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Definition 1 (Metric Space). Let X be any nonempty set. A function d : X×X → R
is called a metric on X if:

(i) d(x, y) ≥ 0 for all x, y ∈ X, and d(x, y) = 0 if and only if x = y.

(ii) d(x, y) = d(y, x) for all x, y ∈ X.

(iii) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

Then (X, d) is called a metric space equipped with the metric d.

Example 1
Let X = R and the metric be d(x, y) = |x− y|. Then (R, d) is a metric space.

Example 2
Let X = Rn and the metric be d(x, y) = max

1≤i≤n
|xi − yi|. Then (Rn, d) is a metric

space.

Example 3
Let X = C([0, 1]) be the set of all continuous functions on [0, 1] and define

d(f, g) =

∫ 1

0

|f(t)− g(t)| dt

Then (X, d) is a metric space.

Example 4 (Discrete Metric Space)
Let X be a nonempty set and define

d(x, y) =

{
0, x = y,

1, x ̸= y

Then (X, d) is a metric space, called discrete metric space. The constant 1 may be
replaced by any positive constant.

Definition 2 (Open Ball). Let (X, d) be a metric space. Let x ∈ X. Then an open
ball centered at x with radius r > 0 is defined as:

Br(x) = {y ∈ X : d(x, y) < r}

Definition 3 (Closed Ball). Let (X, d) be a metric space. Let x ∈ X. Then a closed
ball centered at x with radius r > 0 is defined as:

Br(x) = {y ∈ X : d(x, y) ≤ r}

1 Continued...
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Definition 4 (Open Set). Let (X, d) be a metric space. Let U ⊆ X. Then the set U
is said to be open if, for all x ∈ U , there exists r > 0, such that, Br(x) ⊆ U .

Theorem 1 (Open Set Properties). Let (X, d) be a metric space.

(i) The empty set ∅ and the whole space X are open.

(ii) The arbitrary union of a collection of open sets is open.

(iii) The finite intersection of open sets is open.

Proof. We prove by using the definition of open set (Definition 4).

(i) The statement is vacuously true, because, the empty set contains no points, so
the condition in the definition is automatically satisfied. Also, for every x ∈ X
and every r > 0, we have Br(x) ⊆ X. Hence both ∅ and X are open.

(ii) Let {Uα}α∈J be an arbitrary collection of open sets in (X, d).

Let U =
⋃
α∈J

Uα.

Take any point x ∈ U . By the definition of a union, x ∈ Uα0 for some specific
α0 ∈ J . Because Uα0 is an open set, there exists an r > 0 such that the open
ball satisfies:

Br(x) ⊆ Uα0

Since Uα0 ⊆
⋃
α∈J

Uα = U , it directly follows that:

Br(x) ⊆ U

As this holds for every x ∈ U , the union U is an open set.

(iii) Let {U1, U2, . . . , Un} be a finite collection of open sets in (X, d).

Let V =
n⋂
i=1

Ui.

Take any point x ∈ V . By the definition of an intersection, x ∈ Ui for all
i ∈ {1, 2, . . . , n}. Since each individual Ui is open, there exist radii ri > 0 such
that:

Bri(x) ⊆ Ui for each i = 1, 2, . . . , n

Define r = min{r1, r2, . . . , rn}. Because the collection is finite, the minimum of
these strictly positive numbers is also strictly positive (r > 0).
For this chosen r, the open ball satisfies Br(x) ⊆ Bri(x) for every i. Therefore:

Br(x) ⊆ Ui for all i = 1, 2, . . . , n
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This implies that the ball is contained within the intersection:

Br(x) ⊆
n⋂
i=1

Ui = V

As this holds for every x ∈ V , the intersection V is an open set.

Theorem 2 (Openness of an Open Ball). An open ball is an open set.

Proof. Let (X, d) be a metric space, and Let Br(x) = {y ∈ X : d(x, y) < r} be an
open ball with center x ∈ X and radius r > 0.
To prove that Br(x) is an open set, we must show that every point y ∈ Br(x) is an
interior point. That is, for any y ∈ Br(x), there exists a radius R > 0 such that the
open ball BR(y) is entirely contained within Br(x).
Let y be an arbitrary point in Br(x). By definition, the distance between x and y
satisfies:

d(x, y) < r

We define the radius R for the neighborhood around y as:

R = r − d(x, y) > 0

Let z be any point in BR(y). By definition:

d(y, z) < R

Then the distance d(x, z) using the triangle inequality:

d(x, z) ≤ d(x, y) + d(y, z) < d(x, y) +R

Now, substitute R = r − d(x, y) into the inequality:

d(x, z) < d(x, y) + (r − d(x, y)) = r

Since d(x, z) < r, the point z belongs to Br(x). Because this holds for all z ∈ BR(y),
we have established that:

BR(y) ⊆ Br(x)

Since every point y ∈ Br(x) has a neighborhood BR(y) entirely contained within
Br(x), the open ball Br(x) is an open set.

Definition 5 (Closed Set). Let (X, d) be a metric space. Let F ⊆ X. A subset
F ⊆ X is said to be closed if its complement F c = X \ F is open.

Theorem 3 (Closed Set Properties). Let (X, d) be a metric space.

3 Continued...
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(i) The empty set ∅ and the whole space X are closed.

(ii) The arbitrary intersection of a collection of closed sets is closed.

(iii) The finite union of closed sets is closed.

Proof. Let (X, d) be a metric space. The proof follows from Definition 5, Theorem 1,
and De Morgan’s laws.

(i) The complement of X is Xc = ∅. Since the empty set is vacuously open, its
complement X is closed.
The complement of the empty set is ∅c = X. Since the entire metric space X
is open, its complement ∅ is closed.

(ii) Let {Fα}α∈I be an arbitrary collection of closed sets in X, where I is an index

set. Let F =
⋂
α∈I

Fα.

Taking the complement and applying De Morgan’s Laws yields:

F c =

(⋂
α∈I

Fα

)c

=
⋃
α∈I

F c
α

Since each Fα is closed, its complement F c
α is open by definition. Because the

arbitrary union of open sets is open,
⋃
α∈I

F c
α is open.

Since the complement F c is open, the intersection F is closed.

(iii) Let {Fi}ni=1 be a finite collection of closed sets in X. Let F =
n⋃
i=1

Fi.

Taking the complement and applying De Morgan’s Laws yields:

F c =

(
n⋃
i=1

Fi

)c

=
n⋂
i=1

F c
i

Since each Fi is closed, its complement F c
i is open by definition. Because the

finite intersection of open sets is open,
n⋂
i=1

F c
i is open.

Since the complement F c is open, the union F is closed.

Definition 6 (Interior Point). Let (X, d) be a metric space and Let A ⊆ X. A point
x ∈ A is called an interior point of A if there exists r > 0 such that Br(x) ⊆ A.
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Definition 7 (Interior). Let (X, d) be a metric space and Let A ⊆ X. The interior
of A, denoted by A◦ or int(A), is the set of all interior points of A. That is,

A◦ = {x ∈ A : there exists r > 0 such that Br(x) ⊆ A}

Definition 8 (Closure). Let (X, d) be a metric space and Let A ⊆ X. The closure
of A, denoted by A, is the set of all points x ∈ X such that every open ball centered
at x intersects A. That is,

A = {x ∈ X : Br(x) ∩ A ̸= ∅ for every r > 0}

Definition 9 (Boundary). Let (X, d) be a metric space and Let A ⊆ X. The bound-
ary of A, denoted by ∂A, is defined by

∂A = A \ A◦ ⇐⇒ ∂A = A ∩X \ A

Definition 10 (Dense Set). Let (X, d) be a metric space and Let A ⊆ X. We say
that A is dense in X if A = X. Equivalently, A is dense in X if every nonempty open
ball in X intersects A.

Definition 11 (Compact Set). Let (X, d) be a metric space. A setK ⊆ X is compact
if every open cover of K has a finite sub-cover.
Mathematically, if {Uα}α∈I is an open cover of K, where I is any index set, then
there exists a finite sub-cover, namely {Uα1, Uα2, . . . , Uαn} of K. That is,

K ⊆
⋃
α∈I

Uα =⇒ K ⊆
n⋃
i=1

Uαi

Theorem 4 (Sequential Compactness of Compact Sets). A compact set K is sequen-
tially compact.

Proof. Let K be a compact set and {xn} be a sequence in K.
Assume thatK is not sequentially compact; thus, {xn} has no convergent subsequence
converging in K.
Then, ∀x ∈ K, ∃ rx > 0 such that Brx(x) contains finitely many points of {xn}. The
collection {Brx(x) : x ∈ K} is an open cover of K, and K being compact, this has a
finite sub-cover. Thus,

K ⊆
k⋃
i=1

Brxi (xi), where xi ∈ K
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As K is covered by finitely many balls and by assumption each ball has only finitely
many elements of {xn}, then {xn} being infinite in K has some elements in K that
are not covered by that finite collection. This is a contradiction to the compactness
of K.
Thus, our assumption is wrong. Then, there exists a subsequence {xnk

} of {xn} which
is convergent to some x ∈ K. The existence of x in K is guaranteed as a compact set
contains all its limit points.
Thus, compactness implies sequential compactness.

Theorem 5 (Total Boundedness of Sequentially Compact Sets). A sequentially com-
pact set is totally bounded.

Proof. We claim that for ε > 0, the set of points of mutual distance ≥ ε is finite, in
the sequentially compact set K.
If this is not true, then we can construct a sequence {xn} in K such that

d(xn, xm) ≥ ε whenever m ̸= n

Clearly this sequence does not have any convergent subsequence. This contradicts
the sequential compactness of K. Thus the claim is true.
Now choose x1 ∈ K. Then, if possible choose x2 ∈ K such that d(x1, x2) ≥ ε. If this
is not possible, then the ball Bε(x1) covers K and we are done.
In the same process, if possible choose x3 ∈ K such that d(x1, x3) ≥ ε and d(x2, x3) ≥
ε. Again, if this is not possible, then K is covered by two balls of radius ε centered
at x1 and x2, and we are done.
We continue this process of picking a point as long as possible. But, by the validity
of the claim, this process must terminate after a finite number of steps. And thus K
can be covered by a finite number of ε-balls.
This shows K is totally bounded.
Therefore, sequential compactness implies total boundedness.

Lemma 1 (Lebesgue Covering Lemma). If K is sequentially compact and {Gα} is
any open cover of K, then there exists r > 0 such that for every x ∈ K, the ball Br(x)
is contained in a single open set of the cover {Gα}.

Proof. Assume that this is not true. Then for every n ∈ N there exists a ball of radius
1/n which is not contained in any of the sets of {Gα}.
Thus, for each n ∈ N there exists xn ∈ K such that B1/n(xn) is not contained in any
set of {Gα}.
For each such n ∈ N, using these xn we construct the sequence {xn}∞n=1 in K. Since
K is sequentially compact, the sequence {xn} has a convergent subsequence {xnk

}
converging to some x ∈ K.
Because {Gα} is an open cover of K and x ∈ K, there exists some index α0 such that
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x ∈ Gα0. As Gα0 is open, there exists δ > 0 such that Bδ(x) ⊆ Gα0.
Since xnk

→ x, there exists m1 ∈ N such that for all k ≥ m1,

d(xnk
, x) <

δ

2

Also, since nk → ∞, there exists m2 ∈ N such that for all k ≥ m2,

1

nk
<
δ

2

Let m = max{m1,m2}. Then for every k ≥ m and every z ∈ B1/nk
(xnk

), we have

d(z, x) ≤ d(z, xnk
) + d(xnk

, x) <
1

nk
+
δ

2
<
δ

2
+
δ

2
= δ

Hence,
B1/nk

(xnk
) ⊆ Bδ(x) ⊆ Gα0

This contradicts the choice of xnk
, since B1/nk

(xnk
) was assumed not to be contained

in any member of the open cover {Gα}.
This contradiction shows the assumption was false, and therefore there exists r > 0
with the required property.

Theorem 6 (Compactness of Sequentially Compact Sets). A sequentially compact
set is compact.

Proof. As {Gα} is any open cover of K, by Lemma 1, there exists r > 0 such that for
all x ∈ K, Br(x) is contained in a single Gα.
By Theorem 5, as sequential compactness implies totally boundedness, thus, there
exists x1, x2, . . . , xt ∈ K such that

K ⊆
t⋃
i=1

Br(xi)

As each ball Br(xi) is contained in a single set of {Gα}, say Gαi, then the collection
{Gαi}ti=1 is a finite subcover of K. This shows that K is compact.
Thus, sequential compactness implies compactness.

Theorem 7 (Compactness of Closed and Totally Bounded Sets). Let X be a complete
metric space. Every closed and totally bounded subset K of X is compact.

Proof. Since K is closed in the complete metric space X, K is complete. Thus K is
a closed, totally bounded and complete set. Let {xn} be a sequence in K. As K is

7 Continued...
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totally bounded, then, ∀r > 0, K can be covered by finitely many balls of radius r.
Consider r = 1. Then

K ⊆
n1⋃
i=1

B1

(
y
(1)
i

)
, y

(1)
i ∈ K

As {xn} is an infinite sequence, at least one of the ballsB1

(
y
(1)
i

)
must contain infinitely

many elements of {xn}.
Let B(1) denote that ball containing infinitely many terms, and choose the infinite

subsequence of {xn} contained in B(1); denote it by {x(1)n }.
Next choose r = 1

2 and cover B(1) by balls of radius 1
2 . This covering is again finite,

thus one of the balls of radius 1
2 will have infinitely many terms of {x(1)n }. Call this

ball B(2) and the infinite subsequence contained in it {x(2)n }.
Continue this process inductively for all k ≥ 1. We obtain an infinite nested chain of
balls B(k) where B(k) has radius rk = 2−k+1 (or simply 2−k depending on indexing),

and an infinite subsequence {x(k)n } contained in B(k). Moreover we may choose these
subsequences so that the indices are strictly increasing: choose n1 < n2 < · · · with

xnk
∈ B(k) (pick, for example, the first term of {x(k)n } whose index is larger than

nk−1).

Now, consider the subsequence {x(n)n } of the original sequence {xn}. If m ≥ n, then,
using the triangle inequality,

d
(
x(m)
m , x(n)n

)
≤ d
(
x(m)
m , x

(m)
m−1

)
+ · · ·+ d

(
x
(n+1)
n+1 , x(n)n

)
Now, since

d
(
x
(k)
k , x

(k−1)
k−1

)
≤ 22−k

as both {x(k)k } and {x(k−1)
k−1 } are in B k−1 by construction. Thus,

d
(
x(m)
m , x(n)n

)
≤ 22−m + 22−(m−1) + · · ·+ 22−(n+1) < 22−n

Hence, {x(n)n } is a Cauchy sequence in K.
Then, as K is complete, every Cauchy sequence is convergent. Thus we have found a

convergent subsequence {x(n)n } of the sequence {xn}.
Then, by closedness of K, the limit point to which the subsequence {x(n)n } converges
is in K.
Thus {x(n)n } is a convergent subsequence of {xn} converging to a point in K, and
{xn} being any arbitrary sequence.
This shows K is sequentially compact and hence compact, by Theorem 6.

Theorem 8 (Closedness of Compact Sets). A compact set is closed.
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Proof. Let K be a compact set in a metric space (X, d). Let x ∈ Kc. For each y ∈ K
define

ry =
1
2d(x, y)

Then x ∈ Bry(x) and y ∈ Bry(y), and clearly

Bry(x) ∩Bry(y) = ∅

Thus {Bry(y) : y ∈ K} is an open cover of K. By compactness of K, there exist
y1, . . . , ym ∈ K such that

K ⊆
m⋃
i=1

Bryi (yi)

Choose
r = min{ryi : i = 1, 2, . . . ,m}

Clearly r > 0. For each i we have Br(x)∩Bryi (yi) = ∅ since r ≤ ryi, so Br(x)∩K = ∅.
Hence Br(x) ⊆ Kc, which shows Kc is open. Therefore K is closed.
Thus compactness implies closedness.

Definition 12 (Continuous Mapping in metric space). Let (X, dX) and (Y, dY ) be two
metric spaces. Then the mapping f : (X, dX) → (Y, dY ) is said to be continuous at a
point x ∈ X, if for every ε > 0, there exists, δ > 0, such that, f(Bδ(x)) ⊆ Bε(f(x)).
Equivalently, if for every ε > 0, there exists, δ > 0, such that, dX(x, y) < δ =⇒
dY (f(x), f(y)) < ε.

Theorem 9 (Topological Characterization of Continuity). Let (X, dX) and (Y, dY )
be two metric spaces. The map f : (X, dX) → (Y, dY ) is continuous if and only if for
every open set V ⊆ Y , the set f−1(V ) is open in X.

Proof. ( =⇒ ) Assume f is continuous on X. Let V ⊆ Y be an open set. If
f−1(V ) = ∅, it is open by definition. If f−1(V ) ̸= ∅, choose an arbitrary point
x ∈ f−1(V ).
By definition of the preimage, f(x) ∈ V . Since V is open in Y , there exists an ε > 0
such that the open ball BY

ε (f(x)) ⊆ V . Because f is continuous at x, there exists a
δ > 0 such that for all x′ ∈ X:

dX(x, x
′) < δ =⇒ dY (f(x), f(x

′)) < ε

This implies that f(BX
δ (x)) ⊆ BY

ε (f(x)) ⊆ V . Taking the preimage on both sides
yields BX

δ (x) ⊆ f−1(V ). Since every point x ∈ f−1(V ) is an interior point, f−1(V ) is
open in X.

( ⇐= ) Assume that for every open set V ⊆ Y , the preimage f−1(V ) is open in
X. Let x ∈ X and Let ε > 0 be given.
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Consider the open ball V = BY
ε (f(x)), which is an open set in Y . By our assump-

tion, its preimage f−1(BY
ε (f(x))) is open in X. Since f(x) ∈ BY

ε (f(x)), the point x
belongs to this preimage.
Because the preimage is open, there exists a δ > 0 such that the open ball BX

δ (x) ⊆
f−1(BY

ε (f(x))). This means that for any x′ ∈ X:

dX(x, x
′) < δ =⇒ f(x′) ∈ BY

ε (f(x)) =⇒ dY (f(x), f(x
′)) < ε

This matches the ε-δ definition of continuity at x. Since x was arbitrary, f is contin-
uous on X.

Theorem 10 (Preservation of Compactness). Let (X, dX) and (Y, dY ) be two metric
spaces. Let the map f : (X, dX) → (Y, dY ) be continuous. Then the continuous image
f(K) ⊆ Y of a compact set K ⊆ X is compact.

Proof. Let {Vα}α∈I be an open cover of f(K), meaning f(K) ⊆
⋃
α∈I

Vα where each Vα

is open in Y .
Because f is continuous, the preimage f−1(Vα) is open in X for every α ∈ I. By the
properties of preimages, we have:

K ⊆ f−1(f(K)) ⊆ f−1

(⋃
α∈I

Vα

)
=
⋃
α∈I

f−1(Vα)

Thus, {f−1(Vα)}α∈I forms an open cover of K.
Since K is compact, this cover admits a finite subcover. There exist finitely many
indices α1, . . . , αn ∈ I such that:

K ⊆
n⋃
i=1

f−1(Vαi)

Applying f to both sides yields:

f(K) ⊆ f

(
n⋃
i=1

f−1(Vαi)

)
=

n⋃
i=1

f(f−1(Vαi)) ⊆
n⋃
i=1

Vαi

Hence, the arbitrary open cover {Vα} has a finite subcover {Vα1, . . . , Vαn}, proving
that f(K) is compact.

Definition 13 (Lipschitz Mapping). Let (X, dX) and (Y, dY ) be two metric spaces.
Then the mapping f : (X, dX) → (Y, dY ) is said to be Lipschitz if there exists a
constant A > 0 such that, we have d(f(x), f(y)) ≤ Ad(x, y), for all x, y ∈ X.

Definition 14 (Product Metric). Let (X, dX) and (Y, dY ) be two metric spaces. The
product space X × Y consists of all ordered pairs (x, y) where x ∈ X and y ∈ Y . To
define a metric d on X × Y we can use the following; if (x1, y1), (x2, y2) ∈ X × Y
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• l1-metric: d((x1, y1), (x2, y2)) = dX(x1, x2) + dY (y1, y2)

• l2-metric: d((x1, y1), (x2, y2)) =
√
dX(x1, x2)2 + dY (y1, y2)2

• l∞-metric: d((x1, y1), (x2, y2)) = max{dX(x1, x2), dY (y1, y2)}

Definition 15 (Open Sets in Product Metric). An open set in the product space
V ∈ X × Y is described as for x̃ = (x, y) ∈ X × Y , there exists r > 0 such that
Br(x̃) ⊆ V .
If we consider the l∞-metric, where x̃ = (x1, y1) and ỹ = (x2, y2) then, d(x̃, ỹ) =
max{dX(x1, x2), dY (y1, y2)} and so, Br(x̃) = Br(x1)×Br(y1).

Theorem 11 (Finite Product of Compact Metric Spaces). Let (X, dX) and (Y, dY )
be two metric spaces. Let K1 ⊆ X and K2 ⊆ Y be compact. Then K1×K2 is compact
in X × Y .

Proof. We will use the property of sequential compactness. Let {(xn, yn)}∞n=1 be an
arbitrary sequence in K1 ×K2. By definition of the Cartesian product, xn ∈ K1 and
yn ∈ K2 for all n ∈ N.
Since K1 is compact, the sequence {xn}∞n=1 contains a subsequence {xni}∞i=1 that
converges to some point x ∈ K1:

lim
i→∞

xni = x

We consider the corresponding subsequence {yni}∞i=1 in K2. Since K2 is compact,
this subsequence contains a further subsequence (a sub-subsequence) {ynij

}∞j=1 that
converges to some point y ∈ K2:

lim
j→∞

ynij
= y

Now, looking at the corresponding sub-subsequence of the first component, {xnij
}∞j=1.

Since it is a subsequence of the convergent sequence {xni}∞i=1, it also converges to the
same limit x:

lim
j→∞

xnij
= x

By the definition of convergence in the product metric space, the sequence of pairs
converges component-wise. Therefore, the sub-subsequence {(xnij

, ynij
)}∞j=1 converges

to (x, y) ∈ K1 ×K2:
lim
j→∞

(xnij
, ynij

) = (x, y)

We have shown that every sequence in K1 ×K2 has a subsequence that converges to
a point in K1 ×K2. Thus, K1 ×K2 is compact, by Theorem 6.
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Definition 16 (Topological Space). Let X be any nonempty set. A topology on a
set X may be defined as a collection τ of subsets of X, called open sets and satisfying
the following axioms:

(i) The empty set ∅ and X belong to τ .

(ii) An arbitrary union of members of τ belong to τ .

(iii) The intersection of any finite number of members of τ belong to τ .

Then (X, τ) is called a topological space and the set τ of the open sets is commonly
called a topology on X.

Definition 17 (Outer Measure). Let X be any nonempty set. Then the map µ∗ :
P(X) → [0,∞] is said to be an outer measure if:

(i) For the empty set ∅, we have µ∗(∅) = 0.

(ii) If A ⊆ B, where A,B ∈ P(X), then µ∗(A) ≤ µ∗(B).

(iii) For any sequence of sets {An} from P(X), we have, µ∗

( ∞⋃
n=1

An

)
≤

∞∑
n=1

µ∗(An).

Remark 1 (Standard Construction of Outer Measure). Let X be any nonempty set.
Let S ⊆ P(X) and h : S → [0,∞], then,

µ∗(E) = inf{
∑
j

h(Aj) : Aj ∈ S, E ⊆
⋃
j

Aj}

where j runs over a finite or countable index set. This forms an outer measure.

Definition 18 (σ-Algebra). Let X be any nonempty set. Let A ⊆ P(X). Then, A
is called a σ-algebra if:

(i) The whole set X and the empty set ∅ must be in A.

(ii) If a set A is in A, its complement Ac = X \ A is also in A.

(iii) If sets A1, A2, . . . are in A, then their union
∞⋃
i=1

Ai is also in A.

Definition 19 (Borel σ-algebra). Let X be any nonempty metric (or topological)
space. Then the σ-algebra generated by the family of all open sets is called the Borel
σ-algebra on X and represented as B(X).
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Definition 20 (Measure). For a nonempty set X and a σ-algebra A over X, a
measure µ is a function µ : A → [0,∞] that satisfies two main properties:

(i) For the empty set ∅, we have µ(∅) = 0.

(ii) For every countable collection of pairwise disjoint sets A1, A2, . . . in A, we have,

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ(An)

Example 5 (Dirac Measure)
For a nonempty set X and the σ-algebra P(X), fix a point X0 ∈ X, then the Dirac
measure for all sets E ∈ P(X) is defined as:

δx0(E) =

{
1 , x0 ∈ E

0 , x0 /∈ E

Definition 21 (Well Separating Set/ Carathéodory Measurable Set). Let µ∗ be an
outer measure on P(X). A set A ⊆ X is well-separating or Carathéodory measurable
with respect to µ∗ if,

∀E ⊆ X, µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac).

Theorem 12 (Carathéodory Theorem (I)). Let µ∗ be an outer measure on X. The
collection of well separating sets is a σ-algebra. Furthermore, the restriction of µ∗ to
that collection is a complete measure.

Proof. Let A be the collection of well separating sets w.r.t. µ∗. Then,

• Let A = ∅. Then ∀E ⊆ X,

µ∗(E) = 0 + µ∗(E) = µ∗(∅) + µ∗(E) = µ∗(E ∩∅) + µ∗(E ∩X).

As ∅ = Xc, thus ∅, X ∈ A.

• Let A ∈ A. Then ∀E ⊆ X,

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac) = µ∗(E ∩ Ac) + µ∗(E ∩ (Ac)c).

Thus Ac ∈ A.
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• We next show that A is closed under finite unions. Let A,B ∈ A. We shall
prove that A ∪B ∈ A.
Then since A ∈ A, for all E ⊆ X,

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac).

Again, as B ∈ A, applying the same identity replacing E with E∩A and E∩Ac
gives

µ∗(E ∩ A) = µ∗(E ∩ A ∩B) + µ∗(E ∩ A ∩Bc)

µ∗(E ∩ Ac) = µ∗(E ∩ Ac ∩B) + µ∗(E ∩ Ac ∩Bc)

Therefore,

µ∗(E) = µ∗(E ∩A ∩B) + µ∗(E ∩A ∩Bc) + µ∗(E ∩Ac ∩B) + µ∗(E ∩Ac ∩Bc)

Now, we note that,
E ∩ Ac ∩Bc = E ∩ (A ∪B)c,

and
E ∩ (A ∪B) = (E ∩ A ∩B) ∪ (E ∩ A ∩Bc) ∪ (E ∩ Ac ∩B)

By sub-additivity of µ∗,

µ∗(E ∩ (A ∪B)) ≤ µ∗(E ∩ A ∩B) + µ∗(E ∩ A ∩Bc) + µ∗(E ∩ Ac ∩B)

Using the decomposition of µ∗(E) above we obtain

µ∗(E) ≥ µ∗(E ∩ (A ∪B)) + µ∗(E ∩ (A ∪B)c)

Then, by sub-additivity of µ∗,

µ∗(E) ≤ µ∗(E ∩ (A ∪B)) + µ∗(E ∩ (A ∪B)c)

Therefore
µ∗(E) = µ∗(E ∩ (A ∪B)) + µ∗(E ∩ (A ∪B)c)

Thus A ∪B ∈ A.
Since A is closed under complements and finite unions, it is also closed under
finite intersections by De Morgan’s laws.

• In particular, if A,B ∈ A and A ∩B = ∅, then we have

E ∩ Ac ∩B = E ∩B and E ∩ Ac ∩Bc = (A ∪B)c ∩ E

Then, as A ∈ A, for every E ⊆ X,

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac)
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And as B ∈ A, using E replaced by E ∩ Ac, we get

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac ∩B) + µ∗(E ∩ Ac ∩Bc)

hence
µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩B) + µ∗(E ∩ (A ∪B)c)

If we choose E = A ∪B, then

(A ∪B) ∩ A = A, (A ∪B) ∩B = B, (A ∪B) ∩ (A ∪B)c = ∅

and thus
µ∗(A ∪B) = µ∗(A) + µ∗(B)

• Let {Ai} be a countable collection of sets in A. Let

A =
∞⋃
i=1

Ai, B1 = A1, Bn = An \
n−1⋃
i=1

Ai (n ≥ 2)

Then each Bi ∈ A, and the collection {Bi} is countable and pairwise disjoint.
Also Bn ⊆ An for every n ≥ 1. Moreover,

A =
∞⋃
i=1

Ai =
∞⋃
i=1

Bi

Now, consider the finite union

Fn =
n⋃
i=1

Bi

Then Fn ∈ A, ∀n ≥ 1
Also, since {Bi} is a disjoint collection, {E∩Bi} is a disjoint collection for every
E ⊆ X. Hence

µ∗(E) = µ∗(E ∩ Fn) + µ∗(E ∩ F c
n)

and

µ∗(E ∩ Fn) =
n∑
i=1

µ∗(E ∩Bi)

Therefore, for every n ≥ 1,

µ∗(E) = µ∗(E ∩ F c
n) +

n∑
i=1

µ∗(E ∩Bi)
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Now we note that F c
n is a decreasing sequence and F c

n =
( n⋃
i=1

Bi
)c
, so

∞⋂
n=1

F c
n =

( ∞⋃
i=1

Bi

)c
= Ac

Since µ∗ is monotone, the sequence µ∗(E∩F c
n) is decreasing and bounded below.

