be two nonnegative measurable functions. Assume that for every £ € A

/ﬁ@=/h@<w
E E
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In particular [ fidu = [ fadp < oo, so each f; is finite y—a.e.; hence, u{f; = oo} =

p{f2 = o0} =0.
Fix € > 0 and consider the measurable set

E..={xeX: fi(x) > fo(x) +¢}
Then,

frauz [ (foreydu= [ fadu+en(E)
E. < E.

But by assumption [, fidu = [, f2dp, hence, e u(E.) = 0, and so pu(E.) = 0.
Take a sequence ¢, | 0. Then,

{fl > f2} = U{fl > f2+5n} = U EEn
n=1 n=1

Thus, p{fi > f2} = 0 as a countable union of null sets. By symmetry the same
argument gives p{ fo > f1} = 0. Therefore,

pifi # fo} = n{fi > fo U{fao> fi}) =0

i.e. fi = fo p—almost everywhere. This proves uniqueness up to a set of p—measure
Z€ro. [

Remark 5 (Change of the Singular Set). Assume that the Lebesgue Decomposition

Theorem (Theorem 48) holds. Then for a given decomposition, Let X 5(1) and X 3(2) be
two singular sets. Let n = f u + ns be the decomposition. Then,

p(X0) = p(XE) =0

Now,

Hence,

In particular,
and therefore,

Thus,
n(XS) XP) = (i (XPNXE) + 0 (XA XP) =0 (XA X)) =0
since X! \X 2 C (X( )) and ns((Xs(z))C) = 0.
X!

Similarly 773( s \ s ) = 0, and therefore,
n(XMAXP) =0
Therefore the singular set X, is unique up to a set that is null for both p and 7.
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Remark 6 (Lebesgue Decomposition Theorem o-finite version). As p and n are

o-finite, then
o o0
X=||x/=|]v
i=1 i=1

where p(X;) < oo and n(Y;) < oo, Vi=1,2,....
Considering all intersections between every X! and Y; of every possible combination
of indices, we get

X = |_|Xj st (X)), n(X;) < oo
j=1

Let n;(E) =n(ENX;) and pj(E) = p(E£ N X;) (so uj and n; are the restrictions to
X;).
By the finite version of Lebesgue decomposition Theorem (Theorem 48) on each X
we obtain

nj = fipi + (nj)s  on X
where f; is p;-integrable on X; and (7)) is singular with respect to pu;.
Define f = f; on X},

0] o

n(E) =) _(m)s(EnX;)  Xo=|JX))s
, i1

Jj=1

where (Xj), denotes a supporting set for (n;)s (so 1;((X;)s) = 0).
Since p; is the restriction of p to X, integration over subsets of X; agrees for p; and
p. Also, by definition, f = f; on X;. Hence, for every measurable F € A,

[ g [ gya= [ fa
ENX; ENX; ENX;

J

o1 \JEnx;
-y / Fdu+ 3 ()s(E 0 X5)
j=1 EﬂXj j=1
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Now, each (X); satisfies

Since (X;)s C X

g

Therefore,
p(X0) = (X)) < 3 ml(x5)0) =0
Thus, u(Xs) = 0.
And,
Ts (X \ Xs) =T (X \ U(XJ>S>
j=1
= Z(nk)S((X\ U(XJ)S) A Xk)
k=1 Jj=1
= (m)s(Xi \ (X)s)
k=1
=0
Therefore,
n=fp+ns
with,

w(Xs) =0 and ns(X \ X5) =0
Hence the Lebesgue decomposition theorem remains valid for o-finite measures.

Theorem 50 (Partition of Unity). Let X be a metric space and Let K C X be

compact. Let {Gj}év:l be a finite open cover of K. Then there exist continuous
N

functions p; : X = [0,1], 7 =1,...,N, such that, suppp; C G, and Zgoj =1 on
j=1

K.

Proof. Let X be a metric space, K C X with a finite open cover {Gj}é\[:l. We show

that we can shrink {G;} and still cover K. So, we aim to find for all j subsets of
{G;}L,, such that;

o F; C (G is closed.
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H; C G is open

°
g
I
av

By finding such sets, we can apply Urysohn’s lemma (Lemma 8) to get functions
which take values between 0 and 1, are identically 1 on £}, and identically 0 on Hj.
This gives us functions whose support is (strictly) contained in G;; some further
manipulations (overlap in the sum on K and continuity) give us the desired functions

Yy
Consider these open sets:

1
Hj, = {:l: € Gj : dist(x, Gj) > —}

m

Then, H;,, C G, for all m.
Further, for all m, Let

_ 1
ClHjm)=Hjm = {x € Gy« dist(z, GF) > E} C G,

Then, we observe that, H;,, are increasing with m. Now,

N N
K< U Gj = U(U Hjm)
j=1 m j=1

This is an open cover of the compact set K; therefore, it can be refined to a finite
sub-cover. So,

N M N
KclJa=UWlJHm
j=1 m=1 j=1

By monotonicity in m, as H;,, are nested increasing sequence of sets, there exists

some M € N such that,
N

KgUHM

J=1

Henceforth, for all j, we denote H; s as H; for the M determined above. Now, let

1 1
Fjm={r € Hj : dist(v, H) > —} and Ej,, = {r € H; : dist(x, Hj) > E}
m
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Then, each set F} ,, are closed and each set Ej,, are open. Further,
CUEjm) = Fjm and  Ejm C Fjm

Then,

N N

KEc|JH U Em)

7=1 m j=1
This is an open cover of the compact set K; therefore, it can be refined to a finite
sub-cover. Thus,

By monotonicity in m, as Ej,, are nested increasing sequence of sets, there exists

some L € N, such that,
N

Kcl|JEL
j=1
But, as Ej,, C F}p, therefore,
N
Kc|JF.
j=1
Henceforth, for all j, we denote Fj 1 as Fj for the L determined above.
By construction, Fj C Hj; and CI(Hj) C Gj; and {F;};L, covers K.
So we have found the desired sets H;, F;. We can now construct functions ;.
Consider, for all j, the closed sets Fj, H5. Since F; C Hj, we get F; N Hf = &.
So, by Urysohn’s lemma (Lemma 8), there exists a continuous function ¢; : X — [0, 1]
such that v;|p, = 1, and Hs = 0.
Since ¢; = 0 on H7, we have,

supp; = {z € X 1 ¢;(z) #0} C H; C Gy

Let
a 1
U = ; 0= X:v —
jg_l Y; and {z € (x) > 2}

Clearly, €2 is open and so 2¢ is closed. Further, on K for at least one j we have
Y;=1,s0 K CQL

Then, again by Urysohn’s lemma (Lemma 8), we have a continuous function n : X —
[0, 1], such that, n|ge =0 and n|x = 1. Let

o — LR
J 0 if U =0

Then for {¢;},, we have that for all j,
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e p;j: X — [0,1] since it is defined on all z € X and ¥ > ); > 1; n > 0 on X;
e (o, is continuous, because, on the open set {¥ > 0}, we have,
oy = L1
J v
which is continuous.
On the set {U = 0}, we have n = 0, because {¥ = 0} C Q¢ and n|g. = 0.

Hence ¢;n = 0 on {¥ = 0}, and therefore ¢; extends continuously by 0 across
{v =0}

e Since ¢; = 0 wherever 1; = 0, we have,
supp ¢; C suppt; € H; C G

Thus,
supp ¢; C Gj

e Finally, on K, we have n =1 and ¥ > 0. Therefore,

al %77
D¢ Z
j=1 =
n N
=g
7=1
_1ly
\\
=1

Thus, the functions {¢;}Y, are the desired functions.