Clearly, as;

F c
n ↓
( ∞⋃
i=1

Bi

)c
=⇒ (E ∩ F c

n) ↓ (E ∩
( ∞⋃
i=1

Bi

)c
) = (E ∩ Ac)

and therefore
µ∗(E ∩ Ac) ≤ lim

n→∞
µ∗(E ∩ F c

n)

And by sub-additivity,

µ∗(E ∩ A) ≤
∞∑
i=1

µ∗(E ∩Bi)

By previous work,

µ∗(E) =
n∑
i=1

µ∗(E ∩Bi) + µ∗(E ∩ F c
n)

As n→ ∞, we obtain,

µ∗(E) = lim
n→∞

(
n∑
i=1

µ∗(E ∩Bi) + µ∗(E ∩ F c
n)

)
And therefore,

µ∗(E) ≥
∞∑
i=1

µ∗(E ∩Bi) + µ∗(E ∩ Ac)

Since

E ∩ A =
∞⋃
i=1

(E ∩Bi)

sub-additivity gives

µ∗(E ∩ A) ≤
∞∑
i=1

µ∗(E ∩Bi)

Hence,
µ∗(E) ≥ µ∗(E ∩ A) + µ∗(E ∩ Ac)
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On the other hand, by sub-additivity,

µ∗(E) ≤ µ∗(E ∩ A) + µ∗(E ∩ Ac)

Therefore,
µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac)

Thus,

A =
∞⋃
i=1

Ai ∈ A

Therefore A is a σ-algebra.

Next we show that the outer measure restricted to A is a complete measure. Let
µ = µ∗|A.

• By definition of outer measure, µ∗(∅) = 0 and ∅ ∈ A. So µ(∅) = 0.

• Let A,B ∈ A with A ⊆ B. Then, as µ∗ is monotone,

µ∗(A) ≤ µ∗(B) =⇒ µ(A) ≤ µ(B)

Thus µ is monotone.

• Let {Bi} be a countable collection of disjoint sets in A. Then, by a previous
result we had, if A,B ∈ A and A ∩B = ∅, then

µ∗(A ∪B) = µ∗(A) + µ∗(B)

hence
µ(A ∪B) = µ(A) + µ(B)

Then, by induction we get,

Sn =
n⋃
i=1

Bi =⇒ µ(Sn) =
n∑
i=1

µ(Bi)

Let

S =
∞⋃
i=1

Bi

Since A is a σ-algebra, we have S ∈ A. Applying the Carathéodory property to
Sn ⊆ S with E = S gives,

µ(S) = µ(Sn) + µ(S \ Sn)
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Therefore,

µ(S) =
n∑
i=1

µ(Bi) + µ(S \ Sn)

Since µ(S \ Sn) ≥ 0,

µ(S) ≥
n∑
i=1

µ(Bi) ∀n

Hence,

µ(S) ≥
∞∑
i=1

µ(Bi)

On the other hand, using countable sub-additivity of the outer measure,

µ(S) = µ∗(S) ≤
∞∑
i=1

µ∗(Bi) =
∞∑
i=1

µ(Bi)

Therefore,

µ

( ∞⋃
i=1

Bi

)
=

∞∑
i=1

µ(Bi)

Thus µ is countably additive.

• To show that µ is complete it is enough to show that if A ⊆ B, B ∈ A and
µ(B) = 0, then A ∈ A and µ(A) = 0. Since A ⊆ B and µ(B) = 0, monotonicity
of the outer measure gives

0 ≤ µ∗(A) ≤ µ∗(B) = µ(B) = 0

Hence, µ∗(A) = 0.
We now show that A ∈ A. Let E ⊆ X be arbitrary. By sub-additivity,

µ∗(E) ≤ µ∗(E ∩ A) + µ∗(E ∩ Ac)

For the reverse inequality, since E ∩ A ⊆ A, we have,

µ∗(E ∩ A) ≤ µ∗(A) = 0

Hence,
µ∗(E ∩ A) = 0

Also, by monotonicity,
µ∗(E ∩ Ac) ≤ µ∗(E)

Therefore,

µ∗(E ∩ A) + µ∗(E ∩ Ac) = 0 + µ∗(E ∩ Ac) ≤ µ∗(E)
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Combining both inequalities, we obtain,

µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac)

Since this holds for every E ⊆ X, we have A ∈ A. Finally, because A ∈ A,

µ(A) = µ∗(A) = 0

Thus, µ is a complete measure.

Definition 22 (Approximating Hausdorff Measures). Let (X, d) be any metric space.
Fix any function h, such that

h : P(X) −→ [0,∞]

For any set A ⊆ X we define the diameter as

diam(A) = sup{d(x, y) : x, y ∈ A} and diam(∅) = 0.

Take ε > 0 and set E ⊆ X. Let {Ej}∞j=1 be a countable cover of E. Then we define

Hε(E) = inf
{ ∞∑
j=1

h(Ej) : E ⊆
∞⋃
j=1

Ej, ∀j, diam(Ej) < ε
}

This is called the Approximating Hausdorff Measure.

Definition 23 (Hausdorff Measures). Assuming the existence of Approximating
Hausdorff Measures, we define the Hausdorff measure by

H(E) = lim
ε→0+

Hε(E) = sup
ε>0

Hε(E)

Theorem 13 (Outer Measure Validity of Approximating Hausdorff Measures). For
each fixed ε > 0, the Approximating Hausdorff Measure, Hε is an outer measure.

Proof. Fix ε > 0, by definition,

• As diam(∅) = 0, then h(∅) = 0 and ∅ is covered by countably many sets of
diameter 0. Thus

Hε(∅) = inf
∑

h(∅) = inf 0 = 0

Therefore Hε(∅) = 0.
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• If 0 < ε1 < ε2, then for E ⊆ X the collection of covers of E of diameter less than
ε1 is a subset of the collection of covers of E of diameter less than ε2. Hence

inf
diam(Ej)<ε2

∞∑
j=1

h(Ej) ≤ inf
diam(Ej)<ε1

∞∑
j=1

h(Ej)

so
Hε2(E) ≤ Hε1(E)

Thus, Hε(E) is decreasing as ε is increasing.

• If A ⊆ B ⊆ X, then any cover of B covers A. Thus

inf
A

∞∑
j=1

h(Ej) ≤ inf
B

∞∑
j=1

h(Ej)

where A ⊆ B ⊆
∞⋃
j=1

Ej. Hence Hε(A) ≤ Hε(B).

• Let {Ei} be any countable collection of sets in X. Take δ > 0. For each i choose
a countable cover of Ei, say {Oi,n}, such that

∞∑
n=1

h(Oi,n) ≤ Hε(Ei) +
δ

2i

Then, since
∞⋃
i=1

Ei =
∞⋃
i=1

∞⋃
n=1

Oi,n

we have
∞∑
i=1

∞∑
n=1

h(Oi,n) ≤
∞∑
i=1

(
Hε(Ei) +

δ

2i

)
=

∞∑
i=1

Hε(Ei) + δ

Taking infimum over all sums and letting δ → 0, we have,

Hε
( ∞⋃
i=1

Ei

)
≤

∞∑
i=1

Hε(Ei)

Therefore, Hε is an outer measure for fixed ε.

Theorem 14 (Outer Measure Validity of Hausdorff Measures). The Hausdorff Mea-
sure H is an outer measure.

Proof. Now, for H, we have,
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• H(∅) = lim
ε→0+

Hε(∅) = lim
ε→0+

0 = 0.

• If A ⊆ B then Hε(A) ≤ Hε(B). Taking the limit ε→ 0+ we get H(A) ≤ H(B).

• If {Ei} is a countable collection of sets, then, for every fixed ε > 0,

Hε
( ∞⋃
i=1

Ei

)
≤

∞∑
i=1

Hε(Ei) ≤
∞∑
i=1

H(Ei)

Now take the supremum over ε,

H
( ∞⋃
i=1

Ei

)
= sup

ε>0
Hε
(⋃

i

Ei

)
≤

∞∑
i=1

H(Ei)

Therefore, H is also an outer measure.

Theorem 15 (Additivity of Hausdorff Measure for Positively Separated Sets). Let
(X, d) be a metric space. If A,B ⊆ X are positively separated sets, then the Hausdorff
measure H is additive.

Proof. Now, if A,B ⊆ X are disjoint (or positively separated sets), then d(A,B) = d,
i.e.

d = inf{d(x, y) : x ∈ A, y ∈ B} > 0

Then for any ε < d, we have

Hε(A ∪B) = Hε(A) +Hε(B)

and consequently
H(A ∪B) = H(A) +H(B)

To show this, consider {Oi} to be a countable cover of A ∪ B such that ∀i ≥ 1,
diam(Oi) < ε < d. Then each element of {Oi} intersects either A or B by this
construction as, diam(Oi) < ε < d(A,B).
If {Oi} met both A and B, there would be a ∈ A∩Oi, and b ∈ B ∩Oi and therefore,
d(a, b) ≤ diam(Oi) < d(A,B), a contradiction.
Hence the cover splits into a cover of A and a cover of B.
Also, we have, ∀δ > 0,

∞∑
i=1

h(Oi) ≤ Hε(A ∪B) + δ

By construction, Let the elements of {Oi} which intersect with A be {OA
i } and those

which intersect with B be {OB
i }. Clearly,

∀i, OA
i ∩OB

i = ∅ and {Oi} = {OA
i } ∪ {OB

i }
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Then,

Hε(A) ≤
∞∑
i=1

h(OA
i ) and Hε(B) ≤

∞∑
i=1

h(OB
i )

Hence,

Hε(A) +Hε(B) ≤
∞∑
i=1

h(OA
i ) +

∞∑
i=1

h(OB
i ) ≤

∞∑
i=1

h(Oi) ≤ Hε(A ∪B) + δ

As δ → 0, we obtain
Hε(A) +Hε(B) ≤ Hε(A ∪B)

But by sub-additivity,
Hε(A ∪B) ≤ Hε(A) +Hε(B)

Therefore,
Hε(A ∪B) = Hε(A) +Hε(B)

Taking the limit ε→ 0+ yields

H(A ∪B) = H(A) +H(B)

Theorem 16 (Well-Separating Property of Borel Sets). Every Borel set is well sep-
arating with respect to the Hausdorff measure H.

Proof. As Borel sets are generated by open sets and Borel sets form a σ-algebra, it is
sufficient to show that any open set G ⊆ X is well separating with respect to H.
Let G ⊆ X be any open set. Then for every E ⊆ X, by subadditivity,

H(E) ≤ H(E ∩G) +H(E ∩Gc)

We assume that H(E) <∞, else the equality is trivial.
We consider the inner approximation of G. Define, for every n ≥ 1,

Gn = {x ∈ G : d(x,Gc) > 1
n}

Then d(Gn, G
c) >

1

n
> 0 and G1 ⊆ G2 ⊆ G3 ⊆ · · · with G =

∞⋃
i=1

Gi. Now consider

the partitions D0 = G1, and Dn = Gn+1 \Gn for n ≥ 1. Then

Dn =
{
x ∈ G : 1

n+1 < d(x,Gc) ≤ 1
n

}
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Then, G =
∞⋃
i=0

Di and {Di} is a collection of pairwise disjoint sets.

Then for i+ 2 ≤ j, Di and Dj are clearly separated by a positive distance, as

d(Di, Dj) ≥
1

i+ 1
− 1

j
> 0

Then, each of the sets of the subfamily of {Di} with odd index, i.e., the subfamily
{D2k−1}, and with even index, i.e., the subfamily {D2k}, are pairwise disjoint and at
a positive distance.
As each Di are disjoint, then for every E ⊆ X the collection {E ∩ Di} is pairwise
disjoint, and

k⋃
i=1

(E ∩Di) ⊆ E

Now using the result for disjoint sets and monotonicity,

H

(
k⋃
i=1

(E ∩Di)

)
=

k∑
i=1

H(E ∩Di) ≤ H(E)

Then for the subfamily {D2k−1} we get

n∑
k=1

H(E ∩D2k−1) ≤ H(E)

and for the subfamily {D2k} we get

n∑
k=0

H(E ∩D2k) ≤ H(E)

Then,
2n∑
k=0

H(E ∩Dk) ≤ 2H(E) <∞

Also,

G \Gn =
∞⋃
i=n

Di

Thus,

E ∩ (G \Gn) = E ∩
∞⋃
i=n

Di =
∞⋃
i=n

(E ∩Di)
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Then, by sub-additivity,

H
(
E ∩ (G \Gn)

)
≤

∞∑
i=n

H(E ∩Di)

Now the series
∑∞

i=nH(E∩Di) <∞, thus it is convergent and all terms are positive,
so the tail converges to 0. Hence

lim
n→∞

H
(
E ∩ (G \Gn)

)
= lim

n→∞

∞∑
i=n

H(E ∩Di) = 0

As d(Gn, G
c) >

1

n
> 0, the sets E ∩ Gn and E ∩ Gc are disjoint and have a positive

distance. Also, (E ∩Gn) ∪ (E ∩Gc) ⊆ E. Thus,

H(E ∩Gn) +H(E ∩Gc) = H
(
(E ∩Gn) ∪ (E ∩Gc)

)
≤ H(E)

Also,
G = Gn ∪ (G \Gn) =⇒ E ∩G = (E ∩Gn) ∪

(
E ∩ (G \Gn)

)
Then, by sub-additivity,

H(E ∩G) ≤ H(E ∩Gn) +H
(
E ∩ (G \Gn)

)
Thus,

H(E ∩G) +H(E ∩Gc) ≤ H(E ∩Gn) +H(E ∩Gc) +H
(
E ∩ (G \Gn)

)
But from the positive separation of Gn and Gc, we already proved,

H(E ∩Gn) +H(E ∩Gc) ≤ H(E)

Therefore,
H(E ∩G) +H(E ∩Gc) ≤ H(E) +H

(
E ∩ (G \Gn)

)
Since

lim
n→∞

H
(
E ∩ (G \Gn)

)
= 0

Letting n→ ∞ yields,

H(E ∩G) +H(E ∩Gc) ≤ H(E)

Combining this with sub-additivity,

H(E) ≤ H(E ∩G) +H(E ∩Gc)

we obtain,
H(E) = H(E ∩G) +H(E ∩Gc)

Thus, all open sets are well separating with respect to H.
Therefore, every Borel set is well separating with respect to H.
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Definition 24 (Hausdorff Dimension). Let (X, d) be any metric space. Fix the
function h, such that

h : P(X) −→ [0,∞] ; h(E) = [diam(E)]α

where for any set A ⊆ X we define the diameter as

diam(A) = sup{d(x, y) : x, y ∈ A}

Take ε > 0 and set E ⊆ X. Let {Ej}∞j=1 be a countable cover of E. Then we define,

Hε
α(E) = inf

{ ∞∑
j=1

[diam(Ej)]
α : E ⊆

∞⋃
j=1

Ej, ∀j, diam(Ej) < ε
}

And therefore,
Hα(E) = lim

ε→0
Hε
α(E)

The Hausdorff Dimension of a set E ⊆ X is defined by;

dimH(E) = inf{α ≥ 0 : Hα(E) = 0} = sup{α ≥ 0 : Hα(E) = ∞}

Remark 2 (Special cases of Hα). Depending on the value of α we have the following:

(i) If α = 0, then H0 is the counting measure.

(ii) If α = 1, then H1 on R coincides with the Lebesgue measure (m), i.e., the
length.

(iii) If α = n, then Hn on Rn coincides with the n-dimensional Lebesgue measure

(mn) up-to a constant factor. Thus, Hn = cn ·mn, where, cn =
πn/2

2n Γ(n2 + 1)
.

(iv) If α is not an integer, then Hα measures the α-dimensional size of fractals.

Remark 3 (Hausdorff Measure on [0,1]). Depending on the value of α we have the
following:

(i) Consider the interval I = [0, 1]. We measure Hα(I), where α > 1. We fix α > 1.
The, for each integer n, we can cover I by using n adjacent closed intervals;

Ik =

[
k − 1

n
,
k

n

]
,where k = 1, 2, . . . , n
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Now, diam(Ik) =
k

n
− k − 1

n
=

1

n
.

Thus, for any ε ≥ 1

n
, the cover {Ik}nk=1 can be considered. Thus,

Hε
α(I) ≤

n∑
k=1

[diam(Ik)]
α = n ·

(
1

n

)α
= n1−α

As Hε
α(I) is non-increasing in ε, the limit as ε −→ 0, for every n is,

Hα(I) = lim
ε→0

Hε
α(I) < n1−α

As, α > 1, we have, 1− α < 0, so, n1−α −→ 0, as n −→ ∞. Then,

Hα(I) ≤ lim
n→∞

n1−α = 0

As, Hausdorff measure is non-negative, then, Hα(I) = 0.

(ii) Consider the interval I = [0, 1] and α = 1, then we claim, H1(I) = 1.

Fix ε > 0, and we choose positive integer n >
1

ε
. Then we can partition I into

n equal sub-intervals;

Ik =

[
k − 1

n
,
k

n

]
,where k = 1, 2, . . . , n

Now, for each Ik, we have diam(Ik) =
k

n
− k − 1

n
=

1

n
< ε, and {Ik}nk=1 covers

I. Then,

Hε
1(I) ≤

n∑
k=1

[diam(Ik)] = n ·
(
1

n

)
= 1

As, this holds for all ε > 0, then as ε −→ 0, we have, H1(I) ≤ 1.
Now, Let ε > 0, and {Ei}i∈Λ be any cover of I, with diam(Ei) < ε, for all i ∈ Λ.
By compactness of I, we get a finite sub-cover, say, {Ei1, Ei2, . . . , Eim} and for
each k, we define,

Jk = [inf Eik , supEik ]

Then, diam(Eik) = |Jk|, where |Jk| represents the length of Jk and I ⊆
m⋃
k=1

Jk.

Then, |
m⋃
k=1

Jk| ≤
m∑
k=1

|Jk| ≤
m∑
k=1

diam(Eik).

As the length of the cover is at-least 1, hence, 1 ≤
m∑
k=1

diam(Eik).
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This holds for every finite sub-cover and every cover with sets of diameter less
than ε. Thus, Hε

1(I) ≥ 1, for all ε > 0.
As ε −→ 0, we have, H1(I) ≥ 1. Therefore, H1(I) = 1.

Definition 25 (Semi-ring). Let X be an arbitrary set. A collection S ⊆ P(X) is
said to be a semi-ring if:

(i) ∅ ∈ S.

(ii) If A,B ∈ S, then A ∩B ∈ S.

(iii) If A,B ∈ S, then there exists a finite collection of disjoint sets Ri ∈ S, i =
1, . . . ,m, such that

A \B =
m⋃
i=1

Ri

Definition 26 (Pre-measure). Let P be a semi-ring and Let µ0 : P → [0,∞] be a
function such that:

(i) µ0(∅) = 0.

(ii) If P ∈ P and P =
⋃∞
j=1 Pj, where each Pj ∈ P for j ≥ 1, and the family {Pj}

is pairwise disjoint, then

µ0(P ) =
∞∑
j=1

µ0(Pj)

Then µ0 is a pre-measure on the semiring P .

Lemma 2 (Monotonicity of the pre-measure). If P ⊆ Q and P,Q ∈ P, then by the
property of the semiring P,

Q \ P =
m⋃
j=1

Rj

where each Rj ∈ P and the Rj are pairwise disjoint. Hence

Q = P ∪ (Q \ P ) = P ∪
( m⋃
j=1

Rj

)
and therefore,

µ0(Q) = µ0(P ) +
m∑
j=1

µ0(Rj) ≥ µ0(P ) =⇒ µ0(P ) ≤ µ0(Q)

Thus µ0 is monotone.
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Lemma 3 (Tiling Lemma). If P,Q1, Q2, . . . , Qm ∈ P, then

P \
( m⋃
j=1

Qj

)
=

n⋃
i=1

Ri

where the sets Ri ∈ P and are disjoint.

Proof. The base case for m = 1 is true by definition of P .
Assume that the claim is true for m = k, i.e.,

P \
( k⋃
j=1

Qj

)
=

( t⋃
l=1

R̃l

)

where R̃l ∈ P are disjoint. Then, for m = k + 1,

P \
( k+1⋃
j=1

Qj

)
=

[
P \

( k⋃
j=1

Qj

)]
\Qk+1

=

( t⋃
l=1

R̃l

)
\Qk+1

=
t⋃
l=1

(
R̃l \Qk+1

)
=

t⋃
l=1

( m⋃
s=1

R′
s

)
=

n⋃
i=1

Ri

where R′
s, Ri ∈ P are disjoint.

Lemma 4 (Finite Covering Lemma). If Q1, . . . , Qm ∈ P are pairwise disjoint and
Qj ⊆ P ∈ P for each j, then,

µ0(P ) ≥
m∑
j=1

µ0(Qj)

Proof. If Q1, Q2, . . . , Qm are disjoint subsets of P ∈ P , then

P =
( m⋃
j=1

Qj

)
∪
[
P \

( m⋃
j=1

Qj

)]
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By the tiling lemma (Lemma 3),

P =
( m⋃
j=1

Qj

)
∪
( n⋃
i=1

Ri

)
where Qj, Ri ∈ P and every set in the union is disjoint from each other. Hence

µ0(P ) =
m∑
j=1

µ0(Qj) +
n∑
i=1

µ0(Ri) =⇒ µ0(P ) ≥
m∑
j=1

µ0(Qj)

Lemma 5 (Countable Covering Lemma). If {Qj} is a countable collection of disjoint
sets and Qj ⊆ P ∈ P, then

µ0(P ) ≥
∞∑
j=1

µ0(Qj)

Proof. If {Qj} is a countable collection of disjoint subsets of P ∈ P , then by Finite
Covering Lemma (Lemma 4),

µ0(P ) ≥
m∑
j=1

µ0(Qj) for every m

Taking the limit m→ ∞ we obtain

µ0(P ) ≥
∞∑
j=1

µ0(Qj)

Lemma 6 (General Covering Lemma). Let P, Qj ∈ P, such that P ⊆
∞⋃
j=1

Qj, then,

µ0(P ) ≤
∞∑
j=1

µ0(Qj)

Proof. Let P, Qj ∈ P , such that P ⊆
∞⋃
j=1

Qj, then, Let Q
′
j := P ∩ Qj ∈ P by the

property of P . Also Q′
j ⊆ Qj, and then by monotonicity µ0(Q

′
j) ≤ µ0(Qj).

Then, we have

P =
∞⋃
j=1

Q′
j =

∞⋃
j=1

(
Q′
j \

j−1⋃
i=1

Q′
i

)
=

∞⋃
j=1

nj⋃
k=1

Rj,k
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using the tiling lemma (Lemma 3), where Rj,k ∈ P are pairwise disjoint.
Therefore,

µ0(P ) =
∞∑
j=1

nj∑
k=1

µ0(Rj,k) =
∞∑
j=1

( nj∑
k=1

µ0(Rj,k)
)
≤

∞∑
j=1

µ0(Q
′
j) ≤

∞∑
j=1

µ0(Qj).

Thus, we have our result;

µ0(P ) ≤
∞∑
j=1

µ0(Qj)

Definition 27 (Outer Measure Induced by a Premeasure). Let P be a semiring on
X and Let µ0 be a premeasure on P . For every set E ⊆ X, define

µ∗(E) = inf

{ ∞∑
j=1

µ0(Pj) : Pj ∈ P , ;E ⊆
∞⋃
j=1

Pj

}
Then, the set function µ∗ : P(X) → [0,∞] defined above is an outer measure induced
by the premeasure µ0.

Note*: This is precisely the standard outer-measure construction from countable
covers. The proof is identical to the proof that the infimum construction yields an
outer measure.

Theorem 17 (Carathéodory Existence Theorem). Let P be a semi-ring and µ0 be a
pre-measure on P. Then there exists a measure µ on σ(P), such that µ(P ) = µ0(P ),
for every P ∈ P.

Proof. Let µ∗ be the outer measure induced by µ0 as in the previous definition. For
any P ∈ P , we have,

µ∗(P ) ≤ µ0(P )

since P covers itself.
If, P ⊆

⋃∞
j=1 Pj with Pj ∈ P , then by the General covering lemma (Lemma 6),

µ0(P ) ≤
∞∑
j=1

µ0(Pj). Hence

µ0(P ) ≤ inf
∞∑
j=1

µ0(Pj) = µ∗(P ) =⇒ µ0(P ) ≤ µ∗(P )

Thus, we have µ0(P ) = µ∗(P ) for all P ∈ P .
Lastly, we show that P is well separating with respect to µ∗. Let P ∈ P and ∀E ⊆ X,
by sub-additivity, we get

µ∗(E) ≤ µ∗(E ∩ P ) + µ∗(E ∩ P c)
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Fix ε > 0 and Let E ⊆
∞⋃
i=1

Pi where Pi ∈ P . By the definition of outer measure, we

may choose such a cover with

∞∑
i=1

µ0(Pi) ≤ µ∗(E) + ε

Now, each Pi ∈ P . By the Tiling Lemma (Lemma 3), for every i ≥ 1 we may write,

Pi ∩ P =

mi⋃
k=1

Ai,k, Pi \ P =

ni⋃
ℓ=1

Bi,ℓ

where all Ai,k, Bi,ℓ ∈ P are pairwise disjoint.
Since

Pi = (Pi ∩ P ) ∪ (Pi \ P )

the pre-measure property gives,

µ0(Pi) =
mi∑
k=1

µ0(Ai,k) +
ni∑
ℓ=1

µ0(Bi,ℓ)

Moreover, the family {Ai,k} covers E∩P and the family {Bi,ℓ} covers E∩P c. There-
fore,

µ∗(E ∩ P ) ≤
∞∑
i=1

mi∑
k=1

µ0(Ai,k)

and,

µ∗(E ∩ P c) ≤
∞∑
i=1

ni∑
ℓ=1

µ0(Bi,ℓ)

Adding these inequalities yields

µ∗(E ∩ P ) + µ∗(E ∩ P c) ≤
∞∑
i=1

(
mi∑
k=1

µ0(Ai,k) +

ni∑
ℓ=1

µ0(Bi,ℓ)

)

=
∞∑
i=1

µ0(Pi) ≤ µ∗(E) + ε

Letting ε→ 0 yields,
µ∗(E) ≥ µ∗(E ∩ P ) + µ∗(E ∩ P c)

Combining with the earlier inequality gives, for all P ∈ P and all E ⊆ X,

µ∗(E) = µ∗(E ∩ P ) + µ∗(E ∩ P c)
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Thus P is well separating with respect to µ∗.
By Carathéodory’s Theorem (Theorem 12), the collection

M = {A ⊆ X : A is µ∗-measurable}

forms a σ-algebra.
Since every P ∈ P is µ∗-measurable, we have

P ⊆ M

Therefore,
σ(P) ⊆ M

Define,
µ := µ∗|σ(P)

Since σ(P) ⊆ M, the restriction µ is a measure on σ(P). Finally, for every P ∈ P ,

µ(P ) = µ∗(P ) = µ0(P )

Hence,
µ|P = µ0

Therefore µ is a measure on σ(P) extending the pre-measure µ0.

Theorem 18 (Ring Generated by a Semi-ring). Let P be a semi-ring on X, and Let
µ0 be a pre-measure on P. Define,

R =

{
n⋃
j=1

Pj : Pj ∈ P are pairwise disjoint, n ∈ N

}
Then, R is a ring containing P, and,

σ(R) = σ(P)

Moreover, the function µ0 extends to a pre-measure µ̃0 on R by

µ̃0

(
n⋃
j=1

Pj

)
=

n∑
j=1

µ0(Pj)

whenever P1, . . . , Pn ∈ P are pairwise disjoint.

Proof. First, we show that R is a ring containing P . Let R1, R2 ∈ R with

R1 =
n⋃
i=1

Pi, R2 =
m⋃
j=1

Qj, Pi, Qj ∈ P

where the families {Pi}ni=1 and {Qj}mj=1 are pairwise disjoint.
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• Then,

R1 ∩R2 =

(
n⋃
i=1

Pi

)⋂(
m⋃
j=1

Qj

)
=

n⋃
i=1

m⋃
j=1

(Pi ∩Qj)

Since Pi, Qj ∈ P and P is a semiring, we have Pi ∩ Qj ∈ P . Moreover, the
family {Pi ∩Qj}i,j is pairwise disjoint, because the Pi are pairwise disjoint and
the Qj are pairwise disjoint. Since the indices i, j run over finite sets, R1 ∩ R2

is a finite union of disjoint sets from P .
Hence R1 ∩R2 ∈ R.

• Also,

R1 \R2 =

(
n⋃
i=1

Pi

)
\

(
m⋃
j=1

Qj

)
=

n⋃
i=1

(
Pi \

m⋃
j=1

Qj

)
By the tiling lemma (Lemma 3), for each i = 1, . . . , n, there exist finitely many
pairwise disjoint sets Ri,1, . . . , Ri,k ∈ P , such that,

Pi \

(
m⋃
j=1

Qj

)
=

k⋃
ℓ=1

Ri,ℓ

Therefore,

R1 \R2 =
n⋃
i=1

k⋃
ℓ=1

Ri,ℓ

This is a finite union of sets from P . Moreover, the union is pairwise disjoint
because the Pi are pairwise disjoint and each family {Ri,ℓ}kiℓ=1 is pairwise disjoint
inside Pi.
Thus, R1 \R2 ∈ R and similarly, R2 \R1 ∈ R.

• Finally,
R1 ∪R2 = R1 ∪ (R2 \R1)

As R2 \ R1 ∈ R and R1 ∈ R, and R1 and R2 \ R1 are disjoint, their union is
again a finite union of pairwise disjoint sets from P .
Therefore, R1 ∪R2 ∈ R.

Hence R is closed under finite unions, intersections and set difference.
Therefore R is a ring.
Now, P ⊆ R, because if P ∈ P , then

P =
1⋃
j=1

P =⇒ P ∈ R
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By construction of R, we have,

P ⊆ R ⊆ σ(P)

Let σ(R) be the σ-algebra generated by R and hence the smallest σ-algebra contain-
ing R.
Then, as σ(R) is the smallest σ-algebra containing R and σ(P) is a σ-algebra con-
taining R, we have

σ(R) ⊆ σ(P)

Again, σ(P) is the smallest σ-algebra containing P and σ(R) is a σ-algebra containing
P (as R is generated using P), then we have

σ(P) ⊆ σ(R)

Therefore,
σ(P) = σ(R)

Now we define the extension of µ0 to R.
If R ∈ R, then by definition of R there exist pairwise disjoint sets P1, . . . , Pn ∈ P
such that,

R =
n⋃
j=1

Pj

Define,

µ̃0(R) = µ̃0

(
n⋃
j=1

Pj

)
=

n∑
j=1

µ0(Pj)

We must show that this definition is well-defined.
Suppose that R ∈ R has two representations:

R =
n⋃
j=1

Pj =
m⋃
k=1

Qk,

where Pj, Qk ∈ P and both families are pairwise disjoint. We need to show that,

n∑
j=1

µ0(Pj) =
m∑
k=1

µ0(Qk)

For each fixed j, and for each fixed k, since

Pj ⊆ R =
m⋃
k=1

Qk, Qk ⊆ R =
n⋃
j=1

Pj
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Thus, we have,

Pj = Pj ∩R = Pj ∩

(
m⋃
k=1

Qk

)
=

m⋃
k=1

(Pj ∩Qk)

and,

Qk = Qk ∩R = Qk ∩

(
n⋃
j=1

Pj

)
=

n⋃
j=1

(Qk ∩ Pj)

Since Pj, Qk ∈ P and P is a semi-ring, Pj ∩ Qk ∈ P . Also, for fixed j and fixed k,
the sets Pj ∩Qk are pairwise disjoint because the Pj and the Qk are pairwise disjoint.
Therefore, by the pre-measure property of µ0,

µ0(Pj) =
m∑
k=1

µ0(Pj ∩Qk), µ0(Qk) =
n∑
j=1

µ0(Qk ∩ Pj)

Summing over j = 1, . . . , n and k = 1, . . . ,m respectively, we get

n∑
j=1

µ0(Pj) =
n∑
j=1

m∑
k=1

µ0(Pj ∩Qk),
m∑
k=1

µ0(Qk) =
m∑
k=1

n∑
j=1

µ0(Qk ∩ Pj)

But,

Qk ∩ Pj = Pj ∩Qk =⇒
n∑
j=1

m∑
k=1

µ0(Pj ∩Qk) =
m∑
k=1

n∑
j=1

µ0(Qk ∩ Pj)

Therefore,
n∑
j=1

µ0(Pj) =
m∑
k=1

µ0(Qk)

Thus µ̃0 is well-defined.
Next, we show that µ̃0 extends µ0. If P ∈ P , then P ∈ R and

P =
1⋃
j=1

P

Hence, by definition,
µ̃0(P ) = µ0(P )

Therefore,
µ̃0|P = µ0
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Finally, we show that µ̃0 is a pre-measure on R. Let {Rj}∞j=1 be a pairwise disjoint
collection of sets in R such that

R =
∞⋃
j=1

Rj ∈ R

We must prove that,

µ̃0(R) =
∞∑
j=1

µ̃0(Rj)

Since R ∈ R, there exist pairwise disjoint sets P1, . . . , Pn ∈ P such that

R =
n⋃
i=1

Pi

Also, for each j, since Rj ∈ R, there exist pairwise disjoint sets

Qj,1, . . . , Qj,mj ∈ P

such that

Rj =

mj⋃
k=1

Qj,k.

Since the sets Rj are pairwise disjoint, the family {Qj,k}j,k is pairwise disjoint. Now,

R =
∞⋃
j=1

Rj =
∞⋃
j=1

mj⋃
k=1

Qj,k

Therefore, for each i = 1, . . . , n,

Pi = Pi ∩R = Pi ∩

( ∞⋃
j=1

mj⋃
k=1

Qj,k

)
=

∞⋃
j=1

mj⋃
k=1

(Pi ∩Qj,k)

Each set Pi ∩ Qj,k belongs to P , since P is closed under finite intersections. Also,
for fixed i, the sets Pi ∩ Qj,k are pairwise disjoint because the sets Qj,k are pairwise
disjoint. Hence, by the pre-measure property of µ0 on P ,

µ0(Pi) =
∞∑
j=1

mj∑
k=1

µ0(Pi ∩Qj,k)

Summing over i = 1, . . . , n, we get

µ̃0(R) =
n∑
i=1

µ0(Pi)
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=
n∑
i=1

∞∑
j=1

mj∑
k=1

µ0(Pi ∩Qj,k)

=
∞∑
j=1

mj∑
k=1

n∑
i=1

µ0(Pi ∩Qj,k).

For fixed j and k, since Qj,k ⊆ R, we have

Qj,k = Qj,k ∩R = Qj,k ∩

(
n⋃
i=1

Pi

)
=

n⋃
i=1

(Qj,k ∩ Pi)

The sets Qj,k ∩ Pi are pairwise disjoint and belong to P . Therefore,

µ0(Qj,k) =
n∑
i=1

µ0(Qj,k ∩ Pi)

Hence,

µ̃0(R) =
∞∑
j=1

mj∑
k=1

µ0(Qj,k) =
∞∑
j=1

µ̃0(Rj)

Therefore, µ̃0 is countably additive on R whenever the countable disjoint union be-
longs to R. Also,

µ̃0(∅) = 0

because ∅ ∈ P and µ0(∅) = 0.
Hence µ̃0 is a pre-measure on the ring R extending µ0 from P .

Definition 28 (Monotone Class). A collection M ⊆ P(X) is called a monotone class
if:

(i) whenever E1 ⊆ E2 ⊆ · · · and Ej ∈ M for all j, then
∞⋃
j=1

Ej ∈ M

(ii) whenever E1 ⊇ E2 ⊇ · · · and Ej ∈ M for all j, then
∞⋂
j=1

Ej ∈ M

Theorem 19 (Monotone Class Theorem). Let R be a ring of subsets of X. Assume
that X is σ-finite with respect to R, i.e.,

X =
∞⋃
j=1

Rj
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where Rj ∈ R. Then the monotone class generated by R coincides with the σ-algebra
generated by R. That is,

M(R) = σ(R)

Proof. Let M be the least monotone class containing R, and A be the least σ-algebra
containing R, i.e., A = σ(R) is the σ-algebra generated by R.
By construction, R ⊆ M and since every σ-algebra is a monotone class, and A
contains R, we have M ⊆ σ(R) = A.
So it remains to show that M is a σ-algebra containing R.

• Clearly ∅ ∈ P ⊆ R ⊆ M. So, ∅ ∈ M.

• By the σ-finiteness assumption, there exist sets Rj ∈ R such that,

X =
∞⋃
j=1

Rj =
∞⋃
n=1

(
n⋃
j=1

Rj

)
=

∞⋃
n=1

Sn

Since R is a ring, each Sn ∈ R. Hence Sn ∈ M for every n, and, S1 ⊆ S2 ⊆
S3 ⊆ · · · . Now, as M is a monotone class, it follows that,

X ∈ M

Define

M′ = {A ∈ M : A ∪R, A ∩R, A \R, R \ A ∈ M for all R ∈ R}

Now, since R ⊆ M and R is a ring, R is closed under finite unions, intersections, and
set differences. Therefore, if A ∈ R and R ∈ R, then, A∪R, A∩R, A\R, R\A
are all in R, and hence in M. Therefore, we have R ⊆ M′. Also, by definition
M′ ⊆ M.
Let {Ej} be an increasing sequence of sets in M′, i.e., E1 ⊆ E2 ⊆ · · · , and let

E =
∞⋃
j=1

Ej

Since each Ej ∈ M′ ⊆ M and M is a monotone class, we have E ∈ M.
Fix R ∈ R. Since Ej ∈ M′, we have, for all j,

• Ej ∪R ∈ M and Ej ∪R is increasing to E ∪R in j in M. Hence,

∞⋃
j=1

(Ej ∪R) ∈ M =⇒
( ∞⋃
j=1

Ej
)
∪R ∈ M =⇒ E ∪R ∈ M
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• Ej ∩R ∈ M and Ej ∩R is increasing to E ∩R in j in M. Hence,

∞⋃
j=1

(Ej ∩R) ∈ M =⇒
( ∞⋃
j=1

Ej
)
∩R ∈ M =⇒ E ∩R ∈ M

• Ej \R ∈ M and (Ej \R) is increasing to E \R in j in M. Hence,

∞⋃
j=1

(Ej \R) ∈ M =⇒
( ∞⋃
j=1

Ej

)
\R ∈ M =⇒ E \R ∈ M

• R \ Ej ∈ M and (R \ Ej) is decreasing to R \ E in j in M. Hence,

∞⋂
j=1

(R \ Ej) ∈ M =⇒ R \

( ∞⋃
j=1

Ej

)
∈ M =⇒ R \ E ∈ M

Therefore, E =
∞⋃
j=1

Ej ∈ M′.

Let {Ej} be a decreasing sequence of sets in M′, i.e., E1 ⊇ E2 ⊇ · · · , and let

E =
∞⋂
j=1

Ej

Since each Ej ∈ M′ ⊆ M and M is a monotone class, we have E ∈ M.
Fix R ∈ R. Since Ej ∈ M′, we have, for all j,

• Ej ∪R ∈ M and Ej ∪R is decreasing to E ∪R in j in M. Hence,

∞⋂
j=1

(Ej ∪R) ∈ M =⇒
( ∞⋂
j=1

Ej
)
∪R ∈ M =⇒ E ∪R ∈ M

• Ej ∩R ∈ M and Ej ∩R is decreasing to E ∩R in j in M. Hence,

∞⋂
j=1

(Ej ∩R) ∈ M =⇒
( ∞⋂
j=1

Ej
)
∩R ∈ M =⇒ E ∩R ∈ M

• Ej \R ∈ M and (Ej \R) is decreasing to E \R in j in M. Hence,

∞⋂
j=1

(Ej \R) ∈ M =⇒
( ∞⋂
j=1

Ej

)
\R ∈ M =⇒ E \R ∈ M
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• R \ Ej ∈ M and (R \ Ej) is increasing to R \ E in j in M. Hence,

∞⋃
j=1

(R \ Ej) ∈ M =⇒ R \

( ∞⋂
j=1

Ej

)
∈ M =⇒ R \ E ∈ M

Therefore, E =
∞⋂
j=1

Ej ∈ M′.

Therefore, M′ is a monotone class containing R, and M being the smallest monotone
class containing R, we get,

M ⊆ M′

Since by definition, M′ ⊆ M, we conclude that, M = M′.
Therefore, for every A ∈ M and every R ∈ R, A ∪R,A ∩R,A \R,R \ A ∈ M.
Now, define

M′′ = {A ∈ M : A ∪B, A ∩B, A \B, B \ A ∈ M for all B ∈ M}

From, the previous result, as M′ = M and R ⊆ M, we get

R ⊆ M′′

In a similar manner as above one proves that M′′ is a monotone class, simply by
replacing R ∈ R by an arbitrary fixed B ∈ M.
Thus, M′′ is a monotone class containing R. Since M is the least monotone class
containing R, we have

M ⊆ M′′

Since M′′ ⊆ M by definition, it follows that

M′′ = M

Therefore,
M = M′ = M′′

This concludes that M is closed under finite unions, finite intersections, and set
differences.
Since X ∈ M, for every A ∈ M we have,

Ac = X \ A ∈ M

Thus, M is closed under complements.
Finally, Let {Ej} is any countable collection of sets in M, then

∞⋃
j=1

Ej =
∞⋃
j=1

( j⋃
k=1

Ek

)
and

∞⋂
j=1

Ej =
∞⋂
j=1

( j⋂
k=1

Ek

)
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As M is a monotone class, then,

{ j⋃
k=1

Ek
}
j≥1

↑ in M =⇒
∞⋃
j=1

( j⋃
k=1

Ek

)
∈ M =⇒

∞⋃
j=1

Ej ∈ M

Similarly, the sequence

{
(

j⋂
k=1

Ek
}
j≥1

in M =⇒
∞⋂
j=1

( j⋂
k=1

Ek

)
∈ M =⇒

∞⋂
j=1

Ej ∈ M

Therefore M is a σ-algebra containing R.
Since σ(R) is the smallest σ-algebra containing R, we have, A = σ(R) ⊆ M.
Earlier we already showed that, M ⊆ σ(R).
Consequently, A = σ(R) = M.
Hence, we have proved that,

M(R) = σ(R)

Theorem 20 (Carathéodory Uniqueness Theorem). Let P be a semiring on X and
Let µ0 be a premeasure on P. Then there exists a measure µ on the σ-algebra σ(P)
generated by P such that µ|P = µ0.

Furthermore, if µ0 is σ-finite on P, then µ is unique, i.e., if X =
∞⋃
j=1

Pj with Pj ∈ P

and µ0(Pj) <∞ for all j, then the extension µ is unique.

Proof. By the existence part, (Theorem 17) we already have a measure µ on σ(P)
with µ|P = µ0.
Let µ1 and µ2 be two measures on A = σ(P), such that

µ1
∣∣
P = µ2

∣∣
P = µ0

Define the ring generated by the semi-ring P by,

R =

{
n⋃
j=1

Pj : Pj ∈ P are pairwise disjoint, n ∈ N

}
By the theorem 18 on the ring generated by a semi-ring, R is a ring containing P ,
and,

σ(R) = σ(P)

Since µ1 and µ2 agree on P , finite additivity implies that they agree on R. Indeed, if

R =
n⋃
j=1

Pj
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where Pj ∈ P are pairwise disjoint, then,

µ1(R) =
n∑
j=1

µ1(Pj) =
n∑
j=1

µ0(Pj) =
n∑
j=1

µ2(Pj) = µ2(R)

Therefore,
µ1|R = µ2|R

By σ-finiteness, there exist sets Pj ∈ P such that, X =
∞⋃
j=1

Pj, where Pj ∈ P and

µ0(Pj) <∞, for all j ≥ 1.
These sets need not be disjoint. Therefore, we replace them by disjoint sets in the
ring R. Define

R1 = P1, and Rj = Pj \
j−1⋃
i=1

Pi, ∀j ≥ 2

By the tiling lemma (Lemma 3), each set Pj \
j−1⋃
i=1

Pi can be written as a finite disjoint

union of sets from P . Hence, Rj ∈ R, for every j ≥ 1.
The sets Rj are pairwise disjoint, and

X =
∞⋃
j=1

Rj.

Also, since Rj ⊆ Pj, and since µ1 and µ2 agree with µ0 on P and agree on R, we have

µ1(Rj) = µ2(Rj) <∞.

More precisely,
µ1(Rj) = µ2(Rj) ≤ µ0(Pj) <∞

Now define,
M = {A ∈ A : µ1(A ∩Rj) = µ2(A ∩Rj), ∀j ≥ 1}

We show that M is a monotone class.

• Let E1 ⊆ E2 ⊆ E3 ⊆ · · · be an increasing sequence of sets in M, and define

E =
∞⋃
k=1

Ek.

Then for each fixed j ≥ 1, Ek ∩ Rj increases to E ∩ Rj in k. Since µ1 and µ2
are measures, continuity from below gives

µ1(E ∩Rj) = lim
k→∞

µ1(Ek ∩Rj)
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Since Ek ∈ M for every k, we have,

µ1(Ek ∩Rj) = µ2(Ek ∩Rj)

Hence,
µ1(E ∩Rj) = lim

k→∞
µ2(Ek ∩Rj)

Again by continuity from below,

lim
k→∞

µ2(Ek ∩Rj) = µ2(E ∩Rj)

Therefore, for every j ≥ 1,

µ1(E ∩Rj) = µ2(E ∩Rj)

Thus, E ∈ M.

• Similarly, Let E1 ⊃ E2 ⊃ E3 ⊃ · · · be a decreasing sequence of sets in M, and

define, E =
∞⋂
j=1

Ej.

Then for each fixed j ≥ 1, Ek ∩ Rj decreases to E ∩ Rj in k. In order to
use continuity from above, we need the first set to have finite measure. Since
E1 ∩Rj ⊆ Rj and µ1(Rj) = µ2(Rj) <∞, we have,

µ1(E1 ∩Rj) <∞ and µ2(E1 ∩Rj) <∞

Therefore, by continuity from above,

µ1(E ∩Rj) = lim
k→∞

µ1(Ek ∩Rj)

Since each Ek ∈ M,
µ1(Ek ∩Rj) = µ2(Ek ∩Rj)

Hence
µ1(E ∩Rj) = lim

k→∞
µ2(Ek ∩Rj).

Again by continuity from above,

lim
k→∞

µ2(Ek ∩Rj) = µ2(E ∩Rj)

Therefore, for every j ≥ 1,

µ1(E ∩Rj) = µ2(E ∩Rj)

Thus, E ∈ M.

43 Continued...



Swapnamoy Kader

Thus, M is a monotone class.
Next, we show that R ⊆ M.
Let R ∈ R. Since R is a ring and Rj ∈ R, we have, R ∩ Rj ∈ R, for every j ≥ 1.
Since µ1 and µ2 agree on R, it follows that, for every j ≥ 1,

µ1(R ∩Rj) = µ2(R ∩Rj)

Therefore,
R ∈ M

Thus,
R ⊆ M

Since M is a monotone class containing R, the monotone class generated by R is
contained in M. That is,

M(R) ⊆ M
By the Monotone Class Theorem for rings (Theorem 19), using the σ-finiteness as-
sumption,

M(R) = σ(R)

Hence, σ(R) ⊆ M.
But, σ(R) = σ(P) = A. So, A ⊆ M.
Since by definition M ⊆ A, we conclude

M = A

Now Let A ∈ A. Since X =
∞⋃
j=1

Rj and the sets Rj are pairwise disjoint, we have,

A = A ∩X = A ∩
∞⋃
j=1

Rj =
∞⋃
j=1

(A ∩Rj)

where the sets A ∩Rj are pairwise disjoint.
Since A ∈ A = M, for every j ≥ 1, we have, µ1(A ∩Rj) = µ2(A ∩Rj).
Therefore, by countable additivity,

µ1(A) =
∞∑
j=1

µ1(A ∩Rj) =
∞∑
j=1

µ2(A ∩Rj) = µ2(A)

Hence, for every A ∈ A,
µ1(A) = µ2(A)

Therefore,
µ1 = µ2 on σ(P)

Thus the measure extending µ0 from P to σ(P) is unique.
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Theorem 21 (Functional Generation of Borel Measurable Functions). Let (X, d) be
a metric space and F be a family of functions from X to R, such that:

(i) F ⊇ C(X), where C(X) is the space of continuous functions on X.

(ii) F is closed under addition and multiplication by constants.

(iii) F is closed under pointwise limits.

(iv) If f ∈ F , then |f | ∈ F .

Then F contains all Borel measurable functions.

Proof. Let B(X) be the Borel σ-algebra on X. Note that B(X) contains all closed
sets. Define

M = {E ∈ B(X) : 1E ∈ F}
where 1E denotes the indicator (characteristic) function of E.
Clearly M is nonempty, since ∅ ∈ B(X) and 1∅ = 0 ∈ C(X) ⊆ F . Thus ∅ ∈ M.
We first show that every closed set K ⊆ X belongs to M. Let K be closed; if K = ∅
this is already done, so assume K ̸= ∅. Define

f(x) = d(x,K) = inf
y∈K

d(x, y), x ∈ X

Then, ∀z ∈ X, for all ε > 0 , there exists y ∈ K such that, f(z) + ε ≥ d(z, y).
Also, ∀x ∈ X, ∀y ∈ K,

f(x) ≤ d(x, y) ≤ d(x, z) + d(z, y) ≤ d(x, z) + f(z) + ε

hence
f(x) ≤ f(z) + d(x, z)

Similarly,
f(z) ≤ f(x) + d(x, z)

Therefore,
|f(x)− f(z)| ≤ d(x, z), ∀x, z ∈ X

Thus f is 1-Lipschitz, and in particular continuous. Thus, f ∈ C(X) ⊆ F .
Now, ∀x /∈ K, f(x) > 0, as K is closed, and ∀x ∈ K, f(x) = 0. Thus

f(x) =

{
0, x ∈ K,

> 0, x /∈ K

Now, for all n ≥ 1, consider the construction of the function

fn(x) = (1− nf(x))+ = max{0, 1− nf(x)}
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Since f ∈ F and F is closed under multiplication by constants and addition, we have,
1 − nf ∈ F . By assumption, if g ∈ F , then |g| ∈ F . Hence, |1 − nf | ∈ F . Now
observe that,

fn(x) = (1− nf(x))+ = max{0, 1− nf(x)} =
(1− nf(x)) + |1− nf(x)|

2

Therefore fn ∈ F for every n ≥ 1.
Then,

lim
n→∞

fn(x) =

{
0, x /∈ K

1, x ∈ K
= 1K

As fn(x) ∈ F and F is closed under limits, so 1K ∈ F .
Therefore, K ∈ M. Since K was an arbitrary closed subset of X, it follows that M
contains all closed sets.
Now, Let {En} be a family of sets in M, such that

E1 ⊆ E2 ⊆ E3 ⊆ · · · and E =
∞⋃
n=1

En

Then 1En ∈ F and also
lim
n→∞

1En = 1E

Since F is closed under pointwise limits, we obtain,

1E ∈ F =⇒ E ∈ M =⇒
∞⋃
n=1

En ∈ M

Similarly, Let {Bn} be a family of sets in M, such that

B1 ⊃ B2 ⊃ B3 ⊃ · · · and B =
∞⋂
n=1

Bn

Then 1Bn ∈ F and also
lim
n→∞

1Bn = 1B

Since F is closed under pointwise limits, so 1B ∈ F =⇒ B ∈ M =⇒
∞⋂
n=1

Bn ∈ M.

Therefore, M is a monotone class.
Now we show that M contains all Borel sets.
First note that M is closed under complements. Indeed, if E ∈ M, then 1E ∈ F .
Since 1 ∈ C(X) ⊆ F and F is closed under addition and multiplication by constants,

1Ec = 1− 1E ∈ F
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Hence Ec ∈ M.
Next, M is closed under finite unions. If E,F ∈ M, then 1E,1F ∈ F . Since F is
closed under addition, multiplication by constants, and absolute values, we have,

1E∪F = max{1E,1F} =
1E + 1F + |1E − 1F |

2
∈ F

Thus E ∪ F ∈ M.
Similarly,

1E∩F = min{1E,1F} =
1E + 1F − |1E − 1F |

2
∈ F

so E ∩ F ∈ M.
Let R be the ring generated by the closed subsets of X.
SinceM is closed under finite unions, finite intersections, and complements, and since
M contains every closed set, it follows that, M contains the ring R generated by the
closed subsets of X. Therefore,

R ⊆ M

Since X is a metric space, it is closed in itself. Hence X ∈ R. Therefore,

X =
∞⋃
n=1

X

so the σ-finiteness hypothesis of the Monotone Class Theorem (Theorem 19) is satis-
fied.
Since M is a monotone class containing R, the Monotone Class Theorem (Theorem
19) gives

σ(R) ⊆ M

Since R contains every closed set,

B(X) ⊆ σ(R)

On the other hand, every element of R is Borel, so,

σ(R) ⊆ B(X)

Therefore,
σ(R) = B(X)

Therefore,
B(X) ⊆ M

Thus, for every Borel set E ⊆ X, we have,

1E ∈ F
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Next we show that this implies all Borel measurable functions from X → R are in F .
Let f be any Borel measurable function from X to R.
Consider j = −n2,−n2 + 1, . . . , n2 − 1.
Let

fn(x) =


n, f(x) ≥ n,
j

n
, f(x) ∈

[
j

n
,
j + 1

n

)
,

−n, f(x) < −n

Then each of the sets

E1 = {f(x) ≥ n}

En,j = {f(x) ∈
[
j

n
,
j + 1

n

)
}

E3 = {f(x) < −n}

are Borel sets, and by the previous part we have shown that for every Borel set E ⊆ X
the indicator 1E ∈ F .
Hence

fn(x) =
n2−1∑
j=−n2

j

n
1En,j + n1E1 + (−n)1E3

Since 1En,j ,1E1,1E3 ∈ F and F is closed under addition and multiplication by con-
stants, we have fn ∈ F .
Now, for each x ∈ X, we have,

|f(x)| < n =⇒ |fn(x)− f(x)| ≤ 1

n

Thus, fn(x) → f(x) pointwise as n→ ∞.
As F is closed under pointwise limits, f ∈ F .
Therefore, F contains all Borel measurable functions from X to R.

Theorem 22 (Regularity of Borel Measure). Let X be a metric space and A be the
Borel σ-algebra on X. Let µ be a finite measure on A, i.e. µ(X) < ∞. For every
ε > 0 and every E ∈ A there exist a closed set F and an open set G with

F ⊆ E ⊆ G and µ(G \ F ) < ε

Proof. Define the collection of ’approximable’ sets as:

A′ =
{
E ∈ A : ∀ε > 0, ∃ closed F and open G with F ⊆ E ⊆ G and µ(G \ F ) < ε

}
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We first show that every open set G belongs to A′.
Let E = G ⊆ X be open. If G = ∅, it is trivial. If not, define for each n ∈ N the
inner-approximation sets:

Gn = {x ∈ G : d(x,Gc) ≥ 1

n
}

Take x ∈ G \Gn. Then d(x,G
c) <

1

n
.

So, ∃ y ∈ Gc ∩B1/n(x), such that d(x, y) <
1

n
.

Let d(x, y) = δ and r =
1

n
− δ > 0. Then, ∀z ∈ Br(x), we have,

d(y, z) ≤ d(x, z) + d(x, y) = r + δ =
1

n

Therefore, as y ∈ Gc, and d(z, y) <
1

n
, it follows that d(z,Gc) <

1

n
.

Thus,
z /∈ Gn =⇒ Br(x) ⊆ Gc

n =⇒ Gc
n is open

Therefore, Gn is closed.

Also, {Gn} is an increasing sequence and G =
∞⋃
n=1

Gn, as if x ∈ G, then since G is

open,
d(x,Gc) > 0

Choose n sufficiently large so that,

1

n
< d(x,Gc)

Then, x ∈ Gn. Hence,

G =
∞⋃
n=1

Gn

Since µ is a finite measure, µ(G) <∞, and by continuity from below,

µ(G) = lim
n→∞

µ(Gn)

Then,
µ(G \Gn) = µ(G)− µ(Gn) −→ 0 as n→ ∞

Hence, for every ε > 0, there exists n such that, µ(G \ Gn) < ε, this means, we can
approximate E from below by Gn for large n.
Setting F = Gn, we obtain, F ⊆ G.
Then F = Gn ⊆ G, where Gn is closed (left) and G is open (right), and µ(G\Gn) → 0.
Therefore, ∀ε > 0, ∃ closed Gn and open G such that Gn ⊆ G and µ(G \Gn) < ε.
Hence, every open set G is in A′.
Now we show that A′ is a σ-algebra:
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• As the empty set ∅ is both open and closed, we consider F = ∅ and G = ∅.
So we have,

∅ ⊆ ∅ ⊆ ∅ and µ(∅ \∅) = 0

Thus ∅ ∈ A′.

• Let E ∈ A′, then ∀ε > 0 there exist closed F and open G with F ⊆ E ⊆ G and
µ(G \ F ) < ε. Taking complements, we have,

Gc ⊆ Ec ⊆ F c

where Gc is closed and F c is open. Since F c \Gc = G \ F , we have,

µ(F c \Gc) = µ(G \ F ) < ε

Thus, Ec ∈ A′.

• *Let E1, E2 ∈ A′. Then, by definition, we have ∀ε > 0:

– ∃ closed F1 and open G1 such that F1 ⊆ E1 ⊆ G1 with µ(G1 \ F1) <
ε

2
.

– ∃ closed F2 and open G2 such that F2 ⊆ E2 ⊆ G2 with µ(G2 \ F2) <
ε

2
.

Now, Let F := F1 ∪ F2, E := E1 ∪ E2 and G := G1 ∪G2.
Then, F , being union of two closed sets, is closed; and G, being union of two
open sets, is open. Then,

F ⊆ E ⊆ G

where F is closed and G is open.
Now,

G \ F = (G1 ∪G2) \ (F1 ∪ F2) ⊆ (G1 \ F1) ∪ (G2 \ F2)

Then

µ(G \ F ) ≤ µ
(
(G1 ∪G2) \ (F1 ∪ F2)

)
≤ µ(G1 \ F1) + µ(G2 \ F2) ≤ ε/2 + ε/2 = ε

Thus, for E = E1 ∪ E2 there exist closed F and open G such that F ⊆ E ⊆ G
and µ(G \ F ) < ε.
Hence E1 ∪ E2 ∈ A′.

• *Let {Ej} be a collection of sets in A′ (not necessarily disjoint).
Then, for each j, there exist closed Fj and open Gj such that

Fj ⊆ Ej ⊆ Gj, and µ(Gj \ Fj) <
ε

2 j+1
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Let

F ′ =
∞⋃
j=1

Fj, G =
∞⋃
j=1

Gj, E =
∞⋃
j=1

Ej

Then G, being a countable union of open sets, is open, however, F ′ is not
necessarily closed.
Clearly F ′ ⊆ E ⊆ G and

G \ F ′ =
∞⋃
j=1

(Gj \ Fj)

Hence, by the subadditivity of µ,

µ(G \ F ′) ≤
∞∑
j=1

µ(Gj \ Fj) ≤
∞∑
j=1

ε

2 j+1
=
ε

2

However, since F ′ =
∞⋃
j=1

Fj and µ is finite, we have

µ(
n⋃
j=1

Fj) → µ(F ′) as n→ ∞

Therefore there exists n0 ∈ N such that

µ(F ′ \
n0⋃
j=1

Fj) <
ε

2

Let

F =
n0⋃
j=1

Fj

Then F is closed since it is a finite union of closed sets.
Then F ⊆ F ′ ⊆ E ⊆ G, and:

µ(G \ F ) ≤ µ(G \ F ′) + µ(F ′ \ F ) ≤ ε

2
+
ε

2
= ε

Thus, for E =
∞⋃
j=1

Ej, we have: for every ε > 0 there exist a closed set F =
n0⋃
j=1

Fj

and an open set G =
∞⋃
j=1

Gj such that F ⊆ E ⊆ G and µ(G \ F ) < ε.

Thus, E =
∞⋃
j=1

Ej ∈ A′.
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Therefore, A′ is a σ-algebra.
All open sets are contained in A′ and A′ ⊆ A.
As, A′ is a σ-algebra, and since A is the minimal σ-algebra containing the open sets
(i.e. the Borel σ-algebra), A ⊆ A′.
Combined with A′ ⊆ A by definition, we have A = A′.
Therefore, every Borel set is approximable.
This proves that every finite Borel measure on a metric space is regular.