]

Theorem 51 (Riesz-Markov-Kakutani Representation Theorem). Let X be a com-
pact metric space. If I is any non-negative linear functional, i.e. I : C(X) — R, then
there exists a unique non-negative finite reqular Borel measure p on X such that;

:/fdu, Ve C(X)
X

Proof. For any open set G C X, define the set function
W(G) =sup{I(p): ¢ € C(X), 0<p <1, supp(p) € G}

We aim to show that p is a non-negative finite Borel measure on X.
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e Consider an open set G. As [ is a non-negative linear functional, for every
f € C(X) with f > 0 and supp(f) C G we have I(f) > 0. Thus,

u(G) >0, Vopen G C X
Thus, i is non-negative.
e Also, for every admissible function ¢ in the definition of 1(X), we have
0<ep<Ix

Hence,
Iy —¢ >0

Since I is non-negative,
I(1x) —I(p) =I(1x —¢) =20

Therefore,
I(p) < I(1x)

Taking the supremum over all admissible ¢ gives,
uw(X) <I(lyx) < oo
On the other hand, the constant function 1x belongs to C'(X), satisfies
0<1x <1
and,
supp(lx) = X
Hence, 1y is admissible in the definition of ;(X). Therefore,
w(X) > I(1x)
Combining the two inequalities, we obtain,
w(X)=1(1x) < o0
Thus, u is finite.
e Consider the countable collection of open sets {G;} and Let G = G G;. Then

i=1
G is open. Let
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Let K = supp(f). By definition,
u(G) =sup{I(f): f € C(X), 0< f <1, supp(f) € G}

Now K is a closed subset of the compact space X. Thus, K is compact, and

o
KCG= U GG;. Hence, by compactness, there exists n such that,
i=1

Kcl]JaG
i=1
By a partition of unity (Theorem 50), there exist hy, ho, ..., h, with h; € C(X)

such that,
0<h; <1, supp(h;) CG; fori=1,2,...,n

and

D hi(z)=1 forallze K
=1

Define f; = f h;, fort=1,2,...,n. Then,

F=> 1
=1

because Y . ; h; =1 on K = supp(f) and both sides vanish outside K.
Then,
supp(fi) C supp(h;) € G; with 0< f; <1

By linearity,

[(f):]<zn:fi) :z":I(fi)

and since each f; is admissible for p(G;), we have I(f;) < wu(G;), for i =
1,2,...,n. Then,

I(f) < ZM(Gi)

Also, as all u(G;) are non-negative, for every f € C'(X) with supp(f) C G we
have,

I(f) < ZM(Gi)

Since this holds for every f € C(X) satisfying, 0 < f < 1 and supp(f) C G,
taking the supremum over all such choices yields,

u(G) =supI(f) < ZM(GO
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Thus, p is countably sub-additive on open sets.

Therefore, p is a finite, non-negative and countably sub-additive set function on the
open subsets of X.
For an arbitrary set £ C X, define,

p*(E) =inf{u(G): G O E, G open}
e Consider the empty set @. Since & is open and p(2) = 0, we have,

p(2) < p(@) =0

Since p* > 0, it follows that,
p(2) =0

e Let A, B C X with A C B. Then, every open set containing B also contains A.
Hence,

{G: G2 B, Gopen} C{G: G2 A, G open}

Taking infima gives,
p(A) < p'(B)

e Let £ C X is open. Since F is open and F C F, the definition of u* gives
p(E)=inf{u(G) : G2 FE, G open} < u(FE)

On the other hand, if G is any open set containing E, then every admissible
function for p(F) is also admissible for x(G). Hence,

W(E) < ju(G)
Since this holds for every open set G O FE, we obtain,
p(E) <inf{u(G): G2 FE, G open} = u*(F)

Therefore, for every open set £ C X,

e Let {£;} be a countable collection of sets in X.
Fix € > 0. Then, Vi, 3 an open set G, s.t. E; C G; and by property of infimum,

3

plG) < W (B + =
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(0.0) (0.0)
Also, as E; C (G, Vi, then, U E; C U GG; and as a union of open sets is open,
i=1 i=1

U G; is open. Then,

i=1

#(Ur) <i(Ue)

Since € > 0 was arbitrary,

Therefore, p* is an outer measure and is finite as p is finite.

We now show that every open set is p*-measurable.
Let V C X be open. We need to show that for every A C X,

pr(A) =p (ANV) +p (ANVe)
By subadditivity of u*, we already have,
§H(A) < BANY) + @ (AN V)

Thus, it remains to prove the reverse inequality.
Let U be an open set such that A C U. Then

AnvVCcunvVv and AnveCcunve

Hence,

ANV +p*(ANVE) <p(UNV)+p*(UNVE)
We claim that for every pair of open sets U,V C X,

pU) 2 w(UNV) +p-(UNVe)
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Fix e > 0. By the definition of u(UNV'), there exists f; € C'(X) such that, 0 < f; <1,
supp(f1) CU NV and,

I(f1) >pUNV)—e
Let K = supp(f1). Then, K is compact and K C V.
Hence, KNV¢= g, and U \ K is open with UNV C U \ K.
Therefore,

pwrUNVe) <pU\K)

By the definition of p(U \ K), there exists fo € C(X) such that, 0 < fo < 1,
supp(f2) C U \ K, and

I(f2) > U\ K) —¢
Since supp(f1) = K and supp(f2) C U \ K, the supports of f; and f; are disjoint.

Hence,
0<fi+tfo<l and  supp(fi+ f2) CU

Thus, f1 + fo is admissible for p(U), and so

p(U) Z I(f1 + f2)
= I(f1) + 1(f2)
>uUNV)—e+u(U\K)—c¢
>puUNV)+p (UNVE) —2e.

Since € > 0 was arbitrary,
p(U) 2 pUNV) + @~ (UNVE)

Therefore,

pHANV) +p (ANVE) < pU)

for every open set U with A C U. Taking the infimum over all such open U, we
obtain,

P (ANV) +pr(AnVe) < p(A)
Combining this with subadditivity gives

pr(A) = p (ANV) +p (AN V)

Hence every open set V' is p*-measurable.

Since the collection of p*-measurable sets is a o-algebra by Carathéodory’s Theorem
(Theorem 12) and contains all open sets, it contains B(X). Therefore, p1 := p*|g(x)
is a finite Borel measure on X.

Moreover, by the construction of p* from open covers, p is outer regular. Since X is
compact metric, finite Borel measures are regular. Hence p is a finite regular Borel
measure.
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Let f € C(X) and as X is compact, we have f is bounded. Fix ¢ > 0. Since f is
bounded, there exists M € Z™* such that,

f(z) < Me Ve e X
WLOG, assume f > 0. Define, for £k =0,1,2,..., M,
fr = min{(k + 1)e, max{f, ke}} — ke

For each x € X, exactly one of the following occurs:

o If f(x) < ke, then fi(xz) = 0.

o If ke < f(x) < (k+ 1), then, fi(x) = f(x) — ke.

o If f(x) > (k+ 1)e, then, fi(z) =e.
Hence, fr € C(X) and 0 < fi < e. We define
A

3

9k
then g, € C(X) and 0 < g < 1. Let
Gp={reX: f(x) > ke}

and G_1 =X, Gy = 9, and G; = & for all i > M. Then each G} is an open set.
Also, supp(gr) € Gg—_1, hence by definition, u(Gg—_1) > I(gx).
Again, g, = 1 on Gjy1, and thus supp(gx) D Gri1. Now,

1(Gry1) =sup {I(¢): p € C(X), 0 < <1, supp(p) C G}

Then any such ¢ satisfies ¢ < 1 on Gg41, while g = 1 on G-
Also, since supp(y) C Ggy1, we have ¢ = 0 outside Gj1. Hence,

0 < gk on all of X

Since [ is non-negative,

Therefore,

Taking supremum, we get
1(Grs1) < (k)

Therefore,
1(Grs1) < I(gr) < u(Gr-1)
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Moreover, for every = € X, either f(x) = Me, or there exists an integer m with
0 < m < M such that

me < f(z) < (m+ 1)e
In the second case, fy(z) = ¢ for k < m, fn(x) = f(z) — me and fi(z) = 0, for
kE>m.