Definition 29 (Pointwise Convergence). Let (X,A, µ) be a measure space. A se-
quence of functions {fn} is said to converge to f pointwise on X if ∀ε > 0 and
∀x ∈ X, there exists N ∈ N such that |fn(x)− f(x)| < ε whenever n ≥ N .

Definition 30 (Pointwise Convergence Almost Everywhere). Let (X,A, µ) be a mea-
sure space. A sequence of functions {fn} converges to f pointwise almost everywhere
if ∃ a measurable set E ⊆ X with measure µ(E) = 0 such that limn→∞ fn(x) = f(x)
for all x ∈ X \ E.

Definition 31 (Uniform Convergence). Let (X,A, µ) be a measure space. A sequence
of functions {fn} converges to f uniformly on X if, for every ε > 0, there exists an
integer N such that for all n ≥ N , we have, |fn(x)− f(x)| < ε for all x ∈ X.

Definition 32 (Convergence in Measure). Let (X,A, µ) be a measure space. A
sequence of measurable functions {fn} is said to converge in measure to a function
f if for every ε > 0, the measure of the set where fn differs from f by more than ε
vanishes as n→ ∞, i.e., lim

n→∞
µ({x ∈ X : |fn(x)− f(x)| ≥ ε}) = 0.

Theorem 23 (Uniform Implies Pointwise Almost Everywhere Convergence). If a
sequence of functions {fn} converges to f uniformly on X, then {fn} converges to f
pointwise almost everywhere in X.

Proof. Suppose {fn} converges uniformly to f on X. By definition, for every ε > 0,
there exists an N ∈ N such that for all n ≥ N and for all x ∈ X:

|fn(x)− f(x)| < ε

Fix an arbitrary x0 ∈ X. For the same ε > 0, we can choose the same N such that
for all n ≥ N :

|fn(x0)− f(x0)| < ε

This implies that lim
n→∞

fn(x0) = f(x0) for every x0 ∈ X. Since the sequence converges

pointwise for all x ∈ X, it converges for all x except possibly on a set of measure
zero.
Thus, {fn} converges to f pointwise almost everywhere in X.

Theorem 24 (Uniform Implies Convergence in Measure). If a sequence of functions
{fn} converges to f uniformly on X, then {fn} converges to f in measure.
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Proof. Suppose {fn} converges to f uniformly on X. To show {fn} converges to f in
measure, we must show that for every ε > 0,

lim
n→∞

µ({x ∈ X : |fn(x)− f(x)| ≥ ε}) = 0.

Given any ε > 0, since {fn} converges to f uniformly, there exists an integer N such
that for all n ≥ N :

sup
x∈X

|fn(x)− f(x)| < ε.

This implies that for all n ≥ N and all x ∈ X, the inequality |fn(x)−f(x)| < ε holds.
Consequently, the set of points where the difference is at least ε is empty:

{x ∈ X : |fn(x)− f(x)| ≥ ε} = ∅ for all n ≥ N.

Since the measure of the empty set is zero, we have:

µ({x ∈ X : |fn(x)− f(x)| ≥ ε}) = 0 for all n ≥ N.

Taking the limit as n→ ∞, we obtain:

lim
n→∞

µ({x ∈ X : |fn(x)− f(x)| ≥ ε}) = 0.

Thus, fn converges to f in measure.

Theorem 25 (Convergence a.e. Implies Convergence in Measure). If a sequence of
functions {fn} converges to f pointwise almost everywhere on X, and if, µ(X) <∞
then {fn} converges to f in measure.

Proof. Assume that fn(x) converges to f(x) for all x ∈ X \ E, where µ(E) = 0.
Fix ε > 0 and let

Bn = {x ∈ X : ∃m ≥ n, |fm(x)− f(x)| ≥ ε} =
⋃
m≥n

{x : |fm(x)− f(x)| ≥ ε}

Then {Bn} is a non-increasing (nested) sequence of measurable sets:

X ⊇ B1 ⊇ B2 ⊇ · · ·

Hence
⋂
n≥1

Bn is measurable.

Since µ(X) < ∞ we have µ(Bn) ≤ µ(X) < ∞ for every n, so limn→∞ µ(Bn) exists
and is finite. Moreover ⋂

n≥1

Bn ⊆ E
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because if x /∈ E then fn(x) −→ f(x), so there is N with |fm(x) − f(x)| < ε for all
m ≥ N , hence x /∈ BN . Therefore,

µ
( ⋂
n≥1

Bn

)
≤ µ(E) = 0

By continuity of measure from above,

µ
( ⋂
n≥1

Bn

)
= lim

n→∞
µ(Bn) = 0

Finally, for each n,
{x : |fn(x)− f(x)| ≥ ε} ⊆ Bn

Thus,
µ({x : |fn − f | ≥ ε}) ≤ µ(Bn) −→ 0 as n −→ ∞

Hence fn converges to f in measure.

Theorem 26 (Subsequential Extraction from Convergence in Measure). If a sequence
of functions {fn} converges to f in measure, then there exists a subsequence {fnk

}
such that fnk

converges to f almost everywhere.

Proof. For every m ∈ N choose N(m) with N(m) > N(m− 1) such that

µ
(
{ |fN(m) − f | > 1

m
}
)
< 2−m

This is possible because fn converges to f in measure, so,

µ({ |fn − f | > 1

m
}) −→ 0 as n −→ ∞

Define

Em = {x ∈ X : |fN(m)(x)− f(x)| > 1

m
}

If x belongs to only finitely many of the sets Em, then fN(m)(x) −→ f(x). Thus the
set where convergence does not happen is

E =
⋂
m≥1

⋃
k≥m

Ek ⊆
⋃
k≥m

Ek

the set of points that belong to infinitely many Ek.
For each m,

µ
( ⋃
k≥m

Ek

)
≤
∑
k≥m

µ(Ek) ≤
∑
k≥m

2−k = 2−m+1 −→ 0 as m −→ ∞

Hence µ(E) = 0.
This shows convergence pointwise almost everywhere.
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Theorem 27 (Egorov’s Theorem). If a sequence of functions {fn} converges to f
almost everywhere and µ(X) <∞, then ∀ε > 0, ∃E ⊆ X, with µ(E) < ε, such that,
{fn} converges to f uniformly on X \ E.

Proof. Fix m and N , and consider the set

Em,N = {x ∈ X : ∃n ≥ N with |fn(x)− f(x)| ≥ 1

m
}

=
⋃
n≥N

{x ∈ X : |fn(x)− f(x)| ≥ 1

m
}

For every fixed m, ⋂
N

Em,N ⊆ {x ∈ X : fn(x) −̸→ f(x)}

But by assumption (pointwise a.e.) µ({x : fn(x) −̸→ f(x)}) = 0.
Also, for fixed m, the sets Em,N are decreasing in N , and since µ(X) < ∞ the limit

lim
N→∞

µ(Em,N) exists and equals µ
(⋂
N

Em,N
)
= 0.

Hence for each m there exists N(m) such that

µ
(
Em,N(m)

)
≤ ε

2m

Let

E =
∞⋃
m=1

Em,N(m)

Then by subadditivity,

µ(E) ≤
∞∑
m=1

µ
(
Em,N(m)

)
≤

∞∑
m=1

ε

2m
= ε

If x ∈ X \ E, then for each m we have x /∈ Em,N(m), so,

|fn(x)− f(x)| < 1

m
, ∀n ≥ N(m)

Thus for every δ > 0 choose m with 1
m < δ and then for all n > max

1≤k≤m
N(k) we have

|fn(x)− f(x)| < δ.
Therefore, fn converges to f uniformly on X \ E.

Example 6 (Pointwise ≠⇒ Convergence in measure)

Consider fn : R → R, fn(x) =
|x|
n
, with Lebesgue measure µ on R. Then

f(x) = lim
n→∞

fn(x) = 0 for every x ∈ R
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So, fn −→ f pointwise.
However, for any fixed ε > 0,

{x : |fn(x)− f(x)| > ε} = {x : |x| > nε}

and µ({x : |x| > nε}) = ∞ for every n.
Hence µ({x : |fn − f | > ε}) −̸→ 0, so fn does not converge to f in measure.

Example 7 (Convergence in measure ≠⇒ Pointwise)
Consider [0, 1] with Lebesgue measure. Define a sequence of measurable sets by

E1 = [0, 1],

E2 = [0,
1

2
], E3 = [

1

2
, 1],

E4 = [0,
1

4
], E5 = [

1

4
,
1

2
], E6 = [

1

2
,
3

4
], E7 = [

3

4
, 1], . . .

(so the intervals get smaller and exhaust dyadic subintervals). Each set En has
Lebesgue measure µ(En) −→ 0 as n −→ ∞, and every point x ∈ [0, 1] belongs to
infinitely many of the sets En (and in fact, to infinitely many sets of arbitrarily small
length).
Define fn = n1En.
Then µ({x : |fn(x)− 0| > ε}) = µ(En) −→ 0 for each ε > 0, so fn −→ 0 in measure.
But for every x ∈ [0, 1],

lim sup
n→∞

fn(x) = ∞

because x is in infinitely many En and on those indices fn(x) = n −→ ∞. Thus there
is no pointwise convergence (not even on any point) and in particular fn does not
converge pointwise to 0.

Example 8 (Pointwise ≠⇒ Uniform Convergence)
Consider the set [0, 1) and the sequence of functions fn(x) = xn.
Then fn(x) −→ 0 for all x ∈ [0, 1). But this is not convergent uniformly.
Indeed,

sup
x∈[0,1)

|xn − 0| = 1 ∀n

since values arbitrarily close to 1 are attained on [0, 1).
(Note*: Changing [0, 1) to [0, 1− ε] makes it uniformly convergent.)

Theorem 28 (Monotone Convergence Theorem). Let (X,A, µ) be a measure space.
Let fn : X → [0,∞] be a monotone increasing sequence of nonnegative measurable
functions. Let

f(x) := lim
n→∞

fn(x) (possibly f(x) = ∞)
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Then f is measurable and

lim
n→∞

∫
X

fn dµ =

∫
X

f dµ

Proof. Since fn ≤ f for every n, by monotonicity of the integral we have∫
X

fn dµ ≤
∫
X

f dµ for all n

and hence,

lim
n→∞

∫
X

fn dµ ≤
∫
X

f dµ

Let a be any real number with

a <

∫
X

f dµ

Since ∫
X

f dµ = sup
{∫

X

g dµ : g simple, 0 ≤ g ≤ f
}

there exists a nonnegative simple measurable function g =
N∑
j=1

cjχEj , where cj > 0

and the sets Ej are measurable and pairwise disjoint, such that 0 ≤ g ≤ f and∫
X

g dµ > a

Let q < 1 be such that

q

∫
X

g dµ =
N∑
j=1

(qcj)µ(Ej) > a

Let c′j = qcj. On Ej we have 0 < c′j < f .
Then, ∀x ∈ Ej,

lim
n→∞

fn(x) = f(x) > c′j

Hence ∃n0 ∈ N such that ∀n ≥ n0, fn(x) ≥ c′j.
Define

E
(n)
j = {x ∈ Ej : fn(x) > c′j}

Then E
(n)
j increases in n for fixed j and

Ej =
∞⋃
n=1

E
(n)
j

57 Continued...



Swapnamoy Kader

Thus, by continuity from below,

µ(Ej) = lim
n→∞

µ
(
E

(n)
j

)
Let

gn =
N∑
j=1

c′j χE(n)
j

≤ fn

We chose q so that
N∑
j=1

(qcj)µ(Ej) > a. By the convergence of µ(E
(n)
j ) to µ(Ej), there

exists N ′ ∈ N such that for all n ≥ N ′,∫
X

fn dµ ≥
∫
X

gn dµ =
N∑
j=1

c′j µ
(
E

(n)
j

)
> a

Therefore for all n ≥ N ′ (for some N ′ ∈ N) we have

∫
X

fn dµ > a.

Thus, for all sufficiently large n, we have,∫
X

fn dµ > a

Hence,

lim inf
n→∞

∫
X

fn dµ ≥ a

Since a <
∫
X f dµ was arbitrary, it follows that,

lim inf
n→∞

∫
X

fn dµ ≥
∫
X

f dµ

On the other hand, we already showed that,∫
X

fn dµ ≤
∫
X

f dµ for all n

and therefore,

lim sup
n→∞

∫
X

fn dµ ≤
∫
X

f dµ

Hence,

lim sup
n→∞

∫
X

fn dµ ≤
∫
X

f dµ ≤ lim inf
n→∞

∫
X

fn dµ

Therefore,

lim
n→∞

∫
X

fn dµ =

∫
X

f dµ
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Lemma 7 (Fatou’s Lemma). Let (X,M, µ) be a measure space. Let {fn} be a se-
quence of nonnegative measurable functions. Then∫

X

lim inf
n→∞

fn dµ ≤ lim inf
n→∞

∫
X

fn dµ

Proof. Define, for each n ≥ 1,
gn := inf

m≥n
fm

Each gn is measurable, and the sequence {gn} is nondecreasing (since the index set
in the infimum shrinks as n increases). Moreover,

lim inf
n→∞

fn = sup
n≥1

inf
m≥n

fm = sup
n≥1

gn = lim
n→∞

gn

For every m ≥ n we have gn ≤ fm, hence integrating gives∫
X

gn dµ ≤
∫
X

fm dµ for all m ≥ n

Taking the infimum over m ≥ n on the right-hand side yields∫
X

gn dµ ≤ inf
m≥n

∫
X

fm dµ

Now take the limit (supremum) as n→ ∞ of the left-hand side and the corresponding
limit inferior on the right:

lim
n→∞

∫
X

gn dµ ≤ lim inf
n→∞

∫
X

fn dµ

By the Monotone Convergence Theorem (Theorem 28) (since gn ↑ lim infn fn and
each gn ≥ 0), ∫

X

lim inf
n→∞

fn dµ = lim
n→∞

∫
X

gn dµ

Combining the last two displayed inequalities gives Fatou’s lemma:∫
X

lim inf
n→∞

fn dµ ≤ lim inf
n→∞

∫
X

fn dµ

Theorem 29 (Dominated Convergence Theorem). Let (X,A, µ) be a measure space,
and Let {fn} be a sequence of measurable functions. Let fn converges to f either
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pointwise a.e. or in measure, and suppose there exists a function φ : X → [0,∞)
such that |fn| ≤ φ for all n and ∫

X

φdµ <∞

Then

lim
n→∞

∫
X

fn dµ =

∫
X

f dµ

Proof. First consider the case fn → f pointwise a.e. Then f is measurable as the
pointwise almost everywhere limit of measurable functions and, for a.e. x ∈ X,

|f(x)| = lim
n→∞

|fn(x)| ≤ φ(x)

So, |f | ≤ φ a.e. and hence, ∫
X

|f | dµ ≤
∫
X

φdµ <∞

Therefore, f is integrable.
Consider gn = φ+ fn and hn = φ− fn.
As |fn| ≤ φ, we have φ± fn ≥ 0.
Then gn and hn are non-negative measurable functions.
Then by Fatou’s lemma (Lemma 7),∫

X

lim inf
n→∞

gn dµ ≤ lim inf
n→∞

∫
X

gn dµ

But lim
n→∞

gn = φ+ f a.e., hence∫
X

(φ+ f) dµ ≤ lim inf
n→∞

∫
X

(φ+ fn) dµ =

∫
X

φdµ+ lim inf
n→∞

∫
X

fn dµ

where in the last equality we use that
∫
X φdµ < ∞ so the constant

∫
X φdµ may be

taken outside the lim inf. Therefore∫
X

f dµ ≤ lim inf
n→∞

∫
X

fn dµ

Similarly by Fatou’s lemma (Lemma 7),∫
X

lim inf
n→∞

hn dµ ≤ lim inf
n→∞

∫
X

hn dµ
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As lim
n→∞

hn = φ− f a.e., we have∫
X

(φ− f) dµ ≤ lim inf
n→∞

(∫
X

φdµ−
∫
X

fn dµ

)
Hence,

−
∫
X

f dµ ≤ lim inf
n→∞

(
−
∫
X

fn dµ

)
which implies ∫

X

f dµ ≥ lim sup
n→∞

∫
X

fn dµ

Combining this with the opposite inequality obtained previously, we get

lim sup
n→∞

∫
X

fn dµ ≤
∫
X

f dµ ≤ lim inf
n→∞

∫
X

fn dµ

and therefore ∫
X

f dµ = lim
n→∞

∫
X

fn dµ

This proves the theorem in the case where fn → f pointwise almost everywhere.
Now suppose that fn → f in measure. By Theorem 26, every subsequence of {fn}
admits a further subsequence which converges to f pointwise almost everywhere.
Applying the result already proved to such a subsequence, we obtain,∫

X

fnk
dµ −→

∫
X

f dµ

Therefore every subsequence of the sequence{∫
X

fn dµ

}
has a further subsequence converging to∫

X

f dµ

Hence the whole sequence converges to the same limit, and so,

lim
n→∞

∫
X

fn dµ =

∫
X

f dµ
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Definition 33 (Equi-Integrability). A family of measurable functions {fα} is equi-
integrable if ∀ε > 0, there exists δε > 0 such that if µ(E) < δε, then,∫

E

|fα| dµ < ε , ∀α

Theorem 30 (Vitali Convergence Theorem Finite Measure Version). Let µ(X) <∞
and Let fn : X → R be an equi-integrable family such that

sup
n

∫
X

|fn| dµ <∞

Let fn → f in measure. Then f is integrable and∫
X

fn dµ −→
∫
X

f dµ

Proof. As fn → f in measure and µ(X) <∞, there exists a subsequence {fnk
} which

converges to f almost everywhere. Hence

|f | = lim inf
k→∞

|fnk
| a.e.

By Fatou’s lemma (Lemma 7),∫
X

|f | dµ ≤ lim inf
k→∞

∫
X

|fnk
| dµ ≤ sup

k

∫
X

|fk| dµ <∞

Thus, f is integrable.
We now show that f also satisfies the same equi-integrability estimate. Let ε > 0 and
choose δ > 0 corresponding to ε/2 from the equi-integrability of {fn}.
Let E be measurable with µ(E) < δ.
Since fn → f in measure and µ(X) < ∞, by Theorem 26 there exists a subsequence
{fnk

} converging to f almost everywhere.
Applying Fatou’s lemma (Lemma 7) to the nonnegative functions, |fnk

|1E, we obtain,∫
E

|f | dµ ≤ lim inf
k→∞

∫
E

|fnk
| dµ

Since µ(E) < δ, by equi-integrability,∫
E

|fnk
| dµ < ε

2
∀k
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Hence, ∫
E

|f | dµ ≤ ε

2

Therefore f satisfies the same equi-integrability condition.
Consequently, the family {fn} ∪ {f} is equi-integrable.
Fix ε > 0. As µ(X) <∞, choose η > 0 such that

η µ(X) <
ε

3

By equi-integrability of {fn} ∪ {f} we can pick δ > 0 such that for every measurable
set E with µ(E) < δ,

sup
n

∫
E

|fn| dµ <
ε

6
and

∫
E

|f | dµ < ε

6

As fn → f in measure, there exists n0 ∈ N such that for all n ≥ n0,

µ
(
{x : |fn(x)− f(x)| > η}

)
< δ

Then for n ≥ n0,∫
X

|fn − f | dµ =

∫
{|fn−f |≤η}

|fn − f | dµ+

∫
{|fn−f |>η}

|fn − f | dµ

The first term is bounded by∫
{|fn−f |≤η}

|fn − f | dµ ≤ η µ(X) <
ε

3

by our choice of η.
Using the triangle inequality in the second term and, Let

An = { |fn − f | > η }

where µ(An) < δ. Then,∫
An

|fn − f | dµ ≤
∫
An

|fn| dµ+

∫
An

|f | dµ ≤ ε

6
+
ε

6
=
ε

3

this is by choice of δ.
Hence, combining everything, for n > n0,∫

X

|fn − f | dµ < ε

3
+
ε

3
=

2ε

3
< ε

Thus, ∫
X

|fn − f | dµ −→ 0
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and hence, ∫
X

fn dµ −→
∫
X

f dµ

Lemma 8 (Urysohn’s Lemma). Let (X, d) be a metric space. Let F0 and F1 be two
disjoint closed subsets of X. Then there exists a continuous function Φ : X → [0, 1]
such that Φ|F0 = 0 and Φ|F1 = 1.

Proof. Consider the sets F0 and F1 which are closed and disjoint. If F0 = ∅ we define
Φ ≡ 1, and if F1 = ∅ we define Φ ≡ 0.
So we assume that both F0 and F1 are non-empty.
For any non-empty subset Y ⊆ X and x ∈ X, define

d(x, Y ) = inf
y∈Y

d(x, y)

As the distance is Lipschitz in x, the function x 7→ d(x, Y ) is continuous. Further, if
Y is closed then

d(x, Y ) =

{
0, x ∈ Y,

> 0, x /∈ Y

Define

Φ(x) =
d(x, F0)

d(x, F0) + d(x, F1)

Since F0 and F1 are closed and disjoint, for every x ∈ X at least one of d(x, F0) and
d(x, F1) is strictly positive. Hence,

d(x, F0) + d(x, F1) > 0

so Φ is well-defined.
Since d(·, F0) and d(·, F1) are continuous and the denominator is positive, Φ is con-
tinuous.
This defines a continuous map Φ : X → [0, 1] with Φ|F0 = 0 and Φ|F1 = 1.

Theorem 31 (Tietze Extension Theorem). Let X be a metric space and F be a closed
set in X. Let f0 : F → R be continuous. Then there exists a continuous function
f : X → R such that f |F = f0.

Proof. There are two cases that arise.

• Case I: f0 is bounded.
Then ∃M > 0 such that |f0| ≤M .
Define two sets:

F+ =

{
x ∈ F : f0(x) ∈

[
M

3
,M

]}
,
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F− =

{
x ∈ F : f0(x) ∈

[
−M,−M

3

]}
.

Then F+ and F− are two closed and disjoint sets.
Thus, by the lemma (Lemma 8), there exists a continuous function Φ : X → [0, 1]
such that

Φ|F+ = 1 and Φ|F− = 0

Let

f1 =
2M

3
Φ− M

3

Then,

f1|F+ =
M

3
, f1|F− = −M

3
, |f1| ≤

M

3

Hence,

sup
x∈F

|f0(x)− f1(x)| ≤
2M

3

Applying the same construction to f0−f1 on F , we obtain a continuous function
f2 : X → R such that,

|f2| ≤
1

3

(
2M

3

)
and

sup
x∈F

|f0(x)− f1(x)− f2(x)| ≤
(
2

3

)2

M

Proceeding inductively, we obtain continuous functions fk : X → R such that

|fk| ≤
1

3

(
2

3

)k−1

M

and

sup
x∈F

∣∣∣∣∣f0(x)−
k∑
i=1

fi(x)

∣∣∣∣∣ ≤
(
2

3

)k
M

Since

|fk| ≤
1

3

(
2

3

)k−1

M

the Weierstrass M-test implies that the series,
∑∞

k=1 fk converges uniformly on
X. Define,

f =
∞∑
k=1

fk
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Since each fk is continuous and the series converges uniformly, f is continuous
on X. Also,

sup
x∈F

∣∣∣∣∣f0(x)−
k∑
i=1

fi(x)

∣∣∣∣∣ ≤
(
2

3

)k
M −→ 0

Hence
f |F = f0

• Case II: f0 is not necessarily bounded.

Let g0 = arctan(f0), then g0 : F → R is continuous and |g0| <
π

2
.

By Case I, there exists a continuous function g : X → R such that g|F = g0.
Let

F ′ =
{
x ∈ X : |g(x)| ≥ π

2

}
Then F ′ is closed and F ′ ∩ F = ∅, because on F we have, |g(x)| = |g0(x)| < π

2 .
Applying Lemma 8 again, there exists a continuous function ψ : X → [0, 1],
such that,

ψ|F = 1 and ψ|F ′ = 0

– If x ∈ F ′, then ψ(x) = 0, so g(x)ψ(x) = 0 < π
2 .

– If x /∈ F ′, then |g(x)| < π
2 and 0 ≤ ψ(x) ≤ 1, so, |g(x)ψ(x)| ≤ |g(x)| < π

2 .

Therefore,

|g(x)ψ(x)| < π

2
∀x ∈ X

Therefore, the function f = tan(gψ) is well-defined and continuous on X.
Finally, for x ∈ F , we have ψ(x) = 1 and g(x) = g0(x) = arctan(f0(x)).
Hence,

f(x) = tan(g(x)ψ(x)) = tan(g0(x)) = tan(arctan(f0(x))) = f0(x)

Therefore,
f |F = f0

Definition 34 (Completion of a Measure Space). Let (X,A, µ) be a measure space

and (X, Ã, µ̃) be its completion. Then, the σ-algebra Ã consists precisely of all sets
of the form E = A ∪B, where A ∈ A, B ⊆ N , with N ∈ A such that µ(N) = 0. For
any such set E, µ̃(E) = µ(A).

Theorem 32 (Approximation of Complete Measurable Functions). Let µ be any

measure on (X,A) and Let (X, Ã, µ̃) be its completion. Let f̃ : X → R be a function

that is Ã-measurable. Then there exists f : X → R that is A-measurable such that
f(x) = f̃(x) almost everywhere.
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Proof. We start using characteristic functions and eventually build up to general
measurable functions.
Let f̃ = 1E for some E ∈ Ã, so f̃ is Ã-measurable. Then E = A ∪ B, where A ∈ A,
B ⊆ N and N ∈ A with µ(N) = 0. Let f = 1A. As A ∈ A, f is A-measurable.
Moreover,

{x ∈ X : 1E ̸= 1A} ⊆ B ⊆ N

As µ̃(N) = 0. Thus f = f̃ a.e.

Hence, for 1E which is Ã-measurable, there exists 1A, which is A-measurable, such
that f = f̃ a.e.
Now consider simple functions. Let

f̃ =
n∑
k=1

ck1Ek

where for k = 1, 2, . . . , n, Ek = Ak ∪ Bk with Ek ∈ Ã, Ak ∈ A, Bk ⊆ Nk and Nk a
null set with µ(Nk) = 0.

Then for each 1Ek
we obtain 1Ak

by the previous step, and for f̃ the A-measurable
function we get,

f =
n∑
k=1

ck1Ak

which is A-measurable and,

{x ∈ X : f̃(x) ̸= f(x)} ⊆
n⋃
k=1

Bk ⊆
n⋃
k=1

Nk

As µ̃(Nk) = 0. So, µ̃

(
n⋃
k=1

Nk

)
= 0. Thus f = f̃ a.e.

Now, Let f̃ be any non-negative Ã-measurable function. Then f̃ is the pointwise limit
of simple functions f̃n which are Ã-measurable. For each f̃n we find an A-measurable
function fn and a null set Nn such that

fn = f̃n on X \Nn

Let N =
∞⋃
n=1

Nn. Then µ̃(N) = 0. Thus, on the set X \N ,

f = lim
n→∞

fn

and on the set N , we define f ≡ 0.
Then f is A-measurable and f = f̃ a.e.
Finally, Let f̃ be an arbitrary real-valued Ã-measurable function. Then we can write,

f̃ = f̃+ − f̃−
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By the previous step there exist A-measurable functions f+ and f− such that,

f+ = f̃+ a.e. and f− = f̃− a.e.

Define,
f = f+ − f−

Then f is A-measurable and f = f̃ almost everywhere.

Theorem 33 (Approximation by Continuous Functions). Let X be a metric space,
B(X) be the Borel σ-algebra on X and µ be a finite regular Borel measure. Let
f : X → R be a measurable function. Then, ∀ε > 0, ∃ a continuous function
g : X → R, s.t.

µ
(
{x ∈ X : f(x) ̸= g(x)}

)
< ε

Proof. Let E ⊆ X be a Borel set. By regularity of the Borel measure, ∃ a closed set
F and an open set G such that

F ⊆ E ⊆ G, µ(G \ F ) < ε

Then F is closed and disjoint from Gc.
By Urysohn’s lemma (Lemma 8), ∃ a continuous function g such that g|F = 1 and
g|Gc = 0 and 0 ≤ g(x) ≤ 1 elsewhere.
Now for f = 1E. On F , 1E = 1 and g|F = 1, and on Gc, 1E = 0 and g|Gc = 0. And,

{x ∈ X : f(x) ̸= g(x)} ⊆ G \ F

and thus,
µ
(
{x ∈ X : f(x) ̸= g(x)}

)
≤ µ(G \ F ) < ε

Now consider the simple function

f =
n∑
k=1

ck1Ek

where for k = 1, 2, . . . , n. Then for each k, there exists a continuous function gk such
that

µ
(
{x ∈ X : gk(x) ̸= 1Ek

(x)}
)
<
ε

n
Let

g =
n∑
k=1

ckgk

Then,

{x ∈ X : f(x) ̸= g(x)} ⊆
n⋃
k=1

{x ∈ X : 1Ek
(x) ̸= gk(x)}
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and therefore,

µ
(
{x ∈ X : f(x) ̸= g(x)}

)
≤

n∑
k=1

ε

n
= ε

Now, Let f be any arbitrary real-valued measurable function. Then, there exists a
sequence of real-valued simple measurable functions {fn} such that,

f = lim
n→∞

fn

pointwise on X.
For each simple function fn there exists a continuous function gn such that

µ
(
{x ∈ X : fn(x) ̸= gn(x)}

)
<

ε

3 · 2n
Let

E1 =
∞⋃
n=1

{x ∈ X : fn(x) ̸= gn(x)}

Then the pointwise limit of gn exists and equals f on X \ E1, and µ(E1) <
ε

3
.