Hence,
M

ka(x) =me + (f(:]:) — ms) = f(x)
k=0
If f(x) = Me, then fy(z) =¢for k=0,...,M — 1 and fy/(x) =0, so again,

M
S ful@) = f(x)
k=0

Therefore,
M
F=> f
k=0
Then,
M M
I(f) =) I(fe)=c> I(g)
k=0 k=0
Thus,
M M
e wGrr) SI(f) <ed p(Gror)
k=0 k=0
Also,
M M
[ ran= | (X 5) du:e;(/xgkdu)
Since

Grt1 C supp(gr) € Gr—1
and gy = 1 on Gi41 and 0 < g < 1 with supp(gx) € Gi_1, we have,
]le+1 < gk < ]]‘Gk-—l

Thus, integrating over X, we have,

W(Girar) < / g dp < p(Gi)
X

Therefore,

M M
e i(Gri) < / Fdu<e u(Gr)
X k=0

k=0
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Then,
100 = [ Fau| <[ Yo n(Grn) = Y (Gro)
k=0 k=0
= e[u(G1) + p(Go) — i(Gar) — (G argr)]
<elp(X)+ p(X) —0-0]
Thus,

As, u(X) < 0o and as e — 0, we get,

Mﬂ—éfwwao
Therefore,
1(f) = /X fdy

This proves the existence of a non-negative finite Borel measure p on X such that;

1= [ ran vrec)

Now, we prove the uniqueness. Assume that there exists a non-negative finite regular
Borel measure p on X such that for all f € C(X),

1) = [ s

X

Let G C X be an open set. Consider the class of functions on G,
Fo={peC(X) : 0<p <1, supp(p) C G}

If p € Fg, then p < 1. Hence

1(90)=/Xs0du§/x1ladu=#(6’)

Therefore,

sup I(p) < u(G)
peEFG

Now, Let d(z) = dist(x, G). As G is open, G is closed and d(z) > 0 < z € G.
We define,
on(r) =min{(nd(x) — 1), 1}
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As distance and minimum are continuous functions, we have,

peC) L 0smst  swpla)c foidn 21 ee

Hence ¢,, € Fg.
Also,
on(z) T 1g(x) for every x € X

By the Monotone Convergence Theorem (Theorem 28),

lim I(p,) = lim [ ¢, dp =/ Lgdp = pw(G)
X X

n—oo n—oo

Therefore,

n(G) = Sup I(¢)

Now, assume that p is not unique. Then there exist p; and po that satisty,

1(f) = /X F s — /X Fdus,  VfeCX)

As the measure of any open set is determined only by the functional I, for every open
set G, we can write,

1 (G) =sup{l(p) 1 p € Fg} and  p2(G) =sup{l(y) : ¢ € Fa}
where F¢ denotes the family of admissible test functions associated to G. Therefore,
p1(G) = po(G)  for all open sets G
Finally, by regularity of Borel measurable sets, for any Borel set F, we have,
p1(E) =inf{u;(G) : E C G, G open}, p(E)=inf{u(G): E C G, G open}
Since p1(G) = pua(G) for all open G, their infima agree, and hence,
p1(E) = ps(E)  for all Borel sets E

Therefore, p is the unique non-negative finite regular Borel measure. ]

Lemma 10 (Finite Vitali Covering Lemma). Let X be a metric space. Let { B, (x;)}
be a finite family of open balls in X, where v; € X, r; > 0 and © € I for some
finite index set I. Then there exists a finite sub-collection of pairwise disjoint balls
{Br,, (i)}, where x;, € X, 15, >0 and iy € J C I such that;

el €S
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Proof. Without loss of generality, Let the finite index set I be {1,2,--- ,n} and we
can reorder the balls in the family {B,,(z;)} in a way such that;

T >Te > 2Ty

We proceed with greedy algorithm.

We pick the ball with largest radius, i.e., By, (x1). And we rename the index as iy = 1.
Thus, at this stage J = {i1} = {1} C I.

Next we pick the next ball with the largest radius such that it is disjoint from
B, (z1), say, B, (x,) and we rename the index as, .o = m. Then, at this stage
J = {il,ig} = {1,m} - I.

Again we pick the next ball with the largest radius such that it is disjoint from B, (z1)
and B,, (z;,), say, B (x;) and we rename the index as, i3 = t. Then, at this stage
J = {il,ig,ig} = {1,m,t} - 1.

And we continue this process. This process terminates as the initial family had a
finite number of balls. Thus, we obtain a finite sub-collection of pairwise disjoint
balls { By, (zi,)}, where z;, € X, r;, >0 and iy € J C I.

Consider any ball B, (z;) in the initial family {B,,(z;)}. Then there are two possi-
bilities that can occur:

e Case I: The ball B, (x;) was chosen into the subfamily. Then j = i} for some
k. And clearly, B, (v;) C Bsy,(7;) C Bsy, (v4)

e Case II: The ball B, (z;) was not chosen into the subfamily. Assume that this
ball was eliminated after the k-th step where the ball B,,(z;) was chosen into
the subfamily. So, t = iy.

Then r;, =1, > r;, and, B, (x;) N By, (x;,) = @, for all, s < k.
And, also, By, (z;) N By, (w,) # 2.
If, y € By, (x;) N By, (2;,), then,

d(zj, zi,) < d(xj,y) + d(y, zi,) < rj+ri, <2r
Let x € By, (x;). Then,

d<x7$2k) < d<x>$j) + d(xj’xik)
S Tj + 2- Tik
S 3 - Tik

Thus, By, (x;) C Bsy, (74,)

Therefore,

UBH(%) - U Bsy.,, (z3,)

i€l iL€J

]
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Lemma 11 (Countable Maximal Disjoint Subfamily Lemma). Let (X, d) be a sepa-
rable metric space. Let F be any family of non-empty open subsets of X. Then there
exists an at-most countable subfamily G C F such that:

(i) the elements of G are pairwise disjoint;

(ii) G is mazximal with respect to this property, i.e., if U € F, then either U € G, or
U intersects some element of G.

Proof. Since X is separable, X has a countable basis. Let {Vi,V5,V5,...} be a
countable basis for the topology of X.
We now construct G inductively.

e At the first step, consider V;. If there exists U € F such that, V; C U, choose
one such set and call it U;. If no such set exists, choose nothing.

e Next consider V5. If there exists U € F such that, V5, C U and U is disjoint
from all previously chosen sets, choose one such set. If no such set exists, choose
nothing.

e Continuing this process, at the n-th step, consider V,,. If there exists U € F
such that, V,, C U and U is disjoint from all previously chosen sets, choose one
such set. If no such set exists, choose nothing.

Let G be the collection of all sets chosen in this way. Since at most one set is chosen
at each step, G is at most countable. Also, by construction, the elements of G are
pairwise disjoint.

It remains to show that G is maximal.

Assume not. Then there exists U € F such that U is disjoint from every element of
G. Since U is a non-empty open set, and {V,,}5°, is a basis, there exists some V;,
such that, V,,, C U.

At the m-th step of the construction, the set U was available, because it contains V,,
and is disjoint from all previously chosen sets. Therefore, at that step, we would have
chosen some set U, € F such that,

Vin € Un,
and U, is disjoint from all previously chosen sets.
But then,

Vin CUNU,
Hence,
UNU, #9
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This contradicts the assumption that U is disjoint from every element of G.
Therefore, no such U exists.
Hence, G is maximal. O

Theorem 52 (Infinite Vitali Covering Theorem). Let X be a separable metric space.
Let {B,} be any family of balls in X, where a € I, for some index set I, such that,
the supremum of radii, supr, < co. Then there exists an at-most countable subfamily
of pairwise disjoint balls { Bs}, where 6 € J C I, and J is a countable index set, such
that,

where 5Bs denotes the ball with the same center as Bs and radius 5rg.

Proof. Let X be a separable metric space. Let {B,} be any family of balls in X,
where a € I, for some index set I, such that, the supremum of radii,

R =supr, < o
acl
Since r,, > 0 for every a € I, if the family is non-empty, then R > 0.
If the family is empty, then there is nothing to prove.
So, assume that the family is non-empty. For each n € N, define,

Since 0 < r, < R, there exists n € N such that,

R <
2_n <Ta = on—1

Therefore, every ball B, in the original family belongs to exactly one of the families
F.

We now choose the desired subfamily inductively.

From Fi, using Lemma 11, choose an at-most countable maximal pairwise disjoint
subfamily. Denote this chosen subfamily by G;.

Now suppose that Gy,...,G,_1 have already been chosen. Let

H, ={B € F, : B is disjoint from every ball in G U---UG,_1}

Since every element of F,, is an open ball, every element of H,, is a non-empty open
subset of X.

If H,, = @, then we set G,, = @.

otherwise, using Lemma 11, choose an at-most countable maximal pairwise disjoint
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subfamily G,, of H,,.

Continuing this process, we obtain a family,

n=1

By construction, the balls in G are pairwise disjoint.
Since each G, is at-most countable by Lemma 11, and

n=1
it follows that G is at-most countable.
Therefore, we may write,
g = {35 10 € J}

where J C [ is an at-most countable index set.
It remains to show that

Consider any ball B, = B,_(x,) from the original family. Then B, € F, for some
n € N.
There are two possibilities.

e Case I: The ball B, was chosen into G. Then B, = Bgs for some 6 € J.
Therefore,
Ba C 5B5

e Case II: The ball B, was not chosen into G.
Since B, was not chosen into G, there are two possibilities. Either B, is not
disjoint from some ball in Gy U---UG,_1, or B, € H,.
In the latter case, since G, is maximal in H, and B, ¢ G,, the ball B, must
intersect some ball in G,,.
Hence, in either case, there exists a chosen ball B, = B, (x,;) € GG U---UG,
such that, B, N B; # &.
Since B, € G,, for some m < n, we have, B, € F,,. Hence,

Also, since B, € F,,
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Since m < n, we have,

R 2R
< 7
2n71 - 9m

Therefore,

< f < 21 2
7004_271_1 —2_m< T
So,

re < 2r;

Now choose, y € B, N B,. Then,
d(xq,vr) < d(Ta,y) +d(y,27) <710 +77
Let x € B,. Then,

d(x,z;) <d(x,z4) + d(Ta, ;)
<Ta+ (ra+7r)
=2r,+ 1,
<22r;) +r;
=or;
Hence,

x € 5B,
Since x € B, was arbitrary, we get B, C 5B5;.

Therefore, every ball in the original family is contained in 5B, for some chosen ball

B, € G. Hence,
UB.c U 5B =J58s
acl Breg oeJ

]

Theorem 53 (Finite Besicovitch Covering Theorem). Let X = R" be a metric space.
Let {B,.,(x;)} be a finite family of open balls in X, where x; € X, r; >0 and i € |
for some finite index set I. Let the set containing all the centers be E, i.e., E = {x; :
iel}.

(i) Then there exists a finite sub-collection of balls {B,, (v;,)}, where z;, € X,
ri, > 0 and i, € J C I such that;

ir€J
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(ii) Everyx € X = R" is contained in at-most N (n) balls in the subfamily { B, (i)}

Proof. Without loss of generality, Let the finite index set I be {1,2,--- , N} and we
can reorder the balls in the family {B,,(z;)} in a way such that;

r>ry > 2>2TN

We proceed with greedy algorithm.

We pick the ball with largest radius, i.e., By, (x1). And we rename the index as iy = 1.
Thus, at this stage J = {i1} = {1} C I.

Next we pick the next ball with the largest radius such that its center is not contained
in By, (1), say, B, () and we rename the index as, io = m. Then, at this stage
J = {’il,ig} = {1,m} - I.

Again we pick the next ball with the largest radius such that its center is not con-
tained in B, (z1) and B, (z;), say, By, (r:) and we rename the index as, i3 = t.
Then, at this stage J = {i1,i2,13} = {1,m,t} C I.

Continuing inductively, at each stage we select a ball of largest radius among those
whose centers are not contained in any previously selected ball. Since the original
family is finite, the process terminates after finitely many steps.

Let {B,, (vi,)}ies be the resulting subfamily. By construction, every center corre-
sponding to a selected ball belongs to the union

U BTik (xlk)

i€

Moreover, if j € I\ J, then the ball B, (x;) was not selected, and hence at the
stage when the algorithm terminated its center x; was already contained in one of
the previously selected balls. Therefore,

Tj < U B?“ik (@)

iL€J

Consequently,
E={z:icI}C ] By, ()
ixeJ
Let x € R™ be arbitrary and Let

P={iyeJ:z€B, (v;,)}

If x = x;, for some i, € P, then P has only one element. Indeed, if another selected
ball By, (z;,) also contained z, then either B, (z;,) was selected before B, (;,),
in which case the center z;, = x would already lie in a previously selected ball, or
By, (xi,) was selected after B, (v;,), in which case the center z;, would already lie
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in the previously selected ball B;, (;,). Both contradict the selection rule.
Hence, we may assume that x # x;, for every i, € P.
Consider two balls B,, (z;,) and B, (z;,) from the selected subfamily such that,

YIS Brim <x2m> N Bh‘t (xlt)
Without loss of generality, assume that
Tipy 2 Tiy

and if the radii are equal, assume that B,, (;,) was selected no later than B, (v;,).
Since B, (z;,) was selected after B, (w;,,), its center does not belong to B, ().
Therefore,

d(z,,, i) > 1i,

Since x belongs to both balls, we also have,
d(x,z;,) <, and d(x,z;,) <ri <714

Let
a=d(x,z,), b=d(x,z;,), c=d(x;,, ;)

Then,
c>ri, >a and c>r, =1, >0b

Hence c is strictly the largest side of the triangle with vertices z, z; _,z;,. Therefore
the angle at x, which is the angle opposite the side of length ¢, is strictly the largest
angle of the triangle. Since the largest angle of any triangle is at least 60°, and here
it is strictly larger than the other two angles, we get,

Zx > 60°

Now consider the unit sphere centered at z, S™1(z).
Let y;,, and 1;, be the intersection points of the rays zz; and Zz;, with S™ 1(z),
respectively. Then,

* L(Yin v Yi,) = L(@i,, T x;,) > 60°
o |lr—wi,|=lr—w|=1
Applying the law of cosines in the triangle {x, v; , i},
Yi — Y = 12+ 12 = 2 cos( L (yi,,23.))