Applying Egorov’s theorem (Theorem 27), there exists E2 such that µ(E2) <
ε

3
,

where,
gn → f uniformly on (X \ E1) \ E2

Let g̃ : (X \E1) \E2 → R be the limit of gn. Then, g̃ is continuous on (X \E1) \E2.
By regularity of the Borel measure, there exists an open set U such that

E1 ∪ E2 ⊆ U and µ(U) < µ(E1 ∪ E2) +
ε

3

Let F = X \ U .
Then, F is closed and

F ⊆ X \ (E1 ∪ E2)

Moreover,

µ(X \ F ) = µ(U) < µ(E1 ∪ E2) +
ε

3
< ε

Since F ⊆ (X \E1) \E2, the restriction g̃|F is continuous on the closed set F . Then,
by the Tietze extension theorem (Theorem 31), there exists a continuous function
g : X → R extending g̃ on F . Since g extends g̃ on F , we have g = f on F . Hence,

{x ∈ X : f(x) ̸= g(x)} ⊆ X \ F

Therefore,
µ
(
{x ∈ X : f(x) ̸= g(x)}

)
≤ µ(X \ F ) < ε

Thus, there exists a continuous g : X → R such that

µ
(
{x ∈ X : f(x) ̸= g(x)}

)
< ε
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Theorem 34 (Density of Continuous Functions in L1). Let X be a metric space and

Let µ be a finite regular Borel measure on X. If f is integrable, i.e.

∫
X

|f | dµ < ∞,

then, for every ε > 0, there exists a continuous function g : X → R such that,∫
X

|f − g| dµ < ε.

Proof. Consider the truncations fM defined by

fM(x) =


M, f(x) ≥M,

f(x), |f(x)| ≤M,

−M, f(x) ≤ −M

Then |f − fM | → 0 pointwise as M → ∞, and 0 ≤ |f − fM | ≤ |f |.
By the Dominated Convergence Theorem (Theorem 29), since

∫
X

|f | dµ < ∞, we

have ∫
X

|f − fM | dµ→ 0

In particular, for any ε > 0 we can choose M large enough that∫
X

|f − fM | dµ < ε

4

By the Approximation by Continuous Functions Theorem (Theorem 33), there exists
a continuous function gM such that,

µ
(
{x ∈ X : fM(x) ̸= gM(x)}

)
<

ε

4M

Define the truncation of gM by

hM(x) =


M, gM(x) ≥M,

gM(x), |gM(x)| ≤M,

−M, gM(x) ≤ −M

Since truncation is a continuous operation, hM is continuous.
Moreover, if fM(x) = gM(x), then |fM(x)| ≤M , and therefore,

hM(x) = gM(x) = fM(x)

Hence,
{x ∈ X : fM(x) ̸= hM(x)} ⊆ {x ∈ X : fM(x) ̸= gM(x)}
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Also, |fM(x)| ≤M and |hM(x)| ≤M so, |fM(x)− hM(x)| ≤ 2M .
Therefore, ∫

X

|fM − hM | dµ =

∫
{fM ̸=hM}

|fM − hM | dµ

≤ 2M µ({fM ̸= hM})
≤ 2M µ({fM ̸= gM})

< 2M · ε

4M

=
ε

2
.

Let g = hM . Then∫
X

|f − g| dµ ≤
∫
X

|f − fM | dµ+

∫
X

|fM − g| dµ

<
ε

4
+
ε

2

=
3ε

4
< ε.

Thus there exists a continuous function g : X → R such that∫
X

|f − g| dµ < ε

Definition 35 (Product Space). Let (X,A, µ) and (Y,B, λ) be two finite measure
spaces. Then

X × Y = {(x, y) : x ∈ X, y ∈ Y }

is a product space.

Definition 36 (Measurable Rectangle). Let A ∈ A and B ∈ B. Then A× B is said
to be a measurable rectangle.

Definition 37 (Elementary Set). For some finite number of sets Ai ∈ A and Bi ∈ B,
a set of the form,

Q =
n⋃
i=1

(Ai ×Bi)

where the rectangles Ai ×Bi are pairwise disjoint, is called an elementary set.

Definition 38 (Least σ-Algebra). Ω = A⊗B = σ(P) is the least σ-algebra on X×Y
containing P = {A×B : A ∈ A, B ∈ B}.
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Theorem 35 (Semi-ring Existence). Let (X,A, µ) and (Y,B, λ) be two finite measure
spaces. Then, the collection of sets P = {A×B : A ∈ A, B ∈ B} is a semi-ring.

Proof. To prove that P is a semi-ring, we must verify three fundamental conditions:

• Since A and B are σ-algebra’s, then, ∅ ∈ A and ∅ ∈ B. By the definition of
the Cartesian product:

∅ = ∅×∅

Since ∅ ∈ A and ∅ ∈ B, it follows immediately that ∅ ∈ P .

• Let P1, P2 ∈ P . So, we can express these sets as P1 = A1×B1 and P2 = A2×B2,
where A1, A2 ∈ A and B1, B2 ∈ B. Computing their intersection yields:

P1 ∩ P2 = (A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ∩B2)

Because A and B are σ-algebra’s, they are both closed under finite intersections.
Therefore;

A1 ∩ A2 ∈ A
B1 ∩B2 ∈ B

Consequently, (A1∩A2)× (B1∩B2) ∈ P , proving P is closed under intersection.

• Let P1, P2 ∈ P . We consider the difference between two rectangles P1 \ P2.
Consider P1 = A1 × B1 and P2 = A2 × B2. We can write the difference using
the following identity:

(A1 ×B1) \ (A2 ×B2) = ((A1 \ A2)×B1) ∪ ((A1 ∩ A2)× (B1 \B2))

Since A and B are σ-algebras,

A1 \ A2 ∈ A, A1 ∩ A2 ∈ A, B1 \B2 ∈ B

Hence,
(A1 \ A2)×B1 ∈ P , (A1 ∩ A2)× (B1 \B2) ∈ P

Moreover, (
(A1 \ A2)×B1

)
∩
(
(A1 ∩ A2)× (B1 \B2)

)
=
(
(A1 \ A2) ∩ (A1 ∩ A2)

)
×
(
B1 ∩ (B1 \B2)

)
= ∅× (B1 \B2) = ∅

Therefore, P1 \ P2 is a finite union of pairwise disjoint sets from P .

Therefore, the collection of sets P = {A×B : A ∈ A, B ∈ B} is a semi-ring.
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Theorem 36 (Pre-measure on the Semi-ring). Let (X,A, µ) and (Y,B, λ) be two
finite measure spaces. Then, there is a pre-measure η0 on P such that η0(A × B) =
µ(A)× λ(B).

Proof. Let us define the Set Function η0 : P → [0,∞) by:

η0(A×B) = µ(A) · λ(B)

Since (X,A, µ) and (Y,B, λ) are finite measure spaces, the product µ(A) · λ(B) is a
well-defined non-negative real number.
To show that η0 is a pre-measure on the semiring P , we must show that η0(∅) = 0
and that it is countably additive on pairwise disjoint decompositions in P .

• The empty set ∅ in P can be written as ∅×∅. Using our definition:

η0(∅) = η0(∅×∅) = µ(∅) · λ(∅) = 0 · 0 = 0

• Let A × B =
∞⋃
i=1

(Ai × Bi) where the rectangles (Ai × Bi) are pairwise disjoint

members of P .
For each fixed x ∈ A, we have, B =

⋃
{i:x∈Ai}

Bi, because, if y ∈ B, then (x, y) ∈

A × B, so there exists some i such that (x, y) ∈ Ai × Bi. Hence x ∈ Ai and
y ∈ Bi.
Moreover, the family {Bi : x ∈ Ai} is pairwise disjoint because the rectangles
(Ai ×Bi) are pairwise disjoint.
Since λ is a measure,

λ(B) =
∑

{i:x∈Ai}

λ(Bi) =⇒ 1A(x)λ(B) =
∞∑
i=1

1Ai(x)λ(Bi)

Integrating over X with respect to µ, we obtain,

µ(A)λ(B) =

∫
X

1A(x)λ(B) dµ(x) =

∫
X

∞∑
i=1

1Ai(x)λ(Bi) dµ(x)

Since the summands are nonnegative, the Monotone Convergence Theorem
(Theorem 28) yields,

µ(A)λ(B) =
∞∑
i=1

∫
X

1Ai(x)λ(Bi) dµ(x) =
∞∑
i=1

µ(Ai)λ(Bi)

Therefore,

η0(A×B) =
∞∑
i=1

η0(Ai ×Bi)

73 Continued...



Swapnamoy Kader

Therefore, η0 is a pre-measure on the semi-ring P .

Theorem 37 (Existence of a Measure). Let (X,A, µ) and (Y,B, λ) be two finite
measure spaces and Ω is the least σ-algebra on X × Y . Then, there exists a unique
measure η on Ω extending η0.

Proof. By Theorem 35, the collection, P = {A×B : A ∈ A, B ∈ B} is a semi-ring.
By Theorem 36, the function η0(A×B) = µ(A)λ(B) defines a pre-measure on P .
Also, by Definition 38, Ω = σ(P).
Therefore, by Carathéodory Existence Theorem (Theorem 17), there exists a measure
η on Ω extending η0.
Since η0(X × Y ) = µ(X)λ(Y ) < ∞ the pre-measure η0 is finite. Hence, by the
Carathéodory Uniqueness Theorem (Theorem 20), this extension is unique.
Therefore, there exists a unique measure η on Ω extending η0.
In particular, for every A ∈ A and B ∈ B,

η(A×B) = η0(A×B) = µ(A)λ(B)

Definition 39 (Slices). Let (X,A, µ) and (Y,B, λ) be two finite measure spaces and
Let E ⊆ X × Y . For fixed x ∈ X; we define Ex = {y : (x, y) ∈ E} and similarly, for
fixed y ∈ Y , we define Ey = {x : (x, y) ∈ E}. These are called the x-slice and y-slice
respectively.

Theorem 38 (Tonelli for Sets: Vertical Sections). Let (X,A, µ) and (Y,B, λ) be two
finite measure spaces and Ω is the least σ-algebra on X × Y . For any set E ∈ Ω, we
have,

(i) ∀x ∈ X, we have Ex = {y ∈ Y : (x, y) ∈ E} ∈ B.

(ii) x 7→ λ(Ex) is A measurable.

(iii) η(E) =
∫
X λ(Ex)dµ(x)

Proof. We first check the Properties for rectangles in the semi-ring P . Let E =
A×B ∈ P where A ∈ A and B ∈ B.

(i) For a fixed x, the section Ex = {y ∈ Y : (x, y) ∈ A×B}.
If x ∈ A, then Ex = B ∈ B.
If x /∈ A, then Ex = ∅ ∈ B.
So, Ex is always in B.
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(ii) The function x 7→ λ(Ex) can be written as:

λ(Ex) =

{
λ(B) if x ∈ A

0 if x /∈ A
= λ(B) · 1A(x)

Since 1A(x) is a measurable function (because A ∈ A), the whole function is
measurable.

(iii) By definition η(E) = η(A×B) = µ(A)λ(B). And,∫
X

λ(Ex) dµ(x) =

∫
X

λ(B)1A(x) dµ(x) = λ(B)

∫
X

1A(x) dµ(x) = λ(B)µ(A)

Thus, η(E) =
∫
X λ(Ex)dµ(x)

Now Let {Ei} be a disjoint collection of sets in P . Let E =
n⋃
i=1

Ei where Ei ∩Ej = ∅

for i ̸= j, and each Ei satisfies properties (i), (ii), and (iii). Then,

(i) As, the section of a union is the union of the sections:

Ex = {y ∈ Y : (x, y) ∈
n⋃
i=1

Ei} =
n⋃
i=1

(Ei)x

Since each Ei satisfies property (i), we know each (Ei)x ∈ B. Because B is a
σ-algebra, it is closed under finite unions. Therefore:

Ex ∈ B

(ii) Because the sets Ei are disjoint, their sections (Ei)x are also disjoint for any
fixed x. The measure of a disjoint union is the sum of the measures:

λ(Ex) = λ

(
n⋃
i=1

(Ei)x

)
=

n∑
i=1

λ((Ei)x)

Each function fi(x) = λ((Ei)x) is measurable by property (ii)) of Ei. The sum
of a finite number of measurable functions is also a measurable function. Thus:

x 7→ λ(Ex) is measurable.

(iii) By additivity of the measure η:

η(E) = η

(
n⋃
i=1

Ei

)
=

n∑
i=1

η(Ei)
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Since each Ei satisfies property (iii), we can replace η(Ei) with its integral:

n∑
i=1

η(Ei) =
n∑
i=1

∫
X

λ((Ei)x) dµ(x)

By the linearity of the integral:

n∑
i=1

∫
X

λ((Ei)x) dµ(x) =

∫
X

(
n∑
i=1

λ((Ei)x)

)
dµ(x)

Substituting our result from Property (ii), which is
∑

λ((Ei)x) = λ(Ex):

η(E) =

∫
X

λ(Ex) dµ(x)

Thus, if the properties hold for individual disjoint sets, they hold for their finite union.
By the Ring Generated by a Semi-ring Theorem (Theorem 18), every element of the
ring R generated by P can be written as a finite disjoint union of elements of P .
Since we have shown that properties (i), (ii), and (iii) hold for elements of P and
are preserved under finite disjoint unions, it follows that every element of R satisfies
properties (i), (ii), and (iii).
Now, Let M be the collection of all defined as,

M = {E ∈ Ω : properties (i), (ii), and (iii) hold}

• Case I: Let E1 ⊆ E2 ⊆ . . . be sets in M, and Let E =
⋃

En.

(i) Since Ex =
⋃

(En)x and as each (En)x ∈ B and B is a σ-algebra, so,

Ex ∈ B.

(ii) By continuity of measure,

λ(Ex) = λ(
⋃

(En)x) = lim
n→∞

λ((En)x)

Since each function x 7→ λ((En)x) is A-measurable and measurable func-
tions are closed under pointwise limits, it follows that, x 7→ λ(Ex) is A-
measurable.

(iii) By the Monotone Convergence Theorem (Theorem 28):∫
X

λ(Ex) dµ =

∫
X

limλ((En)x) dµ

= lim

∫
X

λ((En)x) dµ

= lim η(En)

= η(E)
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• Case II: Let E1 ⊇ E2 ⊇ . . . be a sequence of sets in M, and Let E =
∞⋂
n=1

En.

Since the measure spaces are finite, so, µ(X) <∞ and λ(Y ) <∞.

(i) For any fixed x ∈ X,

Ex =

( ∞⋂
n=1

En

)
x

=
∞⋂
n=1

(En)x

Since each En ∈ M, we know (En)x ∈ B for all n. Because B is a σ-algebra,
it is closed under countable intersections. Therefore, Ex ∈ B.

(ii) Define fn(x) = λ((En)x). Since En ∈ M, each fn is an A-measurable
function. Because En is a decreasing sequence of sets, the sections (En)x
are also decreasing for every x. Since λ(Y ) <∞, we can use the continuity
of measure for decreasing sequences:

λ(Ex) = λ

( ∞⋂
n=1

(En)x

)
= lim

n→∞
λ((En)x) = lim

n→∞
fn(x)

The pointwise limit of a sequence of measurable functions is measurable.
Therefore, x 7→ λ(Ex) is A-measurable.

(iii) As, (X × Y,Ω, η) is a finite measure space, the continuity of the product
measure gives us:

η(E) = lim
n→∞

η(En)

Since En ∈ M, we can replace η(En) with its integral form:

η(E) = lim
n→∞

∫
X

λ((En)x) dµ(x)

Let gn(x) = λ((En)x). We know gn(x) ≤ λ(Y ) for all n and all x.
Since the space is finite, the constant function λ(Y ) is integrable. By Dom-
inated Convergence Theorem (Theorem 29),

η(E) =

∫
X

lim
n→∞

λ((En)x) dµ(x) =

∫
X

λ(Ex) dµ(x)

Therefore, M is a monotone class.
Since every element of R satisfies properties (i), (ii), and (iii), we have,

R ⊆ M

Hence, by the Monotone Class Theorem (Theorem 19),

σ(R) ⊆ M
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Since R is the ring generated by P , we have,

σ(R) = σ(P) = Ω

Therefore,
Ω ⊆ M

But, by definition, M ⊆ Ω.
Hence,

M = Ω

Therefore, every set E ∈ Ω satisfies properties (i), (ii), and (iii).

Theorem 39 (Tonelli for Sets: Horizontal Sections). Let (X,A, µ) and (Y,B, λ) be
two finite measure spaces and Ω is the least σ-algebra on X × Y . For any set E ∈ Ω,
we have,

(i) ∀y ∈ Y , we have Ey = {x ∈ X : (x, y) ∈ E} ∈ A.

(ii) y 7→ µ(Ey) is B measurable.

(iii) η(E) =
∫
Y µ(Ey)dλ(y)

Theorem 40 (Tonelli’s Theorem: Vertical Sections). Let f : X × Y → [0,∞] be Ω
measurable. Then,

(i) ∀x ∈ X, we have f(x, ·) : Y → [0,∞] is B measurable.

(ii) The function x 7→
∫
Y f(x, y)dλ(y) is A measurable.

(iii)

∫
X×Y

f dη =

∫
X

(∫
Y

f(x, y) dλ(y)

)
dµ(x)

Proof. Let f = 1E be the characteristic function of a set E ∈ Ω.

(i) For a fixed x, we have
f(x, y) = 1Ex(y)

Since Ex ∈ B by Theorem 38, the function f(x, ·) is B-measurable.

(ii) For each x ∈ X, ∫
Y

f(x, y) dλ(y) =

∫
Y

1Ex(y) dλ(y) = λ(Ex)

By Theorem 38, the function x 7→ λ(Ex) is A-measurable.

Hence, x 7→
∫
Y

f(x, y) dλ(y) is A-measurable.
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(iii) Since ∫
X×Y

1E dη = η(E)

and ∫
X

(∫
Y

1Ex(y) dλ(y)

)
dµ(x) =

∫
X

λ(Ex) dµ(x)

Theorem 38 gives,∫
X×Y

1E dη =

∫
X

(∫
Y

1Ex(y) dλ(y)

)
dµ(x)

Therefore, ∫
X×Y

f dη =

∫
X

(∫
Y

f(x, y) dλ(y)

)
dµ(x)

Now Let f be a non-negative simple function on X × Y . Then, we can write

f(x, y) =
n∑
i=1

ci1Ei(x, y), ci ≥ 0

where Ei ∈ Ω are pairwise disjoint.
Since properties (i), (ii), and (iii) hold for each indicator function 1Ei, they also hold
for f by linearity of the integral.
This is because:

(i) Since

f(x, ·) =
n∑
i=1

ci1(Ei)x

so f(x, ·) is B-measurable for every x ∈ X.

(ii) Moreover, ∫
Y

f(x, y) dλ(y) =
n∑
i=1

ciλ((Ei)x)

which is A-measurable as a finite sum of A-measurable functions.

(iii) Finally, ∫
X×Y

f dη =
n∑
i=1

ciη(Ei)

=
n∑
i=1

ci

∫
X

λ((Ei)x) dµ(x)
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=

∫
X

n∑
i=1

ciλ((Ei)x) dµ(x)

=

∫
X

(∫
Y

f(x, y) dλ(y)

)
dµ(x).

Now Let f : X×Y → [0,∞] be any Ω-measurable function. There exists an increasing
sequence of non-negative simple functions {fn} such that fn ↑ f pointwise.

(i) For a fixed x ∈ X, we have
fn(x, ·) ↑ f(x, ·)

Since each fn(x, ·) is B-measurable and limits of measurable functions are mea-
surable, f(x, ·) is B-measurable.

(ii) For each x ∈ X, the Monotone Convergence Theorem (Theorem 28) with respect
to λ gives

lim
n→∞

∫
Y

fn(x, y) dλ(y) =

∫
Y

f(x, y) dλ(y)

Since each function

x 7→
∫
Y

fn(x, y) dλ(y)

is A-measurable, their pointwise limit

x 7→
∫
Y

f(x, y) dλ(y)

is also A-measurable.

(iii) Applying the Monotone Convergence Theorem (Theorem 28) with respect to η,∫
X×Y

f dη = lim
n→∞

∫
X×Y

fn dη

Since the formula has already been proved for simple functions,∫
X×Y

fn dη =

∫
X

(∫
Y

fn(x, y) dλ(y)

)
dµ(x)

Applying the Monotone Convergence Theorem (Theorem 28) again with respect
to µ, ∫

X×Y
f dη = lim

n→∞

∫
X

(∫
Y

fn(x, y) dλ(y)

)
dµ(x)

=

∫
X

lim
n→∞

(∫
Y

fn(x, y) dλ(y)

)
dµ(x)

=

∫
X

(∫
Y

f(x, y) dλ(y)

)
dµ(x)
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Therefore properties (i), (ii), and (iii) hold for every non-negative Ω-measurable func-
tion f .

Theorem 41 (Tonelli’s Theorem: Horizontal Sections). Let f : X × Y → [0,∞] be
Ω measurable. Then,

(i) ∀y ∈ Y , we have f(·, y) : X → [0,∞] is A measurable.

(ii) The function y 7→
∫
X f(x, y)dµ(x) is B measurable.

(iii)

∫
X×Y

f dη =

∫
Y

(∫
X

f(x, y) dµ(x)

)
dλ(y)

Theorem 42 (Fubini’s Theorem: Vertical Sections). Let (X,A, µ) and (Y,B, λ) be
finite measure spaces. If f : X×Y → R is Ω-measurable and

∫
X×Y |f | dη <∞, then:

(i) For almost every x ∈ X, the section f(x, ·) is λ-integrable (meaning it is B-
measurable and its integral is finite).

(ii) The function x 7→
∫
Y f(x, y) dλ(y) is defined for almost every x ∈ X, and it is

A-measurable.

(iii) The iterated integral exists and equals the integral over the product space:∫
X×Y

f dη =

∫
X

(∫
Y

f(x, y) dλ(y)

)
dµ(x)

Proof. We define the positive and negative parts of f by:

f+(x, y) = max{f(x, y), 0}, f−(x, y) = max{−f(x, y), 0}

Then
f = f+ − f−, |f | = f+ + f−

Since ∫
X×Y

|f | dη <∞

it follows that, ∫
X×Y

f+ dη <∞,

∫
X×Y

f− dη <∞

(i) Since |f | is a non-negative Ω-measurable function, Tonelli’s theorem (Theorem
40) gives, ∫

X×Y
|f | dη =

∫
X

(∫
Y

|f(x, y)| dλ(y)
)
dµ(x)
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The left-hand side is finite by assumption. Therefore,∫
Y

|f(x, y)| dλ(y) <∞

for µ-almost every x ∈ X; otherwise the outer integral would be infinite. By
Theorem 40(i), the section f(x, ·) is B-measurable for every x. Hence f(x, ·) is
λ-integrable for µ-almost every x.

(ii) Applying Theorem 40(ii) to f+ and f−, the functions

x 7→
∫
Y

f+(x, y) dλ(y)

and

x 7→
∫
Y

f−(x, y) dλ(y)

are A-measurable.
By part (i), both integrals are finite for µ-almost every x. Hence,

x 7→
∫
Y

f(x, y) dλ(y) =

∫
Y

f+(x, y) dλ(y)−
∫
Y

f−(x, y) dλ(y)

is defined for µ-almost every x and is A-measurable.

(iii) Applying Tonelli’s theorem (Theorem 40) to f+ and f− gives,∫
X×Y

f+ dη =

∫
X

(∫
Y

f+(x, y) dλ(y)

)
dµ(x)

and ∫
X×Y

f− dη =

∫
X

(∫
Y

f−(x, y) dλ(y)

)
dµ(x)

Since all four integrals are finite, we may subtract the two equalities. Using
linearity of the integral,∫

X×Y
f dη =

∫
X×Y

(f+ − f−) dη

=

∫
X

(∫
Y

f+(x, y) dλ(y)−
∫
Y

f−(x, y) dλ(y)

)
dµ(x)

=

∫
X

(∫
Y

f(x, y) dλ(y)

)
dµ(x)

Therefore properties (i), (ii), and (iii) hold.
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Theorem 43 (Fubini’s Theorem: Horizontal Sections). Let (X,A, µ) and (Y,B, λ)
be finite measure spaces. If f : X × Y → R is Ω-measurable and

∫
X×Y |f | dη < ∞,

then:

(i) For almost every y ∈ Y , the section f(·, y) is µ-integrable (meaning it is A-
measurable and its integral is finite).

(ii) The function y 7→
∫
X f(x, y) dµ(x) is defined for almost every y ∈ Y , and it is

B-measurable.

(iii) The iterated integral exists and equals the integral over the product space:∫
X×Y

f dη =

∫
Y

(∫
X

f(x, y) dµ(x)

)
dλ(y)

Remark 4 (Completion of Product Measures). Let (X,A, µ) and (Y,B, λ) be finite
measure spaces. If µ and λ denote the completions of µ and λ, then the completion
of the product measure µ× λ is closely related to the product measure µ× λ.
(A complete treatment requires a more careful analysis of null sets in product spaces
and is beyond the scope of these notes.)

Definition 40 (Signed Measure). Let X be a set with σ-algebra A. A function ν :
A → R is called a signed measure on (X,A) if ν(∅) = 0 and whenever {Ej}∞j=1 ⊆ A
are pairwise disjoint, we have,

ν

( ∞⋃
j=1

Ej

)
=

∞∑
j=1

ν(Ej)

Note*: In some texts, signed measures are allowed to take the values ±∞ (but not
both). In these notes we restrict ourselves to finite signed measures, i.e. measures
taking values only in R.

Theorem 44 (Boundedness of the Range of Signed Measures). Let X be a set with
σ-algebra A and Let ν : A → R be a signed measure. Let S = {ν(E) : E ∈ A}. Then,
S is bounded.

Proof. Assume that S is unbounded. For A ∈ A, define,

SA = {ν(E) : E ∈ A, E ⊆ A}

Since S = SX is unbounded, we start with A0 = X.
We now construct pairwise disjoint sets {Bn}∞n=1 such that, |ν(Bn)| > 1, for every n.
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Assume An−1 ∈ A has the property that SAn−1 is unbounded. Then there exists a
measurable set Cn ⊆ An−1, such that,

|ν(Cn)| > |ν(An−1)|+ 1

Now split
An−1 = Cn ∪ (An−1 \ Cn)

where the union is disjoint. Since

ν(An−1) = ν(Cn) + ν(An−1 \ Cn)

we have,

|ν(An−1 \ Cn)| = |ν(An−1)− ν(Cn)| ≥ |ν(Cn)| − |ν(An−1)| > 1

At least one of the two collections SCn or SAn−1\Cn
is unbounded. Otherwise, their

union would imply that SAn−1 is bounded, since every measurable subset of An−1 can
be written as the disjoint union of a subset of Cn and a subset of An−1 \ Cn.

• If SCn is unbounded, set

An = Cn, Bn = An−1 \ Cn

• If SAn−1\Cn
is unbounded, set

An = An−1 \ Cn, Bn = Cn

In either case, SAn is unbounded and |ν(Bn)| > 1.
Since An ⊆ An−1 and Bn ⊆ An−1 \ An, the sets Bn are pairwise disjoint.

Let E =
∞⋃
n=1

Bn.

By countable additivity, ν(E) =
∞∑
n=1

ν(Bn).

Since ν(E) ∈ R, the series,
∞∑
n=1

ν(Bn) converges. Hence, ν(Bn) → 0.

This contradicts |ν(Bn)| > 1, for every n.
Therefore S is bounded.

Theorem 45 (Continuity of Signed Measures). Signed measures are continuous, i.e.,
if ν : A → R is a signed measure, then,
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(i) If E1 ⊆ E2 ⊆ · · · and E =
∞⋃
j=1

Ej, then, ν(En) → ν(E).

(ii) If E1 ⊇ E2 ⊇ · · · and E =
∞⋂
j=1

Ej, then, ν(En) → ν(E).

Proof. We consider 2 cases:

• Case I: Let E1 ⊆ E2 ⊆ · · · and E =
∞⋃
j=1

Ej, where Ej ∈ A and E ∈ A. Then,

E = E1 ∪ (E2 \ E1) ∪ (E3 \ E2) ∪ · · ·

and for each n,

En = E1 ∪ (E2 \ E1) ∪ · · · ∪ (En \ En−1)

Hence, using additivity of the signed measure ν on the disjoint union,

ν(E) = ν(E1) +
∞∑
j=1

ν
(
Ej+1 \ Ej

)
and for each n,

ν(En) = ν(E1) +
n−1∑
j=1

ν
(
Ej+1 \ Ej

)
By definition the infinite series

∞∑
j=1

ν
(
Ej+1 \ Ej

)
must converge, so

lim
n→∞

n−1∑
j=1

ν
(
Ej+1 \ Ej

)
=

∞∑
j=1

ν
(
Ej+1 \ Ej

)
Therefore,

lim
n→∞

ν(En) = lim
n→∞

[
ν(E1) +

n−1∑
j=1

ν
(
Ej+1 \ Ej

)]
= ν(E1) +

∞∑
j=1

ν
(
Ej+1 \ Ej

)
= ν(E)

Thus ν(En) → ν(E) as n→ ∞.
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• Case II: Let E1 ⊇ E2 ⊇ E3 ⊇ · · · and E =
∞⋂
j=1

Ej, where Ej ∈ A and E ∈ A.

Then,

E1 =
( ∞⋂
j=1

Ej

)
∪ (E1 \ E2) ∪ (E2 \ E3) ∪ · · · = E ∪ (E1 \ E2) ∪ (E2 \ E3) ∪ · · ·

and for each n,

E1 = (E1 \ E2) ∪ (E2 \ E3) ∪ · · · ∪ (En−1 \ En) ∪ En

Thus, using additivity of the signed measure ν on the disjoint union,

ν(E1) = ν(E) +
∞∑
j=1

ν
(
Ej \ Ej+1

)
and for each n,

ν(E1) = ν(En) +
n−1∑
j=1

ν
(
Ej \ Ej+1

)
By definition the infinite series

∞∑
j=1

ν(Ej \ Ej+1) must converge, so,

lim
n→∞

n−1∑
j=1

ν
(
Ej \ Ej+1

)
=

∞∑
j=1

ν
(
Ej \ Ej+1

)
Hence,

ν(E1) = lim
n→∞

[
ν(En) +

n−1∑
j=1

ν
(
Ej \ Ej+1

)]
= lim

n→∞
ν(En) +

∞∑
j=1

ν
(
Ej \ Ej+1

)

Comparing with ν(E1) = ν(E) +
∞∑
j=1

ν(Ej \ Ej+1) we conclude,

lim
n→∞

ν(En) = ν(E)

Therefore, in both cases, lim
n→∞

ν(En) = ν(E).