Since Z(y;,, xy;,) > 60°, we have,

cos(é(yimxyit)) <

N —
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Therefore,
Wi = Yal* > 1 = |yi,, —vir| > 1

Consequently,
Bi2(Yi,,) N Bia(yi,) = @

For each i, € P, Let y;, be the intersection of the ray zx; with the unit sphere
Snl(z).

By the previous argument, for any distinct ¢,,i, € P,

B1/2(yi,) N Bija(yi,) = @

Furthermore, since |v —y;,| = 1, if 2 € By/5(y;,), then by the triangle inequality,

o=l <l =yl Iy, ol < 5 +1=3
P P 2 2
Hence,
B1/2(yi,) € Bsja() for every i, € P
Therefore,

U Bi2(yi,) € Bsa()

ipEP

Since the balls {B/2(yi,) }i,ep are pairwise disjoint,

Z Vol(Bi2(yi,)) = |P| Vol(By2) < Vol(Bsa(x))

ipeP

Consequently,
Vol(Bss(z)) _ (3/2)" _
Since z € R™ was arbitrary and | P| is precisely the number of selected balls containing

x, every point of R” belongs to at most 3" balls of the selected subfamily. Therefore,
the theorem holds with N(n) = 3". O

37’L

1P| <

Theorem 54 (Modified Besicovitch Covering Theorem). Let X = R"™ be a metric
space. Let { By, (x;)} be a finite family of open balls in X, where x; € X, r; > 0 and
1 € I for some finite index set I. Fiz 0 < e < 1. Then there exists J C I such that,

(i) Then there exists a finite sub-collection of balls {B,, (zi,)}, where z; € X,
ri, > 0 and i, € J C I such that,

UB(l—S)Ti<Ii) - U Brik (xlk)

el ir€J
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(ii) Every x € X = R" is contained in at-most N(n,e) balls in the subfamily

Proof. Without loss of generality, Let the finite index set I be {1,2,---, N} and
reorder the balls in the family {B,,(x;)} in such a way that

rL>Tr9 > s > TN

We proceed with a greedy algorithm. We pick the ball with largest radius, namely
By, (z1), and rename the index as iy = 1. Thus, at this stage, J = {i;} = {1} C I.
After choosing B, (z;,), we remove from consideration every ball B, (z;) such that,

B(l—s)rj (‘T]) - BTil (xM)

Next, from the balls still remaining, choose the ball with largest radius, say B, (z,),
and rename the index as i = m. Thus, at this stage, J = {i1,i2} = {1,m} C I.
After choosing B, (7i,), remove from consideration every remaining ball B, (z;) such
that,

B(l—a)rj ($]> C BTiQ (Im)

Continuing inductively, at each stage we choose a ball of largest radius among the
balls still under consideration. If this chosen ball is B, (z;,), we add it to J, and
then remove every remaining index j such that,

B(l—s)rj (x]) C Bmk (xlk)

Since the original family contains only finitely many balls, this process terminates
after finitely many steps. Let

J =i, i9,...,ip} C 1
be the resulting set of selected indices. By construction,
Ty Zriz Z ZTiM

Now we show that the selected family covers the union of the shrunken balls. Let
vel. Ifie J, then

B(l—s)ri(xi) C B?"i (xl) C U B?”z‘k (xlk)

iL€J

If ¢ ¢ J, then B, (x;) was removed at some stage. Therefore, there exists some
selected index 7; € J such that,

B(l—e)n(xi> - BTik (x’tk)
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Hence, in either case,
B(1—€)Tz‘($i) C U Bh‘k (Ilk>

iL€J

Since ¢ € I was arbitrary, we obtain,

UB(l—E)Ti(xi) g U Bmk (xlk)

i€l ineJ
Fix any x € R". Define,
P={ixeJ:zeB, (v,)} CJ

We will show that |P| is bounded above by a constant depending only on n and ¢.
For each 1, € P, define

d(x, z;
Pi, = —k)
T‘ik
Since x € By, (x;,), we have
k
0< Pi, < 1

If x # x;,, Let D;, denote the unit vector in the direction from z to z;,.
€
If 2 = @;,, choose D;, to be any fixed unit vector. Thus D;, € S 1. Let § = 3

Since S™ ! is compact, there exist finitely many points ci, ..., cr, € S ! such that,

L
Sn_l - U Bg(Cg)

=1

Also cover [0, 1] by finitely many intervals, I3, ..., I, each having length at most 9.
Now suppose that i,,,i; € P are distinct and,

v € By, (xi,)N B, (v;)

Without loss of generality, assume that, r; > r;,, and, in the case r;,, = r;,, assume
also that B, (w;,) was selected no later than B, (z;,).

Suppose D;, and D;, belong to the same d-ball of the covering of S"~1. i.e., D
Bs(ce), for some £, and p;,, p;, € I5, for some s.

We claim that this is impossible.

For simplicity, we write,

Dit &

im )

/ / / /
T =T, T = Ly, s P = Pims D" =D,

im

and

1 1 /! 1
=Ty, T = Ty, P = Piss D :Dit
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Since p’ and p” belong to the same interval of length at most J§, we have,
o' =p"| <6
Move z” along the ray from z in the direction D” to the point
xlll =7 + p/r//D//
Then,
d(a://7x/1/) — |p//T// - p/,r//| — |p// - p/|/r// S 5/,,,//
Next define,
vy =x+ pr'"D’
Since D" and D" lie in the same ball Bs(c/), we have,
D' — D"| <25
Therefore,
d(z, x5) = p'r"|D" — D'| < 26pr" < 260"
Hence,
d(z", xy) < d(2", o)) + d(x7, 25) < 367"

Now the balls B, (x}) and B, (z") are homothetic with respect to x, since their centers
lie on the same ray from z and,

d(z,z9) _ , _ d(z,2)
T = p =

r

Since " < 1/, we have,
Byn(x3) € By (a')

Moreover, because,
d(z", x5) < 36r"

we get,

Bz (") C Bpn(a)
Thus,

Bz (") C Bp(a)
Since § = £/3, this gives,

Bu_am(a) € Bl
By our assumption, either v/ > 7" or ' = r” and B, (z’) was selected no later than
B,»(2"). Thus B,(z2') was selected no later than B,~(z"). Therefore, when B, (z')

was selected, the ball B,»(z") would have been removed from consideration. Hence
B, (") could not also have been selected.
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This contradiction shows that, among the selected balls containing x, there is at most
one selected ball containing = corresponding to each pair,

B(;(Cg) X [3
Therefore,
|P| < LR

The numbers L and R depend only on n and €. Hence there exists a constant N (n, ¢)
such that
[Pl < N(n,¢)

Since x € R™ was arbitrary, every point of R" is contained in at most N(n,¢) balls
from the selected subfamily.
To make the constant explicit, choose the spherical cover so that,

2n
L<[|14+-—
—<+5)

Also, choose the interval cover of [0, 1] so that,

1
< |= 1
HHE
Therefore,
2\" /1
PI<LR< |1+ - — 1
=< (+5) ([3]+)
Since -
5= =
3
we may take
6\" /3
N(n,a):(1+—> ({—-‘—Fl)
€ €
Hence,
|P| < N(n,e)

]

Theorem 55 (Infinite Besicovitch Covering Theorem). Let X = R" be a separable
metric space. Let 0 < € < 1 and {Ba} be any family of balls in X, where a € I, for
some index set I, such that, the supremum of radii, supr, < oco.