Therefore, signed measures are continuous.

Theorem 46 (Existence of Maximal Positive Subsets). Let X be a set with σ-algebra
A and a signed measure ν. Let E ∈ A. Then there exists, E+ ⊆ E, E+ ∈ A, such
that,
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s = ν(E+) = sup{ν(E′) : E ′ ∈ A, E ′ ⊆ E} <∞

Proof. Choose a sequence of epsilons {εj}∞j=1 with εj ↓ 0 and
∞∑
j=1

εj <∞.

For each corresponding index k choose Ek ⊆ E, Ek ∈ A, such that,

ν(Ek) ≥ s− εk

Thus, we have a sequence of subsets of E, {Ek}∞k=1, with,

ν(Ek) ≥ s− εk, for all k = 1, 2, . . .

Consider any two sets Ek and Eℓ, and Let

A := Ek \ Eℓ, B := Ek ∩ Eℓ, C := Eℓ \ Ek

Then, A,B,C,A ∪B,A ∪ C,B ∪ C,A ∪B ∪ C ⊆ E. Therefore,

ν(A), ν(B), ν(C) ≤ s (1)

ν(A) + ν(B) + ν(C) ≤ s (2)

ν(A) + ν(B) ≥ s− εk (3)

ν(B) + ν(C) ≥ s− εℓ (4)

From equation (2) and equation (3), ν(C) ≤ εk.
From equation (2) and equation (4), ν(A) ≤ εℓ.
From equation (1) and equation (3), ν(A) ≥ s− εk − ν(B) ≥ −εk.
From equation (1) and equation (4), ν(C) ≥ −εℓ.
Therefore, the measures ν(A) and ν(C) can’t be large positive or large negative.
Thus, we have,

−εk ≤ ν(A) ≤ εℓ and − εℓ ≤ ν(C) ≤ εk

Then,
ν(B) = ν(A) + ν(B)− ν(A) ≥ s− εk − εℓ

Thus, for any k and ℓ, if Ek, Eℓ ⊆ E with ν(Ek) ≥ s− εk and ν(Eℓ) ≥ s− εℓ, then,

ν(Ek ∩ Eℓ) ≥ s− εk − εℓ

Thus, more generally, if P,Q ⊆ E are measurable sets with ν(P ) ≥ s − α and
ν(Q) ≥ s− β, then,

ν(P ∩Q) ≥ s− α− β

Now, consider the sets E1, E1 ∩ E2, E1 ∩ E2 ∩ E3, . . .. Then, by induction,

ν(E1) ≥ s− ε1,
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ν(E1 ∩ E2) ≥ s− ε1 − ε2,

ν(E1 ∩ E2 ∩ E3) ≥ s− ε1 − ε2 − ε3

Now as the sequence goes down then, let

E(1) =
∞⋂
j=1

Ej =⇒ ν
(
E(1)

)
≥ s−

( ∞∑
j=1

εj

)
Similarly, let

E(2) =
∞⋂
j=2

Ej =⇒ ν
(
E(2)

)
≥ s−

( ∞∑
j=2

εj

)
Similarly, if

E(n) =
∞⋂
j=n

Ej =⇒ ν
(
E(n)

)
≥ s−

( ∞∑
j=n

εj

)
Then,

E(1) ⊆ E(2) ⊆ E(3) ⊆ · · · ⊆ E(n) ⊆ · · ·

and Let

E+ =
∞⋃
m=1

E(m) ⊆ E

Then,
ν(E+) ≤ s

And,

ν(E+) = lim
m→∞

ν
(
E(m)

)
≥ lim

m→∞

(
s−

∞∑
j=m

εj

)
= s

Since the tail sums
∞∑
j=m

εj −→ 0 as m −→ ∞.

Therefore,
s ≤ ν(E+) ≤ s

Therefore, we have found E+ ⊆ E such that ν(E+) = s.

Lemma 9 (Maximal Subset is Positive). Let E+ be as in Theorem 46. Then E+ is
a positive set, i.e., ν(A) ≥ 0, for every A ∈ A with A ⊆ E+.

Proof. Let A ∈ A with A ⊆ E+. Suppose, for contradiction, that ν(A) < 0.
Since A ⊆ E+, we can write,

E+ = A ∪ (E+ \ A)
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where the union is disjoint. Hence,

ν(E+) = ν(A) + ν(E+ \ A)

Therefore,
ν(E+ \ A) = ν(E+)− ν(A) > ν(E+) = s

But, E+ \ A ⊆ E and E+ \ A ∈ A, which contradicts the definition of

s = sup{ν(E′) : E ′ ∈ A, E ′ ⊆ E}

Thus, no such A exists, and therefore, ν(A) ≥ 0, for every measurable A ⊆ E+.

Theorem 47 (Hahn-Jordan Decomposition). Let (X,A) be a measurable space and
ν be a signed measure on this space. Then there exist two sets X+ and X− in A, and
two unique positive measures ν+ and ν− such that;

(i) X = X+ ∪X−;

(ii) X+ ∩X− = ∅;

(iii) for every E ⊆ X+ with E ∈ A, ν(E) ≥ 0;

(iv) for every E ⊆ X− with E ∈ A, ν(E) ≤ 0;

(v) ν = ν+ − ν−;

(vi) ν+(X−) = ν−(X+) = 0.

Proof. Let
s = sup{ν(E) : E ∈ A, E ⊆ X}

Then, by Theorem 46, there exists X+ ∈ A such that ν(X+) = s.
Define X− = X \X+. For any E ∈ A with E ⊆ X−, suppose that, ν(E) > 0.
Since E ∩X+ = ∅, we have,

ν(X+ ∪ E) = ν(X+) + ν(E) > s

which contradicts the definition of

s = sup{ν(F ) : F ∈ A, F ⊆ X}

Therefore,
ν(E) ≤ 0 for every measurable E ⊆ X−

Also, by Lemma 9,

ν(E) ≥ 0 for every measurable E ⊆ X+
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Now if ν is a signed measure then ∀A ∈ A, νA(E) = ν(A ∩ E) is a signed measure.
Thus, define

ν+(E) = ν(E ∩X+) and ν−(E) = −ν(E ∩X−)

Since X+ is a positive set and X− is a negative set, both ν+ and ν− are non-negative
set functions. Moreover, Since E 7→ ν(E ∩ A) is a signed measure whenever ν is a
signed measure, both ν+ and ν− are measures.
Also,

ν(E) = ν(E ∩X+) + ν(E ∩X−)

= ν+(E)− ν−(E)

Therefore, X = X+∪X− andX+∩X− = ∅, X+, X− ∈ A and, ν+(X−) = ν−(X+) = 0.

To prove uniqueness, suppose

ν = ν+ − ν− = ν ′+ − ν ′−

are two decompositions satisfying

ν+(X−) = ν−(X+) = 0

and
ν ′+(X

′
−) = ν ′−(X

′
+) = 0

Let E ∈ A. Since

ν(E ∩X+) = ν+(E ∩X+)− ν−(E ∩X+) = ν+(E ∩X+)

and
ν+(E ∩X+) = ν+(E)

we obtain,
ν+(E) = ν(E ∩X+)

Similarly,
ν ′+(E) = ν

(
E ∩X ′

+

)
Now,

E ∩X+ =
(
E ∩X+ ∩X ′

+

)
∪
(
E ∩X+ ∩X ′

−
)

Since X+ ∩X ′
− is both a positive set and a negative set, every measurable subset of

it has measure 0. Indeed, if A ⊆ X+ ∩ X ′
− is measurable, then ν(A) ≥ 0 because

A ⊆ X+ and ν(A) ≤ 0 because A ⊆ X ′
−, hence ν(A) = 0.

Hence,
ν
(
E ∩X+ ∩X ′

−
)
= 0
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Therefore,
ν+(E) = ν

(
E ∩X+ ∩X ′

+

)
By symmetry,

ν ′+(E) = ν
(
E ∩X+ ∩X ′

+

)
Thus,

ν+(E) = ν ′+(E) ∀E ∈ A

Similarly,
ν−(E) = ν ′−(E) ∀E ∈ A

Hence the decomposition ν = ν+ − ν− is unique.

Theorem 48 (Lebesgue Decomposition Theorem). Let µ and η be two finite measures
on (X,A). Then there exist a nonnegative measurable function f and a nonnegative
measure ηs and a set Xs ∈ A such that

(i) η = f µ+ ηs,

(ii) µ(Xs) = 0 and ηs(X
c
s) = 0.

The measure ηs is called the singular part of η with respect to µ, and ηa := fµ is
called the absolutely continuous part and the measures ηa and ηs are unique.

Proof. Existence: Let f ≥ 0 be a measurable function. We say f is admissible if

∀E ∈ A,
∫
E

f dµ ≤ η(E)

The existence of such a function is guaranteed since the zero function is admissible.
Let f1 and f2 be two admissible functions and set

f = max{f1, f2}

Then, ∀E ∈ A, by splitting E into the two measurable pieces E ∩ {f1 ≥ f2} and
E ∩ {f1 < f2}, we get,∫

E

f dµ =

∫
E∩{f1≥f2}

f dµ+

∫
E∩{f1<f2}

f dµ

=

∫
E∩{f1≥f2}

f1 dµ+

∫
E∩{f1<f2}

f2 dµ

Using admissibility of f1 and f2 we get∫
E

f dµ ≤ η
(
E ∩ {f1 ≥ f2}

)
+ η
(
E ∩ {f1 < f2}

)
= η(E)
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Hence f = max{f1, f2} is admissible.
Therefore finite maxima of admissible functions are admissible.
Let {fj} be an increasing sequence of admissible functions. Let

f = sup
j≥1

fj = lim
j→∞

fj

Since we can replace any sequence with its partial maxima (gn), we may assume
without loss of generality that {fj} is an increasing sequence. Thus, for every E ∈ A,
using Monotone Convergence Theorem (Theorem 28)∫

E

f dµ =

∫
E

(
lim
j→∞

fj
)
dµ = lim

j→∞

∫
E

fj dµ ≤ lim
j→∞

η(E) ≤ η(E)

Therefore f = lim
j→∞

fj is admissible.

Consider a sequence of admissible functions {fk}. Let

s = sup
{∫

X

f̃ dµ : f̃ is admissible
}

Choose {fk} such that

∫
X

fk dµ −→ s as k −→ ∞. For each n define,

gn = max{f1, f2, . . . , fn}

Since each fi is admissible and the maximum of admissible functions is admissible,
each gn is admissible. Moreover, for every i = 1, 2, . . . , n,∫

X

gn dµ ≥
∫
X

fi dµ

Also, gn is an increasing sequence of admissible functions. Let f = lim
n→∞

gn.

By the previous argument, f is admissible. Hence,∫
X

f dµ ≤ s

On the other hand, since gn ≥ fn, we have,∫
X

f dµ ≥
∫
X

gn dµ ≥
∫
X

fn dµ

Taking n→ ∞, we obtain, ∫
X

f dµ ≥ s

Therefore,

s ≤
∫
X

f dµ ≤ s
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and hence, ∫
X

f dµ = s

Now, take ε > 0 and define fε := f + ε. Also, define,

ηε := η − fε µ

This defines a finite signed measure. Then, by the Hahn-Jordan Decomposition the-
orem (Theorem 47),

ηε = η+ε − η−ε

and
X = X+

ε ∪X−
ε , X+

ε ∩X−
ε = ∅, with η±ε (X

∓
ε ) = 0

We claim that µ(X+
ε ) = 0.

Assume not. So, consider,
gε := f + ε1X+

ε

Then, for any measurable subset A ⊆ X+
ε , gε = fε on A, and for any measurable

subset B ⊆ X−
ε , gε = f on B. Then, ∀E ∈ A,∫

E

gε dµ =

∫
E∩X+

ε

gε dµ+

∫
E∩X−

ε

gε dµ =

∫
E∩X+

ε

fε dµ+

∫
E∩X−

ε

f dµ

Now, ηε := η − fε µ = η+ε − η−ε , and as E ∩ X+
ε ⊆ X+

ε , we have η−ε (E ∩ X+
ε ) = 0.

Thus,
η(E ∩X+

ε )− (fε µ)(E ∩X+
ε ) = η+ε (E ∩X+

ε ) ≥ 0

Hence,

(fε µ)(E ∩X+
ε ) ≤ η(E ∩X+

ε ) =⇒
∫
E∩X+

ε

fε dµ ≤ η(E ∩X+
ε )

And, by admissibility of f , we have,∫
E∩X−

ε

f dµ ≤ η(E ∩X−
ε )

Therefore, ∫
E

gε dµ ≤ η(E ∩X+
ε ) + η(E ∩X−

ε ) = η(E)

Thus, gε is admissible. Therefore, by the maximality of f ,∫
X

gε dµ ≤
∫
X

f dµ

But, ∫
X

gε dµ =

∫
X

f dµ+ ε µ(X+
ε )
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Hence, ∫
X

f dµ+ ε µ(X+
ε ) ≤

∫
X

f dµ

Therefore,
µ(X+

ε ) = 0

Now, if E ⊆ X−
ε , then E is a negative set for the signed measure,

ηε = η − (f + ε)µ

Therefore,
ηε(E) ≤ 0

Hence,

η(E)−
∫
E

(f + ε) dµ ≤ 0

Thus,

η(E) ≤
∫
E

f dµ+ ε µ(E) ≤
∫
E

f dµ+ ε µ(X)

Again, f being admissible, ∫
E

f dµ ≤ η(E)

Then, choosing a sequence of epsilons {εn} such that εn ↓ 0 and taking

Xs =
∞⋃
n=1

X+
εn

we get

µ(Xs) ≤
∞∑
n=1

µ
(
X+
εn

)
= 0

Therefore, µ(Xs) = 0.
Now if E ⊆ Xc

s , then,

η(E) ≥
∫
E

f dµ

and for every n,

η(E) ≤
∫
E

f dµ+ εn µ(X)

So, as n→ ∞,

η(E) ≤
∫
E

f dµ ≤ η(E)

Therefore,
η(E) = (fµ)(E)
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Now, for every E ∈ A, define

ηs(E) = η(E)− (fµ)(E) = η(E)−
∫
E

f dµ

Since f is admissible, we have,∫
E

f dµ ≤ η(E) ∀E ∈ A

Hence,
ηs(E) ≥ 0 ∀E ∈ A

Therefore, ηs is a non-negative measure.
In particular, if E ⊆ Xc

s , then,

η(E) =

∫
E

f dµ

and hence,
ηs(E) = 0

And,
ηs(X

c
s) = η(Xc

s)− (fµ)(Xc
s) = η(Xc

s)− η(Xc
s) = 0

Therefore, η = fµ + ηs, where Xs is the singular set. In particular µ(Xs) = 0 and
ηs(X

c
s) = 0.

This proves the existence of the decomposition.

Uniqueness: Suppose
η = f1µ+ η(1)s = f2µ+ η(2)s

Let η
(1)
a = f1µ and η

(2)
a = f2µ. Then,

η = η(1)a + η(1)s = η(2)a + η(2)s

Let X
(1)
s and X

(2)
s be singular sets for η

(1)
s and η

(2)
s , respectively. Define,

Xs = X(1)
s ∪X(2)

s

Then,
µ(Xs) = 0

Also,
η(1)s (Xc

s) = 0 and η(2)s (Xc
s) = 0

Let E ∈ A. Since η
(1)
a ≪ µ and η

(2)
a ≪ µ, we have,

η(1)a (E ∩Xs) = 0 and η(2)a (E ∩Xs) = 0
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Therefore,

η(1)s (E) = η(1)s (E ∩Xs)

= η(E ∩Xs)

= η(2)s (E ∩Xs)

= η(2)s (E)

Hence,
η(1)s = η(2)s

Consequently,
η(1)a = η − η(1)s = η − η(2)s = η(2)a

Thus the absolutely continuous part and the singular part are unique.

Theorem 49 (Radon–Nikodym Density Theorem). Let µ and η be two finite mea-
sures on (X,A) such that, η ≪ µ. Then there exists a nonnegative measurable func-
tion f such that,

η(E) =

∫
E

f dµ ∀E ∈ A

The function f is unique up to equality µ-almost everywhere.

Proof. By Theorem 48, there exist a nonnegative measurable function f , a measure
ηs, and a measurable set Xs such that,

η = fµ+ ηs

where,
µ(Xs) = 0 and ηs(X

c
s) = 0

Since η ≪ µ and µ(Xs) = 0, we get,

η(Xs) = 0

But ηs is supported on Xs, so,

ηs(X) = ηs(Xs) = 0

Thus ηs = 0, and hence
η = fµ

Let f1 and f2 be two nonnegative measurable functions. Assume that for every E ∈ A∫
E

f1 dµ =

∫
E

f2 dµ <∞
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In particular
∫
f1 dµ =

∫
f2 dµ < ∞, so each fi is finite µ–a.e.; hence, µ{f1 = ∞} =

µ{f2 = ∞} = 0.
Fix ε > 0 and consider the measurable set

Eε := {x ∈ X : f1(x) ≥ f2(x) + ε}

Then, ∫
Eε

f1 dµ ≥
∫
Eε

(f2 + ε) dµ =

∫
Eε

f2 dµ+ ε µ(Eε)

But by assumption
∫
Eε
f1 dµ =

∫
Eε
f2 dµ, hence, ε µ(Eε) = 0, and so µ(Eε) = 0.

Take a sequence εn ↓ 0. Then,

{f1 > f2} =
∞⋃
n=1

{f1 ≥ f2 + εn} =
∞⋃
n=1

Eεn

Thus, µ{f1 > f2} = 0 as a countable union of null sets. By symmetry the same
argument gives µ{f2 > f1} = 0. Therefore,

µ{f1 ̸= f2} = µ({f1 > f2} ∪ {f2 > f1}) = 0

i.e. f1 = f2 µ–almost everywhere. This proves uniqueness up to a set of µ–measure
zero.

Remark 5 (Change of the Singular Set). Assume that the Lebesgue Decomposition

Theorem (Theorem 48) holds. Then for a given decomposition, Let X
(1)
s and X

(2)
s be

two singular sets. Let η = f µ+ ηs be the decomposition. Then,

µ
(
X(1)
s

)
= µ

(
X(2)
s

)
= 0

Now,
X(1)
s ∆X(2)

s =
(
X(1)
s \X(2)

s

)
∪
(
X(2)
s \X(1)

s

)
⊆ X(1)

s ∪X(2)
s

Hence,
µ
(
X(1)
s ∆X(2)

s

)
= 0

In particular,
X(1)
s \X(2)

s ⊆ X(1)
s so µ

(
X(1)
s \X(2)

s

)
= 0

and therefore,
(fµ)

(
X(1)
s \X(2)

s

)
= 0

Thus,

η
(
X(1)
s \X(2)

s

)
= (fµ)

(
X(1)
s \X(2)

s

)
+ ηs

(
X(1)
s \X(2)

s

)
= ηs

(
X(1)
s \X(2)

s

)
= 0

since X
(1)
s \X(2)

s ⊆ (X
(2)
s )c and ηs

(
(X

(2)
s )c

)
= 0.

Similarly ηs
(
X

(2)
s \X(1)

s

)
= 0, and therefore,

η
(
X(1)
s ∆X(2)

s

)
= 0

Therefore the singular set Xs is unique up to a set that is null for both µ and η.
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Remark 6 (Lebesgue Decomposition Theorem σ-finite version). As µ and η are
σ-finite, then

X =
∞⊔
i=1

X ′
i =

∞⊔
i=1

Yi

where µ(X ′
i) <∞ and η(Yi) <∞, ∀i = 1, 2, . . . .

Considering all intersections between every X ′
i and Yi of every possible combination

of indices, we get

X =
∞⊔
j=1

Xj s.t. µ(Xj), η(Xj) <∞

Let ηj(E) = η(E ∩Xj) and µj(E) = µ(E ∩Xj) (so µj and ηj are the restrictions to
Xj).
By the finite version of Lebesgue decomposition Theorem (Theorem 48) on each Xj

we obtain
ηj = fjµj + (ηj)s on Xj

where fj is µj-integrable on Xj and (ηj)s is singular with respect to µj.
Define f = fj on Xj,

ηs(E) =
∞∑
j=1

(ηj)s(E ∩Xj) Xs =
∞⋃
j=1

(Xj)s

where (Xj)s denotes a supporting set for (ηj)s (so µj((Xj)s) = 0).
Since µj is the restriction of µ to Xj, integration over subsets of Xj agrees for µj and
µ. Also, by definition, f = fj on Xj. Hence, for every measurable E ∈ A,∫

E∩Xj

fj dµj =

∫
E∩Xj

fj dµ =

∫
E∩Xj

f dµ

Then for any measurable E ⊆ X,

η(E) =
∞∑
j=1

ηj(E ∩Xj)

=
∞∑
j=1

(∫
E∩Xj

fj dµj + (ηj)s(E ∩Xj)

)

=
∞∑
j=1

(∫
E∩Xj

f dµ+ (ηj)s(E ∩Xj)

)

=
∞∑
j=1

∫
E∩Xj

f dµ+
∞∑
j=1

(ηj)s(E ∩Xj)
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=

∫
E

f dµ+ ηs(E)

Now, each (Xj)s satisfies
µj((Xj)s) = 0

Since (Xj)s ⊆ Xj,
µ((Xj)s) = µj((Xj)s) = 0

Therefore,

µ(Xs) = µ
( ∞⋃
j=1

(Xj)s

)
≤

∞∑
j=1

µ((Xj)s) = 0

Thus, µ(Xs) = 0.
And,

ηs
(
X \Xs

)
= ηs

(
X \

∞⋃
j=1

(Xj)s

)
=

∞∑
k=1

(ηk)s

((
X \

∞⋃
j=1

(Xj)s
)
∩Xk

)
=

∞∑
k=1

(ηk)s
(
Xk \ (Xk)s

)
= 0

Therefore,
η = f µ+ ηs

with,
µ(Xs) = 0 and ηs(X \Xs) = 0

Hence the Lebesgue decomposition theorem remains valid for σ-finite measures.

Theorem 50 (Partition of Unity). Let X be a metric space and Let K ⊆ X be
compact. Let {Gj}Nj=1 be a finite open cover of K. Then there exist continuous

functions φj : X → [0, 1], j = 1, . . . , N , such that, suppφj ⊆ Gj and
N∑
j=1

φj ≡ 1 on

K.

Proof. Let X be a metric space, K ⊆ X with a finite open cover {Gj}Nj=1. We show
that we can shrink {Gj} and still cover K. So, we aim to find for all j subsets of
{Gj}Nj=1, such that;

• Fj ⊆ Gj is closed.

99 Continued...



Swapnamoy Kader

• Hj ⊆ Gj is open

• Fj ⊆ Hj,

• Cl(Hj) ⊆ Gj, and

• K ⊆
⋃
j

Fj.

By finding such sets, we can apply Urysohn’s lemma (Lemma 8) to get functions
which take values between 0 and 1, are identically 1 on Fj, and identically 0 on Hc

j .
This gives us functions whose support is (strictly) contained in Gj; some further
manipulations (overlap in the sum on K and continuity) give us the desired functions
φj.
Consider these open sets:

Hj,m =

{
x ∈ Gj : dist(x,G

c
j) >

1

m

}
Then, Hj,m ⊆ Gj, for all m.
Further, for all m, Let

Cl(Hj,m) = Hj,m =

{
x ∈ Gj : dist(x,G

c
j) ≥

1

m

}
⊆ Gj

Then, we observe that, Hj,m are increasing with m. Now,

K ⊆
N⋃
j=1

Gj =
⋃
m

(
N⋃
j=1

Hj,m)

This is an open cover of the compact set K; therefore, it can be refined to a finite
sub-cover. So,

K ⊆
N⋃
j=1

Gj =
M⋃
m=1

(
N⋃
j=1

Hj,m)

By monotonicity in m, as Hj,m are nested increasing sequence of sets, there exists
some M ∈ N such that,

K ⊆
N⋃
j=1

Hj,M

Henceforth, for all j, we denote Hj,M as Hj for the M determined above. Now, let

Fj,m = {x ∈ Hj : dist(x,H
c
j ) ≥

1

m
} and Ej,m = {x ∈ Hj : dist(x,H

c
j ) >

1

m
}
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Then, each set Fj,m are closed and each set Ej,m are open. Further,

Cl(Ej,m) = Fj,m and Ej,m ⊆ Fj,m

Then,

K ⊆
N⋃
j=1

Hj ⊆
⋃
m

(
N⋃
j=1

Ej,m)

This is an open cover of the compact set K; therefore, it can be refined to a finite
sub-cover. Thus,

K ⊆
L⋃

m=1

(
N⋃
j=1

Ej,m)

By monotonicity in m, as Ej,m are nested increasing sequence of sets, there exists
some L ∈ N, such that,

K ⊆
N⋃
j=1

Ej,L

But, as Ej,m ⊆ Fj,m, therefore,

K ⊆
N⋃
j=1

Fj,L

Henceforth, for all j, we denote Fj,L as Fj for the L determined above.
By construction, Fj ⊆ Hj; and Cl(Hj) ⊆ Gj; and {Fj}Nj=1 covers K.
So we have found the desired sets Hj, Fj. We can now construct functions φj.
Consider, for all j, the closed sets Fj, H

c
j . Since Fj ⊆ Hj, we get Fj ∩Hc

j = ∅.
So, by Urysohn’s lemma (Lemma 8), there exists a continuous function ψj : X → [0, 1]
such that ψj|Fj ≡ 1, and ψj|Hc

j
≡ 0.

Since ψj = 0 on Hc
j , we have,

suppψj = {x ∈ X : ψj(x) ̸= 0} ⊆ Hj ⊆ Gj

Let

Ψ =
N∑
j=1

ψj and Ω = {x ∈ X : Ψ(x) >
1

2
}

Clearly, Ω is open and so Ωc is closed. Further, on K for at least one j we have
ψj ≡ 1, so K ⊆ Ω.
Then, again by Urysohn’s lemma (Lemma 8), we have a continuous function η : X →
[0, 1], such that, η|Ωc ≡ 0 and η|K ≡ 1. Let

φj =

{
ψj η
Ψ if Ψ ̸= 0

0 if Ψ = 0

Then for {φj}Nj=1, we have that for all j,
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• φj : X → [0, 1] since it is defined on all x ∈ X and Ψ ≥ ψj ≥ ψj η ≥ 0 on X;

• φj is continuous, because, on the open set {Ψ > 0}, we have,

φj =
ψjη

Ψ

which is continuous.
On the set {Ψ = 0}, we have η = 0, because {Ψ = 0} ⊆ Ωc and η|Ωc ≡ 0.
Hence ψjη = 0 on {Ψ = 0}, and therefore φj extends continuously by 0 across
{Ψ = 0};

• Since φj = 0 wherever ψj = 0, we have,

suppφj ⊆ suppψj ⊆ Hj ⊆ Gj

Thus,
suppφj ⊆ Gj

• Finally, on K, we have η ≡ 1 and Ψ > 0. Therefore,

N∑
j=1

φj =
N∑
j=1

ψjη

Ψ

=
η

Ψ

N∑
j=1

ψj

=
1

Ψ
Ψ

= 1

Thus, the functions {φj}Nj=1 are the desired functions.

Theorem 51 (Riesz-Markov-Kakutani Representation Theorem). Let X be a com-
pact metric space. If I is any non-negative linear functional, i.e. I : C(X) → R, then
there exists a unique non-negative finite regular Borel measure µ on X such that;

I(f) =

∫
X

f dµ, ∀f ∈ C(X)

Proof. For any open set G ⊆ X, define the set function

µ(G) = sup
{
I(φ) : φ ∈ C(X), 0 ≤ φ ≤ 1, supp(φ) ⊆ G

}
We aim to show that µ is a non-negative finite Borel measure on X.
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• Consider an open set G. As I is a non-negative linear functional, for every
f ∈ C(X) with f ≥ 0 and supp(f) ⊆ G we have I(f) ≥ 0. Thus,

µ(G) ≥ 0, ∀ open G ⊆ X

Thus, µ is non-negative.

• Also, for every admissible function φ in the definition of µ(X), we have

0 ≤ φ ≤ 1X

Hence,
1X − φ ≥ 0

Since I is non-negative,

I(1X)− I(φ) = I(1X − φ) ≥ 0

Therefore,
I(φ) ≤ I(1X)

Taking the supremum over all admissible φ gives,

µ(X) ≤ I(1X) <∞

On the other hand, the constant function 1X belongs to C(X), satisfies

0 ≤ 1X ≤ 1

and,
supp(1X) = X

Hence, 1X is admissible in the definition of µ(X). Therefore,

µ(X) ≥ I(1X)

Combining the two inequalities, we obtain,

µ(X) = I(1X) <∞

Thus, µ is finite.