(i) Then there exists an at-most a countable subfamily of {Bs}, where 6 € J C I,
and J is a countable index set, such that,

U B(lfs)ra (CUQ) C U Br5 (]}5)

ael oeJ
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(ii) Every x € X = R"™ is contained in at-most N(n,e) balls in the subfamily of

{Bs}

Proof. Let X = R"™. Let 0 < ¢ < 1 and Let {B,}aecr be any family of open balls in
X ,such that,

R =supr, < o
acl

If the original family is empty, then there is nothing to prove.
So assume that the family is non-empty. Then R > 0.
Define the open set

U= U B(lfs)ra (xa)

acl

Since X = R" is separable, it has a countable basis. Hence every open cover of an
open subset of X admits a countable subcover by the same countable-basis argument
used in Lemma 11. Thus, the open cover

U= U B(l—a)ra (xoz)

admits a countable subcover. Therefore, there exists a countable subfamily

{BOZ]‘ }?il C {Ba}ael

such that,
o0
U (1- ara xa]

Thus, it is enough to choose a sultable subfamily from the countable family { B, }3°
Set,

j=1"

A=1-=
1

For each m € N, define,
Fon = {Bay = Bru, (2a,) : "R < 10, < X"'R}

Since 0 < A < 1 and A™R — 0, every ball in the countable family { By, }32; belongs
to exactly one of the families F,,.

We now choose the desired subfamily. We process the families F7, Fs, F3,... in this
order.

Inside each J,, we use the order inherited from the enumeration {B,,}32;. When
a ball B,, = B, (zq,) is considered, we select it if, B(l_a)mj (74,) is not already
contained in the union of the balls selected earlier. If it is already contained in the
union of the previously selected balls, then we do not select it.
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Let G be the family of all balls selected by this process. Since we selected from a
countable family, G is at-most countable. Therefore, we may write

g={Bg:5€J}

for some at-most countable set J C I.
By construction, for every j € N, either B, was selected, or, B(l_g)raj (7q,) was
already contained in the union of previously selected balls. Hence,

B(l—&‘)’r‘aj (xaj) g U BT5 (I(s) vj e N
oeJ

Taking the union over all j, we get,

j=1 oeJ
Since -
U B(l—s)m (xa]) =U= U B(lfs)ra (xa)
j=1 ael
we obtain,

U B(lfs)m (xa) - U By, (l‘(s)

ael oeJ

It remains to prove the bounded overlap property. Fix x € R" and define,
P={0eJ: xe€ Bz}

We claim that |P| is bounded above by a constant depending only on n and ¢.

The bounded overlap argument follows the same idea as the bounded overlap argu-
ment in the proof of the finite Modified Besicovitch Covering Theorem (Theorem 54),
with one minor change.

In Theorem 54, when two selected balls

B' = B.(x) and B" = B (2")

both contain z and B’ was selected before B”, the ordering gave, ' > r”.
In the present construction, the balls are selected layer-by-layer. Hence, if B’ was
selected before B”, then either B’ lies in an earlier layer or in the same layer as B”.

In either case, by the definition of the layers,
/>)\//:(1_§) "
r r )7

For a fixed point x, assign to every selected ball By containing x the two quantities

125 Continued...



Swapnamoy Kader

|z — x5]

e ratio: p; = €[0,1)

rs

e the direction: Ds € S ! from z to xs.

If x = x5, choose Dgs to be any fixed unit vector.

Cover S™ ! by finitely many balls of radius /12, and cover [0,1] by finitely many
intervals of length at most ¢/12.

Suppose two distinct selected balls containing x correspond to the same pair consisting
of one spherical ball and one interval. Let the earlier one be, B" = B,/(z) and the
later one be, B” = B,»(x"). We claim that this is impossible.

Let
€

12
As in the proof of Theorem 54, the fact that the two balls correspond to the same
spherical ball and the same interval gives the estimate

J

|x/ o JCU| < 351" + |7,// . 7“/|
We now show that this implies

B(l—e)r”<x//) c BT’<x/)

Let
zZ e B(l—s)r” (CL’”)

Then,
|z —2"| < (1 —e)r”

First suppose r' > r”. Then, as 36 = ¢/4 < ¢,

|Z—{L'/|§|Z—[L‘N|+|IH—I,|

<=y +35" + (' = 1"

=7 — (e —36)r"
<r
Now suppose ' < r”. Since
r > (1 — E) "
4
we have,
1 / € 1
r’—rt < -r
4
Hence,

|Z_$/| S |Z_$//|+|x//_x/|
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Therefore, in both cases, z € B,/(2').
Thus,
B(—ey(2") € By (')

But then, when B” was considered, its shrunken ball B(;_.y~(2") was already con-
tained in a previously selected ball. Hence B” would not have been selected, which
is a contradiction.

Therefore, for each fixed x € R", there is at most one selected ball containing x cor-
responding to each pair. Since the number of spherical balls and intervals depends
only on n and ¢, it follows that

[P| < N(n,e)

For example, one may take,

s (-2 (2]

Since x € R™ was arbitrary, every point of R™ belongs to at most N(n,e) balls of the
selected subfamily. O

Definition 41 (Maximal Function). Let X be a separable metric space. Let u be a
locally finite Borel measure on X, i.e., Vo € X, 3r > 0 such that p(B,(x)) < co. Let
f be a non-negative measurable function. Let v be a Borel measure on X such that
v = f . Then, the maximal function of v w.r.t. p is,

B V(B,«($))
M) =B, @)

This is also called the Hardy-Littlewood maximal function.
We use the convention that if the denominator is 0, the supremum is 0.

Theorem 56 (Borel Measurability of the Maximal Function). Let X be a separable
metric space. Let p be a locally finite Borel measure on X, f be a non-negative
measurable function and v be a Borel measure on X. Then, the mazximal function of
v w.r.t. pu, M,v is Borel measurable.
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Proof. To prove this, we aim to show that, for every ¢t > 0, the set,
Ei={reX: Muy(zx) >t}

is open, hence a Borel set.
If x € E;, then there exists r > 0 such that, u(B,(z)) > 0 and M,v(z) > t, hence,

V(Br(ﬂf))

2(B.(x)) >t = v(B,(z)) >tu(B(z))

Since

B.(z) = | ] By(x)

p<r

Now, for p increasing to r, i.e., p T r we have, by continuity of measures (from below),
v(By(z)) — v(B,(z))
Thus, there exists, p < r, such that,

v(By(z)) > tp(B,(z))
Let y € Bs(x) and d(x,y) < 9.
Let5:%>0. Define, R=p+4d=1r—9.
Let z € B,(z). Then,
d(z,y) <d(z,z) +d(z,y) <p+d=R

Thus, z € Br(y). So, B,(xz) C Bgr(y).
Again, as z € Bg(y). So,

d(z,z) <d(z,y)+d(y,z) < R+d=r

Thus, z € B,(x). So, Br(y) C B,(z).
Therefore, we have,
B,(«) C Baly) C B (x)

This results in,

v(Bgr(y)) > v(B,(x)) > t u(Br(z)) > t u(Br(y))

Therefore,
v(Br(y)) >t u(Br(y))

Since this holds for every y € Bs(x),we have, Bs(x) C Ej.
Thus, E; is open, for all ¢t > 0.
Therefore, M, v is Borel measurable. ]
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Theorem 57 (Weak Type 1-1 bound for Maximal Functions). Let X be a separable
metric space. Let p be a locally finite Borel measure on X and v be a finite Borel
measure on X. Assume one of the following holds:

(i) p is doubling, i.e.
N<B2r(x)) < CN(Br<x))

with ¢ < 0o and ¢ independent of x and r.
(i) X = R"™ or any Besicovitch satisfying space.
Then, for all t > 0,
p({z e X : Muy(z) >t}) < %V(X)

where C' = ¢ in the doubling case and C = N in the Besicovitch case.