• Consider the countable collection of open sets {Gi} and Let G =
∞⋃
i=1

Gi. Then

G is open. Let

f ∈ C(X), 0 ≤ f ≤ 1, supp(f) ⊆ G
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Let K = supp(f). By definition,

µ(G) = sup{I(f) : f ∈ C(X), 0 ≤ f ≤ 1, supp(f) ⊆ G}

Now K is a closed subset of the compact space X. Thus, K is compact, and

K ⊆ G =
∞⋃
i=1

Gi. Hence, by compactness, there exists n such that,

K ⊆
n⋃
i=1

Gi

By a partition of unity (Theorem 50), there exist h1, h2, . . . , hn with hi ∈ C(X)
such that,

0 ≤ hi ≤ 1, supp(hi) ⊆ Gi for i = 1, 2, . . . , n

and
n∑
i=1

hi(x) = 1 for all x ∈ K

Define fi = f hi, for i = 1, 2, . . . , n. Then,

f =
n∑
i=1

fi

because
∑n

i=1 hi = 1 on K = supp(f) and both sides vanish outside K.
Then,

supp(fi) ⊆ supp(hi) ⊆ Gi with 0 ≤ fi ≤ 1

By linearity,

I(f) = I
( n∑
i=1

fi

)
=

n∑
i=1

I(fi)

and since each fi is admissible for µ(Gi), we have I(fi) ≤ µ(Gi), for i =
1, 2, . . . , n. Then,

I(f) ≤
n∑
i=1

µ(Gi)

Also, as all µ(Gi) are non-negative, for every f ∈ C(X) with supp(f) ⊆ G we
have,

I(f) ≤
∞∑
i=1

µ(Gi)

Since this holds for every f ∈ C(X) satisfying, 0 ≤ f ≤ 1 and supp(f) ⊆ G,
taking the supremum over all such choices yields,

µ(G) = sup I(f) ≤
∞∑
i=1

µ(Gi)
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Thus, µ is countably sub-additive on open sets.

Therefore, µ is a finite, non-negative and countably sub-additive set function on the
open subsets of X.
For an arbitrary set E ⊆ X, define,

µ∗(E) = inf{µ(G) : G ⊇ E, G open}

• Consider the empty set ∅. Since ∅ is open and µ(∅) = 0, we have,

µ∗(∅) ≤ µ(∅) = 0

Since µ∗ ≥ 0, it follows that,
µ∗(∅) = 0

• Let A,B ⊆ X with A ⊆ B. Then, every open set containing B also contains A.
Hence,

{G : G ⊇ B, G open} ⊆ {G : G ⊇ A, G open}

Taking infima gives,
µ∗(A) ≤ µ∗(B)

• Let E ⊆ X is open. Since E is open and E ⊆ E, the definition of µ∗ gives

µ∗(E) = inf{µ(G) : G ⊇ E, G open} ≤ µ(E)

On the other hand, if G is any open set containing E, then every admissible
function for µ(E) is also admissible for µ(G). Hence,

µ(E) ≤ µ(G)

Since this holds for every open set G ⊇ E, we obtain,

µ(E) ≤ inf{µ(G) : G ⊇ E, G open} = µ∗(E)

Therefore, for every open set E ⊆ X,

µ∗(E) = µ(E)

• Let {Ei} be a countable collection of sets in X.
Fix ε > 0. Then, ∀i, ∃ an open set Gi, s.t. Ei ⊆ Gi and by property of infimum,

µ(Gi) ≤ µ∗(Ei) +
ε

2i
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Also, as Ei ⊆ Gi, ∀i, then,
∞⋃
i=1

Ei ⊆
∞⋃
i=1

Gi and as a union of open sets is open,

∞⋃
i=1

Gi is open. Then,

µ∗
( ∞⋃
i=1

Ei

)
≤ µ∗

( ∞⋃
i=1

Gi

)
= µ
( ∞⋃
i=1

Gi

)
≤

∞∑
i=1

µ(Gi)

≤
∞∑
i=1

µ∗(Ei) + ε.

Since ε > 0 was arbitrary,

µ∗
( ∞⋃
i=1

Ei

)
≤

∞∑
i=1

µ∗(Ei)

Therefore, µ∗ is an outer measure and is finite as µ is finite.

We now show that every open set is µ∗-measurable.
Let V ⊆ X be open. We need to show that for every A ⊆ X,

µ∗(A) = µ∗(A ∩ V ) + µ∗(A ∩ V c)

By subadditivity of µ∗, we already have,

µ∗(A) ≤ µ∗(A ∩ V ) + µ∗(A ∩ V c)

Thus, it remains to prove the reverse inequality.
Let U be an open set such that A ⊆ U . Then

A ∩ V ⊆ U ∩ V and A ∩ V c ⊆ U ∩ V c

Hence,
µ∗(A ∩ V ) + µ∗(A ∩ V c) ≤ µ(U ∩ V ) + µ∗(U ∩ V c)

We claim that for every pair of open sets U, V ⊆ X,

µ(U) ≥ µ(U ∩ V ) + µ∗(U ∩ V c)

106 Continued...



Swapnamoy Kader

Fix ε > 0. By the definition of µ(U∩V ), there exists f1 ∈ C(X) such that, 0 ≤ f1 ≤ 1,
supp(f1) ⊆ U ∩ V and,

I(f1) > µ(U ∩ V )− ε

Let K = supp(f1). Then, K is compact and K ⊆ V .
Hence, K ∩ V c = ∅, and U \K is open with U ∩ V c ⊆ U \K.
Therefore,

µ∗(U ∩ V c) ≤ µ(U \K)

By the definition of µ(U \ K), there exists f2 ∈ C(X) such that, 0 ≤ f2 ≤ 1,
supp(f2) ⊆ U \K, and

I(f2) > µ(U \K)− ε

Since supp(f1) = K and supp(f2) ⊆ U \ K, the supports of f1 and f2 are disjoint.
Hence,

0 ≤ f1 + f2 ≤ 1 and supp(f1 + f2) ⊆ U

Thus, f1 + f2 is admissible for µ(U), and so

µ(U) ≥ I(f1 + f2)

= I(f1) + I(f2)

> µ(U ∩ V )− ε+ µ(U \K)− ε

≥ µ(U ∩ V ) + µ∗(U ∩ V c)− 2ε.

Since ε > 0 was arbitrary,

µ(U) ≥ µ(U ∩ V ) + µ∗(U ∩ V c)

Therefore,
µ∗(A ∩ V ) + µ∗(A ∩ V c) ≤ µ(U)

for every open set U with A ⊆ U . Taking the infimum over all such open U , we
obtain,

µ∗(A ∩ V ) + µ∗(A ∩ V c) ≤ µ∗(A)

Combining this with subadditivity gives

µ∗(A) = µ∗(A ∩ V ) + µ∗(A ∩ V c)

Hence every open set V is µ∗-measurable.
Since the collection of µ∗-measurable sets is a σ-algebra by Carathéodory’s Theorem
(Theorem 12) and contains all open sets, it contains B(X). Therefore, µ := µ∗|B(X)

is a finite Borel measure on X.
Moreover, by the construction of µ∗ from open covers, µ is outer regular. Since X is
compact metric, finite Borel measures are regular. Hence µ is a finite regular Borel
measure.
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Let f ∈ C(X) and as X is compact, we have f is bounded. Fix ε > 0. Since f is
bounded, there exists M ∈ Z+ such that,

f(x) ≤Mε ∀x ∈ X

WLOG, assume f ≥ 0. Define, for k = 0, 1, 2, . . . ,M ,

fk = min{(k + 1)ε, max{f, kε}} − kε

For each x ∈ X, exactly one of the following occurs:

• If f(x) ≤ kε, then fk(x) = 0.

• If kε < f(x) < (k + 1)ε, then, fk(x) = f(x)− kε.

• If f(x) ≥ (k + 1)ε, then, fk(x) = ε.

Hence, fk ∈ C(X) and 0 ≤ fk ≤ ε. We define

gk =
fk
ε

then gk ∈ C(X) and 0 ≤ gk ≤ 1. Let

Gk = {x ∈ X : f(x) > kε}

and G−1 = X, GM = ∅, and Gi = ∅ for all i > M . Then each Gk is an open set.
Also, supp(gk) ⊆ Gk−1, hence by definition, µ(Gk−1) ≥ I(gk).
Again, gk = 1 on Gk+1, and thus supp(gk) ⊃ Gk+1. Now,

µ(Gk+1) = sup
{
I(φ) : φ ∈ C(X), 0 ≤ φ ≤ 1, supp(φ) ⊆ Gk+1

}
Then any such φ satisfies φ ≤ 1 on Gk+1, while gk = 1 on Gk+1.
Also, since supp(φ) ⊆ Gk+1, we have φ = 0 outside Gk+1. Hence,

φ ≤ gk on all of X

Since I is non-negative,

I(gk)− I(φ) = I(gk − φ) ≥ 0

Therefore,
I(φ) ≤ I(gk)

Taking supremum, we get
µ(Gk+1) ≤ I(gk)

Therefore,
µ(Gk+1) ≤ I(gk) ≤ µ(Gk−1)
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Moreover, for every x ∈ X, either f(x) = Mε, or there exists an integer m with
0 ≤ m < M such that

mε ≤ f(x) < (m+ 1)ε

In the second case, fk(x) = ε for k < m, fm(x) = f(x) − mε and fk(x) = 0, for
k > m.
Hence,

M∑
k=0

fk(x) = mε+
(
f(x)−mε

)
= f(x)

If f(x) =Mε, then fk(x) = ε for k = 0, . . . ,M − 1 and fM(x) = 0, so again,

M∑
k=0

fk(x) = f(x)

Therefore,

f =
M∑
k=0

fk

Then,

I(f) =
M∑
k=0

I(fk) = ε
M∑
k=0

I(gk)

Thus,

ε

M∑
k=0

µ(Gk+1) ≤ I(f) ≤ ε

M∑
k=0

µ(Gk−1)

Also, ∫
X

f dµ =

∫
X

( M∑
k=0

fk

)
dµ = ε

M∑
k=0

(∫
X

gk dµ
)

Since
Gk+1 ⊆ supp(gk) ⊆ Gk−1

and gk = 1 on Gk+1 and 0 ≤ gk ≤ 1 with supp(gk) ⊆ Gk−1, we have,

1Gk+1
≤ gk ≤ 1Gk−1

Thus, integrating over X, we have,

µ(Gk+1) ≤
∫
X

gk dµ ≤ µ(Gk−1)

Therefore,

ε
M∑
k=0

µ(Gk+1) ≤
∫
X

f dµ ≤ ε
M∑
k=0

µ(Gk−1)
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Then,

∣∣I(f)− ∫
X

f dµ
∣∣ ≤ ε

[ M∑
k=0

µ(Gk−1)−
M∑
k=0

µ(Gk+1)
]

= ε
[
µ(G−1) + µ(G0)− µ(GM)− µ(GM+1)

]
≤ ε
[
µ(X) + µ(X)− 0− 0

]
Thus, ∣∣∣∣I(f)− ∫

X

f dµ

∣∣∣∣ ≤ 2ε µ(X)

As, µ(X) <∞ and as ε −→ 0, we get,∣∣∣∣I(f)− ∫
X

f dµ

∣∣∣∣ −→ 0

Therefore,

I(f) =

∫
X

f dµ

This proves the existence of a non-negative finite Borel measure µ on X such that;

I(f) =

∫
X

f dµ, ∀f ∈ C(X)

Now, we prove the uniqueness. Assume that there exists a non-negative finite regular
Borel measure µ on X such that for all f ∈ C(X),

I(f) =

∫
X

f dµ

Let G ⊆ X be an open set. Consider the class of functions on G,

FG = {φ ∈ C(X) : 0 ≤ φ ≤ 1, supp(φ) ⊆ G}

If φ ∈ FG, then φ ≤ 1G. Hence

I(φ) =

∫
X

φdµ ≤
∫
X

1G dµ = µ(G)

Therefore,
sup
φ∈FG

I(φ) ≤ µ(G)

Now, Let d(x) = dist(x,Gc). As G is open, Gc is closed and d(x) > 0 ⇐⇒ x ∈ G.
We define,

φn(x) = min{(n d(x)− 1)+, 1}
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As distance and minimum are continuous functions, we have,

φn ∈ C(X) , 0 ≤ φn ≤ 1 , supp(φn) ⊆
{
x : d(x) ≥ 1

n

}
⊆ G

Hence φn ∈ FG.
Also,

φn(x) ↑ 1G(x) for every x ∈ X

By the Monotone Convergence Theorem (Theorem 28),

lim
n→∞

I(φn) = lim
n→∞

∫
X

φn dµ =

∫
X

1G dµ = µ(G)

Therefore,
µ(G) = sup

φ∈FG

I(φ)

Now, assume that µ is not unique. Then there exist µ1 and µ2 that satisfy,

I(f) =

∫
X

f dµ1 =

∫
X

f dµ2, ∀f ∈ C(X)

As the measure of any open set is determined only by the functional I, for every open
set G, we can write,

µ1(G) = sup{I(φ) : φ ∈ FG} and µ2(G) = sup{I(φ) : φ ∈ FG}

where FG denotes the family of admissible test functions associated to G. Therefore,

µ1(G) = µ2(G) for all open sets G

Finally, by regularity of Borel measurable sets, for any Borel set E, we have,

µ1(E) = inf{µ1(G) : E ⊆ G, G open}, µ2(E) = inf{µ2(G) : E ⊆ G, G open}

Since µ1(G) = µ2(G) for all open G, their infima agree, and hence,

µ1(E) = µ2(E) for all Borel sets E

Therefore, µ is the unique non-negative finite regular Borel measure.

Lemma 10 (Finite Vitali Covering Lemma). Let X be a metric space. Let {Bri(xi)}
be a finite family of open balls in X, where xi ∈ X, ri > 0 and i ∈ I for some
finite index set I. Then there exists a finite sub-collection of pairwise disjoint balls
{Brik (xik)}, where xik ∈ X, rik > 0 and ik ∈ J ⊆ I such that;⋃

i∈I
Bri(xi) ⊆

⋃
ik∈J

B3rik
(xik)

111 Continued...



Swapnamoy Kader

Proof. Without loss of generality, Let the finite index set I be {1, 2, · · · , n} and we
can reorder the balls in the family {Bri(xi)} in a way such that;

r1 ≥ r2 ≥ · · · ≥ rn

We proceed with greedy algorithm.
We pick the ball with largest radius, i.e., Br1(x1). And we rename the index as i1 = 1.
Thus, at this stage J = {i1} = {1} ⊆ I.
Next we pick the next ball with the largest radius such that it is disjoint from
Br1(x1), say, Brm(xm) and we rename the index as, i2 = m. Then, at this stage
J = {i1, i2} = {1,m} ⊆ I.
Again we pick the next ball with the largest radius such that it is disjoint from Br1(x1)
and Brm(xm), say, Brt(xt) and we rename the index as, i3 = t. Then, at this stage
J = {i1, i2, i3} = {1,m, t} ⊆ I.
And we continue this process. This process terminates as the initial family had a
finite number of balls. Thus, we obtain a finite sub-collection of pairwise disjoint
balls {Brik (xik)}, where xik ∈ X, rik > 0 and ik ∈ J ⊆ I.
Consider any ball Brj(xj) in the initial family {Bri(xi)}. Then there are two possi-
bilities that can occur:

• Case I: The ball Brj(xj) was chosen into the subfamily. Then j = ik for some
k. And clearly, Brj(xj) ⊆ B3rj(xj) ⊆ B3rik

(xik)

• Case II: The ball Brj(xj) was not chosen into the subfamily. Assume that this
ball was eliminated after the k-th step where the ball Brt(xt) was chosen into
the subfamily. So, t = ik.
Then rik = rt ≥ rj, and, Brj(xj) ∩Bris (xis) = ∅, for all, s < k.
And, also, Brj(xj) ∩Brik (xik) ̸= ∅.
If, y ∈ Brj(xj) ∩Brik (xik), then,

d(xj, xik) ≤ d(xj, y) + d(y, xik) < rj + rik ≤ 2rik

Let x ∈ Brj(xj). Then,

d(x, xik) ≤ d(x, xj) + d(xj, xik)

≤ rj + 2 · rik
≤ 3 · rik

Thus, Brj(xj) ⊆ B3rik
(xik)

Therefore, ⋃
i∈I
Bri(xi) ⊆

⋃
ik∈J

B3rik
(xik)
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Lemma 11 (Countable Maximal Disjoint Subfamily Lemma). Let (X, d) be a sepa-
rable metric space. Let F be any family of non-empty open subsets of X. Then there
exists an at-most countable subfamily G ⊆ F such that:

(i) the elements of G are pairwise disjoint;

(ii) G is maximal with respect to this property, i.e., if U ∈ F , then either U ∈ G, or
U intersects some element of G.

Proof. Since X is separable, X has a countable basis. Let {V1, V2, V3, . . . } be a
countable basis for the topology of X.
We now construct G inductively.

• At the first step, consider V1. If there exists U ∈ F such that, V1 ⊆ U , choose
one such set and call it U1. If no such set exists, choose nothing.

• Next consider V2. If there exists U ∈ F such that, V2 ⊆ U and U is disjoint
from all previously chosen sets, choose one such set. If no such set exists, choose
nothing.

• Continuing this process, at the n-th step, consider Vn. If there exists U ∈ F
such that, Vn ⊆ U and U is disjoint from all previously chosen sets, choose one
such set. If no such set exists, choose nothing.

Let G be the collection of all sets chosen in this way. Since at most one set is chosen
at each step, G is at most countable. Also, by construction, the elements of G are
pairwise disjoint.
It remains to show that G is maximal.
Assume not. Then there exists U ∈ F such that U is disjoint from every element of
G. Since U is a non-empty open set, and {Vn}∞n=1 is a basis, there exists some Vm
such that, Vm ⊆ U .
At the m-th step of the construction, the set U was available, because it contains Vm
and is disjoint from all previously chosen sets. Therefore, at that step, we would have
chosen some set Um ∈ F such that,

Vm ⊆ Um

and Um is disjoint from all previously chosen sets.
But then,

Vm ⊆ U ∩ Um
Hence,

U ∩ Um ̸= ∅
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This contradicts the assumption that U is disjoint from every element of G.
Therefore, no such U exists.
Hence, G is maximal.

Theorem 52 (Infinite Vitali Covering Theorem). Let X be a separable metric space.
Let {Bα} be any family of balls in X, where α ∈ I, for some index set I, such that,
the supremum of radii, sup rα <∞. Then there exists an at-most countable subfamily
of pairwise disjoint balls {Bδ}, where δ ∈ J ⊆ I, and J is a countable index set, such
that, ⋃

α∈I
Bα ⊆

⋃
δ∈J

5Bδ

where 5Bδ denotes the ball with the same center as Bδ and radius 5rδ.

Proof. Let X be a separable metric space. Let {Bα} be any family of balls in X,
where α ∈ I, for some index set I, such that, the supremum of radii,

R = sup
α∈I

rα <∞

Since rα > 0 for every α ∈ I, if the family is non-empty, then R > 0.
If the family is empty, then there is nothing to prove.
So, assume that the family is non-empty. For each n ∈ N, define,

Fn =

{
Bα = Brα(xα) :

R

2n
< rα ≤ R

2n−1

}
Since 0 < rα ≤ R, there exists n ∈ N such that,

R

2n
< rα ≤ R

2n−1

Therefore, every ball Bα in the original family belongs to exactly one of the families
Fn.
We now choose the desired subfamily inductively.
From F1, using Lemma 11, choose an at-most countable maximal pairwise disjoint
subfamily. Denote this chosen subfamily by G1.
Now suppose that G1, . . . ,Gn−1 have already been chosen. Let

Hn = {B ∈ Fn : B is disjoint from every ball in G1 ∪ · · · ∪ Gn−1}

Since every element of Fn is an open ball, every element of Hn is a non-empty open
subset of X.
If Hn = ∅, then we set Gn = ∅.
otherwise, using Lemma 11, choose an at-most countable maximal pairwise disjoint
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subfamily Gn of Hn.
Continuing this process, we obtain a family,

G =
∞⋃
n=1

Gn

By construction, the balls in G are pairwise disjoint.
Since each Gn is at-most countable by Lemma 11, and

G =
∞⋃
n=1

Gn

it follows that G is at-most countable.
Therefore, we may write,

G = {Bδ : δ ∈ J}

where J ⊆ I is an at-most countable index set.
It remains to show that ⋃

α∈I
Bα ⊆

⋃
δ∈J

5Bδ

Consider any ball Bα = Brα(xα) from the original family. Then Bα ∈ Fn for some
n ∈ N.
There are two possibilities.

• Case I: The ball Bα was chosen into G. Then Bα = Bδ for some δ ∈ J .
Therefore,

Bα ⊆ 5Bδ

• Case II: The ball Bα was not chosen into G.
Since Bα was not chosen into G, there are two possibilities. Either Bα is not
disjoint from some ball in G1 ∪ · · · ∪ Gn−1, or Bα ∈ Hn.
In the latter case, since Gn is maximal in Hn and Bα /∈ Gn, the ball Bα must
intersect some ball in Gn.
Hence, in either case, there exists a chosen ball Bτ = Brτ (xτ ) ∈ G1 ∪ · · · ∪ Gn
such that, Bα ∩Bτ ̸= ∅.
Since Bτ ∈ Gm for some m ≤ n, we have, Bτ ∈ Fm. Hence,

rτ >
R

2m

Also, since Bα ∈ Fn,

rα ≤ R

2n−1
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Since m ≤ n, we have,
R

2n−1
≤ 2R

2m

Therefore,

rα ≤ R

2n−1
≤ 2R

2m
< 2rτ

So,
rα < 2rτ

Now choose, y ∈ Bα ∩Bτ . Then,

d(xα, xτ ) ≤ d(xα, y) + d(y, xτ ) < rα + rτ

Let x ∈ Bα. Then,

d(x, xτ ) ≤ d(x, xα) + d(xα, xτ )

< rα + (rα + rτ )

= 2rα + rτ

< 2(2rτ ) + rτ

= 5rτ

Hence,
x ∈ 5Bτ

Since x ∈ Bα was arbitrary, we get Bα ⊆ 5Bτ .

Therefore, every ball in the original family is contained in 5Bτ for some chosen ball
Bτ ∈ G. Hence, ⋃

α∈I
Bα ⊆

⋃
Bτ∈G

5Bτ =
⋃
δ∈J

5Bδ

Theorem 53 (Finite Besicovitch Covering Theorem). Let X = Rn be a metric space.
Let {Bri(xi)} be a finite family of open balls in X, where xi ∈ X, ri > 0 and i ∈ I
for some finite index set I. Let the set containing all the centers be E, i.e., E = {xi :
i ∈ I}.

(i) Then there exists a finite sub-collection of balls {Brik (xik)}, where xik ∈ X,
rik > 0 and ik ∈ J ⊆ I such that;

E ⊆
⋃
ik∈J

Brik (xik)
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(ii) Every x ∈ X = Rn is contained in at-most N(n) balls in the subfamily {Brik (xik)}.

Proof. Without loss of generality, Let the finite index set I be {1, 2, · · · , N} and we
can reorder the balls in the family {Bri(xi)} in a way such that;

r1 ≥ r2 ≥ · · · ≥ rN

We proceed with greedy algorithm.
We pick the ball with largest radius, i.e., Br1(x1). And we rename the index as i1 = 1.
Thus, at this stage J = {i1} = {1} ⊆ I.
Next we pick the next ball with the largest radius such that its center is not contained
in Br1(x1), say, Brm(xm) and we rename the index as, i2 = m. Then, at this stage
J = {i1, i2} = {1,m} ⊆ I.
Again we pick the next ball with the largest radius such that its center is not con-
tained in Br1(x1) and Brm(xm), say, Brt(xt) and we rename the index as, i3 = t.
Then, at this stage J = {i1, i2, i3} = {1,m, t} ⊆ I.
Continuing inductively, at each stage we select a ball of largest radius among those
whose centers are not contained in any previously selected ball. Since the original
family is finite, the process terminates after finitely many steps.
Let {Brik (xik)}ik∈J be the resulting subfamily. By construction, every center corre-
sponding to a selected ball belongs to the union⋃

ik∈J
Brik (xik)

Moreover, if j ∈ I \ J , then the ball Brj(xj) was not selected, and hence at the
stage when the algorithm terminated its center xj was already contained in one of
the previously selected balls. Therefore,

xj ∈
⋃
ik∈J

Brik (xik)

Consequently,

E = {xi : i ∈ I} ⊆
⋃
ik∈J

Brik (xik)

Let x ∈ Rn be arbitrary and Let

P = { ip ∈ J : x ∈ Brip (xip) }

If x = xip for some ip ∈ P , then P has only one element. Indeed, if another selected
ball Briq (xiq) also contained x, then either Briq (xiq) was selected before Brip (xip),
in which case the center xip = x would already lie in a previously selected ball, or
Briq (xiq) was selected after Brip (xip), in which case the center xiq would already lie
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in the previously selected ball Brip (xip). Both contradict the selection rule.
Hence, we may assume that x ̸= xip for every ip ∈ P .
Consider two balls Brim (xim) and Brit (xit) from the selected subfamily such that,

x ∈ Brim (xim) ∩Brit (xit)

Without loss of generality, assume that

rim ≥ rit

and if the radii are equal, assume that Brim (xim) was selected no later than Brit (xit).
Since Brit (xit) was selected after Brim (xim), its center does not belong to Brim (xim).
Therefore,

d(xim, xit) ≥ rim

Since x belongs to both balls, we also have,

d(x, xim) < rim and d(x, xit) < rit ≤ rim

Let
a = d(x, xim), b = d(x, xit), c = d(xim, xit)

Then,
c ≥ rim > a and c ≥ rim ≥ rit > b

Hence c is strictly the largest side of the triangle with vertices x, xim, xit. Therefore
the angle at x, which is the angle opposite the side of length c, is strictly the largest
angle of the triangle. Since the largest angle of any triangle is at least 60◦, and here
it is strictly larger than the other two angles, we get,

∠x > 60◦

Now consider the unit sphere centered at x, S n−1(x).
Let yim and yit be the intersection points of the rays −−→xxim and −−→xxit with S n−1(x),
respectively. Then,

• ∠(yim x yit) = ∠(xim x xit) > 60◦

• |x− yim| = |x− yit| = 1

Applying the law of cosines in the triangle {x, yim, yit},

|yim − yit|2 = 12 + 12 − 2 cos
(
∠(yimxyit)

)
Since ∠(yimxyit) > 60◦, we have,

cos
(
∠(yimxyit)

)
<

1

2
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Therefore,
|yim − yit|2 > 1 =⇒ |yim − yit| > 1

Consequently,
B1/2(yim) ∩B1/2(yit) = ∅

For each ip ∈ P , Let yip be the intersection of the ray −−→x xip with the unit sphere
Sn−1(x).
By the previous argument, for any distinct ip, iq ∈ P ,

B1/2(yip) ∩B1/2(yiq) = ∅

Furthermore, since |x− yip| = 1, if z ∈ B1/2(yip), then by the triangle inequality,

|z − x| ≤ |z − yip|+ |yip − x| < 1

2
+ 1 =

3

2

Hence,
B1/2(yip) ⊆ B3/2(x) for every ip ∈ P

Therefore, ⋃
ip∈P

B1/2(yip) ⊆ B3/2(x)

Since the balls {B1/2(yip)}ip∈P are pairwise disjoint,∑
ip∈P

Vol
(
B1/2(yip)

)
= |P |Vol(B1/2) ≤ Vol(B3/2(x))

Consequently,

|P | ≤
Vol(B3/2(x))

Vol(B1/2)
=

(3/2)n

(1/2)n
= 3n

Since x ∈ Rn was arbitrary and |P | is precisely the number of selected balls containing
x, every point of Rn belongs to at most 3n balls of the selected subfamily. Therefore,
the theorem holds with N(n) = 3n.

Theorem 54 (Modified Besicovitch Covering Theorem). Let X = Rn be a metric
space. Let {Bri(xi)} be a finite family of open balls in X, where xi ∈ X, ri > 0 and
i ∈ I for some finite index set I. Fix 0 < ε < 1. Then there exists J ⊆ I such that,

(i) Then there exists a finite sub-collection of balls {Brik (xik)}, where xik ∈ X,
rik > 0 and ik ∈ J ⊆ I such that,⋃

i∈I
B(1−ε)ri(xi) ⊆

⋃
ik∈J

Brik (xik)
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(ii) Every x ∈ X = Rn is contained in at-most N(n, ε) balls in the subfamily
{Brik (xik)}.

Proof. Without loss of generality, Let the finite index set I be {1, 2, · · · , N} and
reorder the balls in the family {Bri(xi)} in such a way that

r1 ≥ r2 ≥ · · · ≥ rN

We proceed with a greedy algorithm. We pick the ball with largest radius, namely
Br1(x1), and rename the index as i1 = 1. Thus, at this stage, J = {i1} = {1} ⊆ I.
After choosing Bri1 (xi1), we remove from consideration every ball Brj(xj) such that,

B(1−ε)rj(xj) ⊆ Bri1 (xi1)

Next, from the balls still remaining, choose the ball with largest radius, say Brm(xm),
and rename the index as i2 = m. Thus, at this stage, J = {i1, i2} = {1,m} ⊆ I.
After choosing Bri2 (xi2), remove from consideration every remaining ball Brj(xj) such
that,

B(1−ε)rj(xj) ⊆ Bri2 (xi2)

Continuing inductively, at each stage we choose a ball of largest radius among the
balls still under consideration. If this chosen ball is Brik (xik), we add ik to J , and
then remove every remaining index j such that,

B(1−ε)rj(xj) ⊆ Brik (xik)

Since the original family contains only finitely many balls, this process terminates
after finitely many steps. Let

J = {i1, i2, . . . , iM} ⊆ I

be the resulting set of selected indices. By construction,

ri1 ≥ ri2 ≥ · · · ≥ riM

Now we show that the selected family covers the union of the shrunken balls. Let
i ∈ I. If i ∈ J , then

B(1−ε)ri(xi) ⊆ Bri(xi) ⊆
⋃
ik∈J

Brik (xik)

If i /∈ J , then Bri(xi) was removed at some stage. Therefore, there exists some
selected index ik ∈ J such that,

B(1−ε)ri(xi) ⊆ Brik (xik)
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Hence, in either case,

B(1−ε)ri(xi) ⊆
⋃
ik∈J

Brik (xik)

Since i ∈ I was arbitrary, we obtain,⋃
i∈I
B(1−ε)ri(xi) ⊆

⋃
ik∈J

Brik (xik)

Fix any x ∈ Rn. Define,

P = {ik ∈ J : x ∈ Brik (xik)} ⊆ J

We will show that |P | is bounded above by a constant depending only on n and ε.
For each ik ∈ P , define

ρik =
d(x, xik)

rik

Since x ∈ Brik (xik), we have
0 ≤ ρik < 1

If x ̸= xik , Let Dik denote the unit vector in the direction from x to xik .