Proof. Let
E={reX: Muy(zx) >t}

Then, for every x € F, there exists r,, > 0, such that,
v(By, (7)) >t 1(Byy ()
So we consider the family of balls { B, (x) : x € E}.
For R > 0 define the truncated maximal ratio,
B,
MEy(z) = sup M
0<r<R N(Br ($)>

Let
Fr={re X: Mfu(x) >t}

Then, for every x € Eg, there exists r, > 0 (with r, < R), such that,

V(Brx (x)) > t,UJ(Bm (37))

(i) Assuming p is doubling, the collection {B, (z) : * € Eg} is an arbitrary col-
lection of balls covering Fr and by Vitali Covering Theorem (Theorem 52), 3 a
countable subfamily {B,, (z;)} of pairwise disjoint balls, such that,

ErC |J Br(x) € Bsr, (2))
j=1

xEEr
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(i)

Then,

w(ER) < ,u( U B, (:ch)) (by monotonicity)

j=1
<> p(Bsr,, (x5)) (by sub-additivity)
j=1
< ZM(Bezrwj (z;)) (since Bsy, (7;) € Bsy,, ()
j=1

< Z ,u(Bm (33])) (by applying doubling three times)

j=1
3 [e.e]
c :
<7 Z I/(ij (z5)) (by hypothesis)
j=1
3 >
= v (LJ1 B, (ZL’])> (by disjointness)
J:
3
< %V(X)
Therefore,
3
c
p(Er) < S u(x)
where ¢? is independent of R.

Fix 0 < e < 1. Since
xr e B(l,g)r:c (:L’)
for every x € Egr, we have,
Er C U Ba_oy, ()
r€FER

Assuming, X = R" or any Besicovitch satisfying space, by Besicovitch Covering
Theorem (Theorem 55), there exists a countable subfamily {B,, (x;)}2, such
that,

Er C U B(—eyr, () C U B, (x;)
j=1

zeFER
and every point of X is covered by at most N balls of this subfamily.
Thus,
u(Er) < M( U B, (93])) (by monotonicity)
j=1
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< Z M(Brm] (z5)) (by sub-additivity)
j=1
1 .
<= v(By, (z;)) (by hypothesis)
t
_1y d b imal functi
= Z XB,, (x;) AV (by maximal function)
j=1
1 o
= /X (; XBi,, (xj)) dv  (by Tonelli’s theorem)
1
< i N dv (by bounded overlap)
X
N
Therefore,
N
() < T u(x)

where N is independent of R.

By construction, {Er} is a nested increasing family of sets. Thus, we have Er T E
and M. f T M.
In either case, there exists a constant C' independent of R such that
C
W(ER) < 7

Therefore, by continuity from below,

v(X)

C C
wE) = lim p(Eg) < lim —-v(X) = —v(X)
Therefore,
p({r e X+ Myv(z) >t}) < %V(X)

]

Theorem 58 (Lebesgue Differentiation Theorem). Let X be a separable metric space
and i and v be locally finite measures on B(X). Assume the weak type (1,1) bound
holds and the Lebesgque decomposition

v=fu+vs

holds, where f is a nonnegative measurable function and X is the corresponding
singular set, such that,

(X)) = vs(X5) =0
Then,
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(i) For p-a.e. x, and for x € G, we have

o v(Bi(a)
1) = 1 (B )

where G is any set on which p and v are finite.

(ii) For vs-a.e. xz € G,
lim v(B(2) _ 00
" u(Bi(w)

Proof. (i) To prove this we first consider the case vy = 0, i.e. v = fu. Then two
possible cases occur.

e Case I: f is continuous.
Consider the ball B, (x).
As v = f pu, then

And also,
) u(Br(z)) = r)d
FRnB) = [ f
Then,
v(Br(x)) )| = V(Br(x))—f(w)u(Br(fC))|
(B () (B ()

- m /Br(:r) fan= /Br(m) i) du‘
- M(Bi(fv)) /Br(m)(f ~f@) du|

< 2B, @) /w = F @)l dy

By continuity at x of f, for every ¢ > 0 there exists 6 > 0 such that
|f(z) — f(y)| < € whenever |z —y| < . So, if r < 0, then,

pere / I

1
< ST S
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Therefore,

for ILL(BT(QS)) £ 0

Now, when M(Br(x)) = 0, we claim that in a separable space X, if,
E={zxe X :3Ir>0, u(B(r)) =0}

then u(E) = 0.

As X is separable, there exists a countable dense subset D C X.

Assume a ball B, (z) such that p(B,(z)) = 0.

Take € > 0. Since D is dense, there exists y € D with d(z,y) < ¢.

If p=1r—¢e >0, then, B,(y) C B,(z) and x € B,(y), whenever ¢ < r/2
and, as p(B,(x)) = 0, we have pu(B,(y)) = 0.

Thus, it is enough to show that p(F') = 0, where,

F={reG: 3pecQ', ye D, xcB,(y), n(B,(y)) =0}

Now,

F C U Bp(y)
yeD , peQ™,
w(Bp(y))=0,

countable
Hence,

pF)< ) u(By(y) =0

yeD ,peQ™,
countable

Therefore p(E) = 0 in separable space X.
Therefore, for continuous function f, x € G, and u-a.e. we have,

. v(Br(z))
f(x) = lim ———==
0 u(B,(x))
This proves the continuous case.

Case II: f is non-negative measurable and integrable on G.
By the density of continuous functions in L' (Theorem 34), for every ¢ > 0,
there exists a continuous function g on G such that,

/|f—g|du<6
G
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Let h=f —g. Then, f =g+ h.
Consider the ball B,.(z) C G. Since v = fu in the present case, we have,

Therefore,
e )= IARCLORC
- [y 0 = 1) )
< LB o, 0~ @)
< m/&(x) l9(y) — g(z)| dp(y)
b |  Jh) = )l duty

= Ii(z,7) + Iy(z,T).

By Case I, g being continuous, I;(x,r) — 0 as r — 0.

Also,
1
har) =~ /B ) = ) ()
1
< /B Il + o)

Now fix ¢ > 0 and consider,

E ={x € G: limsup ly(z,r) >t}

r—0

By the estimate for Is, we have

E CFEiUE,
where,
El{xEG: sup ! / |hdu>—}
BTW(?)OQG (B, (x)) By (z) 2
and,
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Since

{xeG Myl @) > 5}

Hence, by the weak type (1,1) bound (Theorem 57), we get,

M(E1)§20(|h|ﬂ)(0):2t0 [ < 22

Also, by Chebyshev’s inequality,

/J(Ez):M({xeG:]h(x)\>%}> S%LMMM%

Therefore,
2(C+1)e
,u( E) < %
Since € > 0 was arbitrary. Then for every ¢ > 0,
u(E) =0
Taking t = 1/m, m € N, (letting t — 0) and using countable subadditivity,
we get,

limsup Iy(z,7) =0 for p-a.e. v € G

r—0

Since I1(x,r) — 0 by the continuous case, it follows that,

B, w)
for p-a.e. x € G.
Therefore, (B,(2))
V(B (x
P = (B ()

for p-a.e. x € G.

This proves the absolutely continuous case.

Now we prove when v also has a singular part v, and thus a singular set X
exists, s.t. u(Xs) = vs(XE) =0.

As pand v are locally finite we consider small chunks G of X. Then u(G), vs(G) <
00.

Also, by separability of X, we have already shown that

p({z € G: Ir>0, u(B(x)=0}) =0
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Thus, we show that, for y-a.e. then,
lim vs(By())
r—0 M(Br@j))

Take € > 0. By regularity of the vs; on GG, there exists a closed set ' C X, NG
such that,

)

(X, NG\ F) < &

Define,

I/; — VS . ]chmG
Then,
vi(X) <e

S

If z € G\ F, then since F is closed, there exists 7, > 0 such that
B (x)NF =2 forall0 <r <r,

Therefore, for such r,

Fix t > 0 and define,
. VS(BT<5C)> }
Ei=<{xzeG\F:limsup ——> >t
t { A TS)
Then,

E,C{xreG\F: sup V;(g—r(@)))

>t} C{reG: Mu.(x) >t
re(0,rz) :U'( TLE) } { g ( ) }

By the weak type (1, 1) bound,

C Ce
p(Ey) < YV;(X) <5

Since € > 0 was arbitrary. Thus,

n(Er) =0

Taking t = 1/m, m € N, (letting ¢ — 0 ) and using countable subadditivity,
we conclude that,

n(E) =0
Hence for p-a.e. x € G,
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Combining the absolutely continuous part and the singular part, we have

v(Bi(x)) _ (J1)(Br(2)) | vs(Br(2))

w(Br(z))  w(Br()) (B (z))

The first term tends to f(x) for p-a.e. € G, and the second term tends to 0
for p-a.e. x € G. Hence,

— lim V(BT(I»
T = 0 (B ()

for p-a.e. x € G, where GG is any set on which 1 and v are finite.
This proves part (i).

We show that,

lim M =00 for vs-ae. x € G

50 (B, (x))

Since v L p, there exists a singular set X such that,
pX) =0 and (X9 =0
Let € > 0. By regularity of u, choose an open set U such that,
XsNGCU and plU) <e
Define, p/ = p - 1y.
Then

Fix ¢t > 0 and consider

A, = {xEXSﬁG:Iigl_}(%lf%<t}

If x € A, then for arbitrarily small r > 0,
vs(Br(x)) < tp(B(x))
Since x € U and U is open, for all sufficiently small » > 0 we have,
B,(x) CU

Hence, for such r,
u(Br(z)) = p'(B,(x))

Therefore, for arbitrarily small » > 0,

W(B() 1
v(Bo(2)) ¢
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By separability we have,
vi({x € G: 3r >0, vs(B,(x)) =0}) =0

Thus, ignoring the ve-null set of points for which v4(B,(z)) = 0 for some suffi-
ciently small ball, we get,

1
Ay C {x e X : M, (z) > z}

Applying the weak type (1,1) bound (Theorem 57), with v, as the reference
measure and y’ as the finite measure, we obtain,

vs(Ay) < Ctp/(X) < Cte
Since ¢ > 0 was arbitrary, we have,
Vs(At) = 0

Taking t = m, m € N, (t — 00) and using

i 2B @)
{xeXsﬂG.lHOfM(Br(x))< } gAm

we obtain,
Vs ({x e X;NG: liminfM < oo}) =
r=0 p(Br(2))
Therefore,

(Br(z))

v
liminf =22 — g for vs-ae. x € X, NG
B w)

Since the ratios are nonnegative, thus,

s Br
lim inf Y 7)) =00 — lim Y (z)) = 00
r=0 p(B(r)) r—=0 p(By(r))
Hence,
lim M = 00 for vs-ae. z € G
r=0 p(Br(z))
Since
v=[p+vs
we have,

v(Bi(x)) _ (J1)(Br(2) | vs(Br(2))
p(Br(x))  p(Br(z)) — p(B(x))
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The first term is nonnegative, and the second term tends to oo for vs-a.e. z € G.
Therefore,

. v(Br(z))
lim ———% = ¢ for ve-a.e. x € G
P a(Bee)

This proves part (ii).
[

Definition 42 (Push-forward Measure). Let (X, A, i) be a measure space and (Y, B)
be a measurable space. Let T': X — Y be a measurable function. The push-forward
measure T, on Y is defined for any set B € B by

(Tou)(B) = p(T~H(B))

Theorem 59 (Validity of the Push-Forward Measure). Let (X, A, 1) be a measure
space and (Y,B) be a measurable space. Let T : X — Y be a measurable function.
The push-forward measure Ty on'Y is a measure on B.

Proof. To prove that T, is a measure on B, it is enough to show non-negativity and
countable additivity.

e Consider the empty set @. Then,

(Tep)(2) = (T~} (2))

The pre-image of the empty set is always empty, so T~1(&) = @, as no points
of X can be mapped to a set that has nothing, and hence p(2) = 0. Therefore,

(Tip)(2) =0
Also, for every B € B,
(Tup)(B) = (T~ (B)) = 0
which shows non-negativity at the empty set.

e Now Let {B;}2, be a sequence of disjoint sets in B. Then, by property of

preimages,
1 (Us)=Ur o
i=1 i=1

As each B; are disjoint in Y, their pre-image T !(B;) must be disjoint in X.
Else, if  were in both T71(B;) and T~!(By), then T(z) € B; and T(x) € B;,
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hence, contradicting disjointness.
Then,

i (Un) = (Um)

Thus, T, is countably additive.

Therefore, T,y is a measure on B. ]

Theorem 60 (Abstract Change of Variable). Let T : X — Y be a measurable func-
tion and f Y — R be a B-measurable function. Then f s integrable with respect to
Top of and only if f ol is integrable with respect to p. Mathematically,

[ s = [ (sorydn

Proof. We first prove the result for non-negative measurable functions, i.e., f > 0.

e Consider first the case f = 1p where B € B (the characteristic function of B).
Then,

[ o = @(B) = u(T(B)

On the other hand, since 15(T(z)) = 1 if and only if T'(z) € B, i.e. x € T~Y(B).
Hence,
]lB ol = ]lT—l(B)

Thus,
/ (]lB o) T) d,u = / ]lel(B) d/J = ,U/(T_l(B))
X X

Therefore, for characteristic functions,

[ s = [ (sor)dn
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e Considering simple functions as

f=> alp,
k=1

Then, for each £, the statement holds for 1p,. Then,

/(zn:Ck]lBk) d(T*M):zn:Ck/]lBk d(T.p)

Yok k=1 Y
:kz:;ck/x(]lBkOT)d,u
:/X((ch]lBk>OT> du

k=1

Therefore, for simple functions f,

[ s = [ (roT)dn

e Now Let f be any non-negative measurable function. Then f is the pointwise
limit of an increasing sequence of simple functions. Let f = lim f, with f, T f.
n—oo

Then, for each n, the statement holds for each simple function f,, i.e.,

[ i = [ Gooydn =120

Taking limits on both sides and applying the Monotone Convergence Theorem
(Theorem 28), we obtain,

i [ fod@ = [ fdTp), i [ (GeT)du= [ (7oT)dy
Y Y

Hence,

[ s = [ (tor)dn

Now Let f:Y — R be measurable. Applying the non-negative case to |f|, we get

[ 11 = [ 1foTidu

fel(Tip) <= [foTeL'(n

Therefore,
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If these equivalent conditions hold, then applying the non-negative case to f* and
f~ gives
[ rra@w= [t om)dn
Y X

and

[ ra@w= [ ¢ om)dn

Y X
Since

f=r—f
and
(foD)t = fToT, (foT)"=f"oT

we obtain

[ s = [ (ror)dn

Therefore, f is integrable with respect to T, if and only if f o T is integrable with
respect to . [
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