If x = xik , choose Dik to be any fixed unit vector. Thus Dik ∈ Sn−1. Let δ =
ε

3
.

Since Sn−1 is compact, there exist finitely many points c1, . . . , cL ∈ Sn−1 such that,

Sn−1 ⊆
L⋃
ℓ=1

Bδ(cℓ)

Also cover [0, 1] by finitely many intervals, I1, . . . , IR, each having length at most δ.
Now suppose that im, it ∈ P are distinct and,

x ∈ Brim (xim) ∩Brit (xit)

Without loss of generality, assume that, rim ≥ rit, and, in the case rim = rit, assume
also that Brim (xim) was selected no later than Brit (xit).
Suppose Dim and Dit belong to the same δ-ball of the covering of Sn−1, i.e., Dim, Dit ∈
Bδ(cℓ), for some ℓ, and ρim, ρit ∈ Is, for some s.
We claim that this is impossible.
For simplicity, we write,

r′ = rim, x′ = xim, ρ′ = ρim, D′ = Dim

and
r′′ = rit, x′′ = xit, ρ′′ = ρit, D′′ = Dit
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Since ρ′ and ρ′′ belong to the same interval of length at most δ, we have,

|ρ′ − ρ′′| ≤ δ

Move x′′ along the ray from x in the direction D′′ to the point

x′′1 = x+ ρ′r′′D′′

Then,
d(x′′, x′′1) = |ρ′′r′′ − ρ′r′′| = |ρ′′ − ρ′|r′′ ≤ δr′′

Next define,
x′′2 = x+ ρ′r′′D′

Since D′ and D′′ lie in the same ball Bδ(cℓ), we have,

|D′ −D′′| < 2δ

Therefore,
d(x′′1, x

′′
2) = ρ′r′′|D′′ −D′| < 2δρ′r′′ ≤ 2δr′′

Hence,
d(x′′, x′′2) ≤ d(x′′, x′′1) + d(x′′1, x

′′
2) < 3δr′′

Now the balls Br′′(x
′′
2) and Br′(x

′) are homothetic with respect to x, since their centers
lie on the same ray from x and,

d(x, x′′2)

r′′
= ρ′ =

d(x, x′)

r′

Since r′′ ≤ r′, we have,
Br′′(x

′′
2) ⊆ Br′(x

′)

Moreover, because,
d(x′′, x′′2) < 3δr′′

we get,
B(1−3δ)r′′(x

′′) ⊆ Br′′(x
′′
2)

Thus,
B(1−3δ)r′′(x

′′) ⊆ Br′(x
′)

Since δ = ε/3, this gives,
B(1−ε)r′′(x

′′) ⊆ Br′(x
′)

By our assumption, either r′ > r′′, or r′ = r′′ and Br′(x
′) was selected no later than

Br′′(x
′′). Thus Br′(x

′) was selected no later than Br′′(x
′′). Therefore, when Br′(x

′)
was selected, the ball Br′′(x

′′) would have been removed from consideration. Hence
Br′′(x

′′) could not also have been selected.
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This contradiction shows that, among the selected balls containing x, there is at most
one selected ball containing x corresponding to each pair,

Bδ(cℓ)× Is

Therefore,
|P | ≤ LR

The numbers L and R depend only on n and ε. Hence there exists a constant N(n, ε)
such that

|P | ≤ N(n, ε)

Since x ∈ Rn was arbitrary, every point of Rn is contained in at most N(n, ε) balls
from the selected subfamily.
To make the constant explicit, choose the spherical cover so that,

L ≤
(
1 +

2

δ

)n
Also, choose the interval cover of [0, 1] so that,

R ≤
⌈
1

δ

⌉
+ 1

Therefore,

|P | ≤ LR ≤
(
1 +

2

δ

)n(⌈
1

δ

⌉
+ 1

)
Since

δ =
ε

3
we may take

N(n, ε) =

(
1 +

6

ε

)n(⌈
3

ε

⌉
+ 1

)
Hence,

|P | ≤ N(n, ε)

Theorem 55 (Infinite Besicovitch Covering Theorem). Let X = Rn be a separable
metric space. Let 0 < ε < 1 and {Bα} be any family of balls in X, where α ∈ I, for
some index set I, such that, the supremum of radii, sup rα <∞.

(i) Then there exists an at-most a countable subfamily of {Bδ}, where δ ∈ J ⊆ I,
and J is a countable index set, such that,⋃

α∈I
B(1−ε)rα(xα) ⊆

⋃
δ∈J

Brδ(xδ)
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(ii) Every x ∈ X = Rn is contained in at-most N(n, ε) balls in the subfamily of
{Bδ}.

Proof. Let X = Rn. Let 0 < ε < 1 and Let {Bα}α∈I be any family of open balls in
X,such that,

R = sup
α∈I

rα <∞

If the original family is empty, then there is nothing to prove.
So assume that the family is non-empty. Then R > 0.
Define the open set

U =
⋃
α∈I

B(1−ε)rα(xα)

Since X = Rn is separable, it has a countable basis. Hence every open cover of an
open subset of X admits a countable subcover by the same countable-basis argument
used in Lemma 11. Thus, the open cover

U =
⋃
α∈I

B(1−ε)rα(xα)

admits a countable subcover. Therefore, there exists a countable subfamily

{Bαj}∞j=1 ⊆ {Bα}α∈I

such that,

U =
∞⋃
j=1

B(1−ε)rαj
(xαj)

Thus, it is enough to choose a suitable subfamily from the countable family {Bαj}∞j=1.
Set,

λ = 1− ε

4
For each m ∈ N, define,

Fm =
{
Bαj = Brαj

(xαj) : λ
mR < rαj ≤ λm−1R

}
Since 0 < λ < 1 and λmR −→ 0, every ball in the countable family {Bαj}∞j=1 belongs
to exactly one of the families Fm.
We now choose the desired subfamily. We process the families F1,F2,F3, . . . in this
order.
Inside each Fm, we use the order inherited from the enumeration {Bαj}∞j=1. When
a ball Bαj = Brαj

(xαj) is considered, we select it if, B(1−ε)rαj
(xαj) is not already

contained in the union of the balls selected earlier. If it is already contained in the
union of the previously selected balls, then we do not select it.
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Let G be the family of all balls selected by this process. Since we selected from a
countable family, G is at-most countable. Therefore, we may write

G = {Bδ : δ ∈ J}

for some at-most countable set J ⊆ I.
By construction, for every j ∈ N, either Bαj was selected, or, B(1−ε)rαj

(xαj) was
already contained in the union of previously selected balls. Hence,

B(1−ε)rαj
(xαj) ⊆

⋃
δ∈J

Brδ(xδ) ∀j ∈ N

Taking the union over all j, we get,

∞⋃
j=1

B(1−ε)rαj
(xαj) ⊆

⋃
δ∈J

Brδ(xδ)

Since
∞⋃
j=1

B(1−ε)rαj
(xαj) = U =

⋃
α∈I

B(1−ε)rα(xα)

we obtain, ⋃
α∈I

B(1−ε)rα(xα) ⊆
⋃
δ∈J

Brδ(xδ)

It remains to prove the bounded overlap property. Fix x ∈ Rn and define,

P = {δ ∈ J : x ∈ Brδ(xδ)}

We claim that |P | is bounded above by a constant depending only on n and ε.
The bounded overlap argument follows the same idea as the bounded overlap argu-
ment in the proof of the finite Modified Besicovitch Covering Theorem (Theorem 54),
with one minor change.
In Theorem 54, when two selected balls

B′ = Br′(x
′) and B′′ = Br′′(x

′′)

both contain x and B′ was selected before B′′, the ordering gave, r′ ≥ r′′.
In the present construction, the balls are selected layer-by-layer. Hence, if B′ was
selected before B′′, then either B′ lies in an earlier layer or in the same layer as B′′.
In either case, by the definition of the layers,

r′ > λr′′ =
(
1− ε

4

)
r′′

For a fixed point x, assign to every selected ball Bδ containing x the two quantities
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• ratio: ρδ =
|x− xδ|
rδ

∈ [0, 1)

• the direction: Dδ ∈ Sn−1 from x to xδ.

If x = xδ, choose Dδ to be any fixed unit vector.
Cover Sn−1 by finitely many balls of radius ε/12, and cover [0, 1] by finitely many
intervals of length at most ε/12.
Suppose two distinct selected balls containing x correspond to the same pair consisting
of one spherical ball and one interval. Let the earlier one be, B′ = Br′(x

′) and the
later one be, B′′ = Br′′(x

′′). We claim that this is impossible.
Let

δ =
ε

12

As in the proof of Theorem 54, the fact that the two balls correspond to the same
spherical ball and the same interval gives the estimate

|x′ − x′′| < 3δr′′ + |r′′ − r′|

We now show that this implies

B(1−ε)r′′(x
′′) ⊆ Br′(x

′)

Let
z ∈ B(1−ε)r′′(x

′′)

Then,
|z − x′′| < (1− ε)r′′

First suppose r′ ≥ r′′. Then, as 3δ = ε/4 < ε,

|z − x′| ≤ |z − x′′|+ |x′′ − x′|
< (1− ε)r′′ + 3δr′′ + (r′ − r′′)

= r′ − (ε− 3δ)r′′

< r′

Now suppose r′ < r′′. Since

r′ >
(
1− ε

4

)
r′′

we have,

r′′ − r′ <
ε

4
r′′

Hence,

|z − x′| ≤ |z − x′′|+ |x′′ − x′|
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< (1− ε)r′′ + 3δr′′ + (r′′ − r′)

< (1− ε)r′′ +
ε

4
r′′ +

ε

4
r′′

=
(
1− ε

2

)
r′′

<
(
1− ε

4

)
r′′

< r′

Therefore, in both cases, z ∈ Br′(x
′).

Thus,
B(1−ε)r′′(x

′′) ⊆ Br′(x
′)

But then, when B′′ was considered, its shrunken ball B(1−ε)r′′(x
′′) was already con-

tained in a previously selected ball. Hence B′′ would not have been selected, which
is a contradiction.
Therefore, for each fixed x ∈ Rn, there is at most one selected ball containing x cor-
responding to each pair. Since the number of spherical balls and intervals depends
only on n and ε, it follows that

|P | ≤ N(n, ε)

For example, one may take,

N(n, ε) =

(
1 +

24

ε

)n(⌈
12

ε

⌉
+ 1

)
Since x ∈ Rn was arbitrary, every point of Rn belongs to at most N(n, ε) balls of the
selected subfamily.

Definition 41 (Maximal Function). Let X be a separable metric space. Let µ be a
locally finite Borel measure on X, i.e., ∀x ∈ X, ∃r > 0 such that µ(Br(x)) <∞. Let
f be a non-negative measurable function. Let ν be a Borel measure on X such that
ν = f µ. Then, the maximal function of ν w.r.t. µ is,

Mµν(x) = sup
r>0

ν
(
Br(x)

)
µ
(
Br(x)

)
This is also called the Hardy-Littlewood maximal function.
We use the convention that if the denominator is 0, the supremum is 0.

Theorem 56 (Borel Measurability of the Maximal Function). Let X be a separable
metric space. Let µ be a locally finite Borel measure on X, f be a non-negative
measurable function and ν be a Borel measure on X. Then, the maximal function of
ν w.r.t. µ, Mµν is Borel measurable.
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Proof. To prove this, we aim to show that, for every t > 0, the set,

Et = {x ∈ X : Mµν(x) > t}

is open, hence a Borel set.
If x ∈ Et, then there exists r > 0 such that, µ(Br(x)) > 0 and Mµν(x) > t, hence,

ν
(
Br(x)

)
µ
(
Br(x)

) > t =⇒ ν
(
Br(x)

)
> tµ

(
Br(x)

)
Since

Br(x) =
⋃
ρ<r

Bρ(x)

Now, for ρ increasing to r, i.e., ρ ↑ r we have, by continuity of measures (from below),

ν
(
Bρ(x)

)
−→ ν

(
Br(x)

)
Thus, there exists, ρ < r, such that,

ν
(
Bρ(x)

)
> tµ

(
Br(x)

)
Let y ∈ Bδ(x) and d(x, y) < δ.

Let δ =
r − ρ

2
> 0. Define, R = ρ+ δ = r − δ.

Let z ∈ Bρ(x). Then,

d(z, y) ≤ d(z, x) + d(x, y) < ρ+ δ = R

Thus, z ∈ BR(y). So, Bρ(x) ⊆ BR(y).
Again, as z ∈ BR(y). So,

d(z, x) ≤ d(z, y) + d(y, x) < R + δ = r

Thus, z ∈ Br(x). So, BR(y) ⊆ Br(x).
Therefore, we have,

Bρ(x) ⊆ BR(y) ⊆ Br(x)

This results in,

ν
(
BR(y)

)
≥ ν

(
Bρ(x)

)
> tµ

(
Br(x)

)
≥ t µ

(
BR(y)

)
Therefore,

ν
(
BR(y)

)
> tµ

(
BR(y)

)
Since this holds for every y ∈ Bδ(x),we have, Bδ(x) ⊆ Et.
Thus, Et is open, for all t > 0.
Therefore, Mµν is Borel measurable.

128 Continued...



Swapnamoy Kader

Theorem 57 (Weak Type 1-1 bound for Maximal Functions). Let X be a separable
metric space. Let µ be a locally finite Borel measure on X and ν be a finite Borel
measure on X. Assume one of the following holds:

(i) µ is doubling, i.e.
µ
(
B2r(x)

)
≤ c µ

(
Br(x)

)
with c <∞ and c independent of x and r.

(ii) X = Rn or any Besicovitch satisfying space.

Then, for all t > 0,

µ
(
{x ∈ X : Mµν(x) > t}

)
≤ C

t
ν(X)

where C = c3 in the doubling case and C = N in the Besicovitch case.

Proof. Let
E = {x ∈ X : Mµν(x) > t}

Then, for every x ∈ E, there exists r′x > 0, such that,

ν
(
Br′x(x)

)
> tµ

(
Br′x(x)

)
So we consider the family of balls {Br′x(x) : x ∈ E}.
For R > 0 define the truncated maximal ratio,

MR
µ ν(x) = sup

0<r<R

ν
(
Br(x)

)
µ
(
Br(x)

)
Let

ER = {x ∈ X : MR
µ ν(x) > t}

Then, for every x ∈ ER, there exists rx > 0 (with rx < R), such that,

ν
(
Brx(x)

)
> tµ

(
Brx(x)

)
(i) Assuming µ is doubling, the collection {Brx(x) : x ∈ ER} is an arbitrary col-

lection of balls covering ER and by Vitali Covering Theorem (Theorem 52), ∃ a
countable subfamily {Brxj (xj)} of pairwise disjoint balls, such that,

ER ⊆
⋃
x∈Er

Brx(x) ⊆
∞⋃
j=1

B5rxj
(xj)
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Then,

µ(ER) ≤ µ
( ∞⋃
j=1

Brxj (xj)
)

(by monotonicity)

≤
∞∑
j=1

µ
(
B5rxj

(xj)
)

(by sub-additivity)

≤
∞∑
j=1

µ
(
B8rxj

(xj)
)

(since B5rxj
(xj) ⊆ B8rxj

(xj))

≤ c3
∞∑
j=1

µ
(
Brxj (xj)

)
(by applying doubling three times)

<
c3

t

∞∑
j=1

ν
(
Brxj (xj)

)
(by hypothesis)

=
c3

t
ν

( ∞⋃
j=1

Brxj (xj)

)
(by disjointness)

≤ c3

t
ν(X)

Therefore,

µ(ER) ≤
c3

t
ν(X)

where c3 is independent of R.

(ii) Fix 0 < ε < 1. Since
x ∈ B(1−ε)rx(x)

for every x ∈ ER, we have,

ER ⊆
⋃
x∈ER

B(1−ε)rx(x)

Assuming, X = Rn or any Besicovitch satisfying space, by Besicovitch Covering
Theorem (Theorem 55), there exists a countable subfamily {Brxj (xj)}

∞
j=1 such

that,

ER ⊆
⋃
x∈ER

B(1−ε)rx(x) ⊆
∞⋃
j=1

Brxj (xj)

and every point of X is covered by at most N balls of this subfamily.
Thus,

µ(ER) ≤ µ
( ∞⋃
j=1

Brxj (xj)
)

(by monotonicity)
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≤
∞∑
j=1

µ
(
Brxj (xj)

)
(by sub-additivity)

<
1

t

∞∑
j=1

ν
(
Brxj (xj)

)
(by hypothesis)

=
1

t

∞∑
j=1

∫
X

χBrxj
(xj) dν (by maximal function)

=
1

t

∫
X

( ∞∑
j=1

χBrxj
(xj)

)
dν (by Tonelli’s theorem)

≤ 1

t

∫
X

N dν (by bounded overlap)

=
N

t
ν(X)

Therefore,

µ(ER) ≤
N

t
ν(X)

where N is independent of R.

By construction, {ER} is a nested increasing family of sets. Thus, we have ER ↑ E
and MR

µ ↑Mµν.
In either case, there exists a constant C independent of R such that

µ(ER) ≤
C

t
ν(X)

Therefore, by continuity from below,

µ(E) = lim
R→∞

µ(ER) ≤ lim
R→∞

C

t
ν(X) =

C

t
ν(X)

Therefore,

µ
(
{x ∈ X : Mµν(x) > t}

)
≤ C

t
ν(X)

Theorem 58 (Lebesgue Differentiation Theorem). Let X be a separable metric space
and µ and ν be locally finite measures on B(X). Assume the weak type (1, 1) bound
holds and the Lebesgue decomposition

ν = f µ+ νs

holds, where f is a nonnegative measurable function and Xs is the corresponding
singular set, such that,

µ(Xs) = νs(X
c
s) = 0

Then,
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(i) For µ-a.e. x, and for x ∈ G, we have

f(x) = lim
r→0

ν(Br(x))

µ(Br(x))

where G is any set on which µ and ν are finite.

(ii) For νs-a.e. x ∈ G,

lim
r→0

ν(Br(x))

µ(Br(x))
= ∞

Proof. (i) To prove this we first consider the case νs = 0, i.e. ν = fµ. Then two
possible cases occur.

• Case I: f is continuous.
Consider the ball Br(x).
As ν = f µ, then

ν(Br(x)) =

∫
Br(x)

f dµ

And also,

f(x)µ(Br(x)) =

∫
Br(x)

f(x) dµ

Then, ∣∣∣∣ν(Br(x))µ(Br(x))
− f(x)

∣∣∣∣ = ∣∣∣∣ν(Br(x))− f(x)µ(Br(x))

µ(Br(x))

∣∣∣∣
=

1

µ(Br(x))

∣∣∣∣∫
Br(x)

f dµ−
∫
Br(x)

f(x) dµ

∣∣∣∣
=

1

µ(Br(x))

∣∣∣∣∫
Br(x)

(f − f(x)) dµ

∣∣∣∣
≤ 1

µ(Br(x))

∫
Br(x)

|f − f(x)| dµ

By continuity at x of f , for every ε > 0 there exists δ > 0 such that
|f(x)− f(y)| < ε whenever |x− y| < δ. So, if r < δ, then,∣∣∣∣∣ν

(
Br(x)

)
µ
(
Br(x)

) − f(x)

∣∣∣∣∣ ≤ 1

µ
(
Br(x)

) ∫
Br(x)

|f − f(x)| dµ

≤ 1

µ
(
Br(x)

) ∫
Br(x)

ε dµ
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≤
ε · µ

(
Br(x)

)
µ
(
Br(x)

) ≤ ε.

Therefore,

f(x) = lim
r→0

ν
(
Br(x)

)
µ
(
Br(x)

) , for µ
(
Br(x)

)
̸= 0

Now, when µ
(
Br(x)

)
= 0, we claim that in a separable space X, if,

E = {x ∈ X : ∃r > 0, µ(Br(x)) = 0}

then µ(E) = 0.
As X is separable, there exists a countable dense subset D ⊆ X.
Assume a ball Br(x) such that µ

(
Br(x)

)
= 0.

Take ε > 0. Since D is dense, there exists y ∈ D with d(x, y) < ε.
If ρ = r − ε > 0, then, Bρ(y) ⊆ Br(x) and x ∈ Bρ(y), whenever ε < r/2
and, as µ

(
Br(x)

)
= 0, we have µ

(
Bρ(y)

)
= 0.

Thus, it is enough to show that µ(F ) = 0, where,

F = {x ∈ G : ∃ρ ∈ Q+, y ∈ D, x ∈ Bρ(y), µ(Bρ(y)) = 0}

Now,

F ⊆
⋃

y∈D , ρ∈Q+,
µ(Bρ(y))=0,
countable

Bρ(y)

Hence,

µ(F ) ≤
∑

y∈D , ρ∈Q+,
countable

µ(Bρ(y)) = 0

Therefore µ(E) = 0 in separable space X.
Therefore, for continuous function f , x ∈ G, and µ-a.e. we have,

f(x) = lim
r→0

ν(Br(x))

µ(Br(x))

This proves the continuous case.

• Case II: f is non-negative measurable and integrable on G.
By the density of continuous functions in L1 (Theorem 34), for every ε > 0,
there exists a continuous function g on G such that,∫

G

|f − g| dµ < ε
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Let h = f − g. Then, f = g + h.
Consider the ball Br(x) ⊆ G. Since ν = fµ in the present case, we have,

ν(Br(x))

µ(Br(x))
=

1

µ(Br(x))

∫
Br(x)

f dµ

Therefore,∣∣∣∣ν(Br(x))µ(Br(x))
− f(x)

∣∣∣∣ = ∣∣∣∣ 1

µ(Br(x))

∫
Br(x)

f(y) dµ(y)− f(x)

∣∣∣∣
=

∣∣∣∣ 1

µ(Br(x))

∫
Br(x)

(f(y)− f(x)) dµ(y)

∣∣∣∣
≤ 1

µ(Br(x))

∫
Br(x)

|f(y)− f(x)| dµ(y)

≤ 1

µ(Br(x))

∫
Br(x)

|g(y)− g(x)| dµ(y)

+
1

µ(Br(x))

∫
Br(x)

|h(y)− h(x)| dµ(y)

= I1(x, r) + I2(x, r).

By Case I, g being continuous, I1(x, r) → 0 as r → 0.
Also,

I2(x, r) =
1

µ(Br(x))

∫
Br(x)

|h(y)− h(x)| dµ(y)

≤ 1

µ(Br(x))

∫
Br(x)

|h(y)| dµ(y) + |h(x)|

Now fix t > 0 and consider,

E = {x ∈ G : lim sup
r→0

I2(x, r) > t}

By the estimate for I2, we have

E ⊆ E1 ∪ E2

where,

E1 =

x ∈ G : sup
r>0

Br(x)⊆G

1

µ(Br(x))

∫
Br(x)

|h| dµ > t

2


and,

E2 =

{
x ∈ G : |h(x)| > t

2

}
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Since

E1 ⊆
{
x ∈ G :Mµ(|h|µ)(x) >

t

2

}
Hence, by the weak type (1, 1) bound (Theorem 57), we get,

µ(E1) ≤
2C

t
(|h|µ)(G) = 2C

t

∫
G

|h| dµ < 2Cε

t

Also, by Chebyshev’s inequality,

µ(E2) = µ

({
x ∈ G : |h(x)| > t

2

})
≤ 2

t

∫
G

|h| dµ < 2ε

t

Therefore,

µ(E) ≤ 2(C + 1)ε

t

Since ε > 0 was arbitrary. Then for every t > 0,

µ(E) = 0

Taking t = 1/m,m ∈ N, (letting t −→ 0) and using countable subadditivity,
we get,

lim sup
r→0

I2(x, r) = 0 for µ-a.e. x ∈ G

Since I1(x, r) → 0 by the continuous case, it follows that,

lim
r→0

∣∣∣∣ν(Br(x))µ(Br(x))
− f(x)

∣∣∣∣ = 0

for µ-a.e. x ∈ G.
Therefore,

f(x) = lim
r→0

ν(Br(x))

µ(Br(x))

for µ-a.e. x ∈ G.

This proves the absolutely continuous case.
Now we prove when ν also has a singular part νs and thus a singular set Xs

exists, s.t. µ(Xs) = νs(X
c
s) = 0.

As µ and ν are locally finite we consider small chunksG ofX. Then µ(G), νs(G) <
∞.
Also, by separability of X, we have already shown that

µ
(
{x ∈ G : ∃r > 0, µ(Br(x)) = 0}

)
= 0
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Thus, we show that, for µ-a.e. then,

lim
r→0

νs(Br(x))

µ(Br(x))
= 0

Take ε > 0. By regularity of the νs on G, there exists a closed set F ⊆ Xs ∩G
such that,

νs((Xs ∩G) \ F ) < ε

Define,
ν ′s = νs · 1F c∩G

Then,
ν ′s(X) < ε

If x ∈ G \ F , then since F is closed, there exists rx > 0 such that

Br(x) ∩ F = ∅ for all 0 < r < rx

Therefore, for such r,
νs(Br(x)) = ν ′s(Br(x))

Fix t > 0 and define,

Et =

{
x ∈ G \ F : lim sup

r→0

νs(Br(x))

µ(Br(x))
> t

}
Then,

Et ⊆ {x ∈ G \ F : sup
r∈(0,rx)

ν ′s(Br(x))

µ(Br(x))
> t} ⊆ {x ∈ G :Mµν

′
s(x) > t}

By the weak type (1, 1) bound,

µ(Et) ≤
C

t
ν ′s(X) <

Cε

t

Since ε > 0 was arbitrary. Thus,

µ(Et) = 0

Taking t = 1/m, m ∈ N, (letting t −→ 0 ) and using countable subadditivity,
we conclude that,

µ(Et) = 0

Hence for µ-a.e. x ∈ G,

lim
r→0

νs(Br(x))

µ(Br(x))
= 0
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Combining the absolutely continuous part and the singular part, we have

ν(Br(x))

µ(Br(x))
=

(fµ)(Br(x))

µ(Br(x))
+
νs(Br(x))

µ(Br(x))

The first term tends to f(x) for µ-a.e. x ∈ G, and the second term tends to 0
for µ-a.e. x ∈ G. Hence,

f(x) = lim
r→0

ν(Br(x))

µ(Br(x))

for µ-a.e. x ∈ G, where G is any set on which µ and ν are finite.
This proves part (i).

(ii) We show that,

lim
r→0

ν(Br(x))

µ(Br(x))
= ∞ for νs-a.e. x ∈ G

Since νs ⊥ µ, there exists a singular set Xs such that,

µ(Xs) = 0 and νs(X
c
s) = 0

Let ε > 0. By regularity of µ, choose an open set U such that,

Xs ∩G ⊆ U and µ(U) < ε

Define, µ′ = µ · 1U .
Then

µ′(X) = µ(U) < ε

Fix t > 0 and consider

At =

{
x ∈ Xs ∩G : lim inf

r→0

νs(Br(x))

µ(Br(x))
< t

}
If x ∈ At, then for arbitrarily small r > 0,

νs(Br(x)) < tµ(Br(x))

Since x ∈ U and U is open, for all sufficiently small r > 0 we have,

Br(x) ⊆ U

Hence, for such r,
µ(Br(x)) = µ′(Br(x))

Therefore, for arbitrarily small r > 0,

µ′(Br(x))

νs(Br(x))
>

1

t

137 Continued...



Swapnamoy Kader

By separability we have,

νs
(
{x ∈ G : ∃ r > 0, νs(Br(x)) = 0}

)
= 0

Thus, ignoring the νs-null set of points for which νs(Br(x)) = 0 for some suffi-
ciently small ball, we get,

At ⊆
{
x ∈ X :Mνsµ

′(x) >
1

t

}
Applying the weak type (1, 1) bound (Theorem 57), with νs as the reference
measure and µ′ as the finite measure, we obtain,

νs(At) ≤ Ctµ′(X) ≤ Ct ε

Since ε > 0 was arbitrary, we have,

νs(At) = 0

Taking t = m, m ∈ N, (t −→ ∞) and using{
x ∈ Xs ∩G : lim inf

r→0

νs(Br(x))

µ(Br(x))
<∞

}
=

∞⋃
m=1

Am

we obtain,

νs

({
x ∈ Xs ∩G : lim inf

r→0

νs(Br(x))

µ(Br(x))
<∞

})
= 0

Therefore,

lim inf
r→0

νs(Br(x))

µ(Br(x))
= ∞ for νs-a.e. x ∈ Xs ∩G

Since the ratios are nonnegative, thus,

lim inf
r→0

νs(Br(x))

µ(Br(x))
= ∞ =⇒ lim

r→0

νs(Br(x))

µ(Br(x))
= ∞

Hence,

lim
r→0

νs(Br(x))

µ(Br(x))
= ∞ for νs-a.e. x ∈ G

Since
ν = fµ+ νs

we have,
ν(Br(x))

µ(Br(x))
=

(fµ)(Br(x))

µ(Br(x))
+
νs(Br(x))

µ(Br(x))
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The first term is nonnegative, and the second term tends to ∞ for νs-a.e. x ∈ G.
Therefore,

lim
r→0

ν(Br(x))

µ(Br(x))
= ∞ for νs-a.e. x ∈ G

This proves part (ii).

Definition 42 (Push-forward Measure). Let (X,A, µ) be a measure space and (Y,B)
be a measurable space. Let T : X → Y be a measurable function. The push-forward
measure T∗µ on Y is defined for any set B ∈ B by

(T∗µ)(B) = µ
(
T−1(B)

)

Theorem 59 (Validity of the Push-Forward Measure). Let (X,A, µ) be a measure
space and (Y,B) be a measurable space. Let T : X → Y be a measurable function.
The push-forward measure T∗µ on Y is a measure on B.

Proof. To prove that T∗µ is a measure on B, it is enough to show non-negativity and
countable additivity.

• Consider the empty set ∅. Then,

(T∗µ)(∅) = µ
(
T−1(∅)

)
The pre-image of the empty set is always empty, so T−1(∅) = ∅, as no points
of X can be mapped to a set that has nothing, and hence µ(∅) = 0. Therefore,

(T∗µ)(∅) = 0

Also, for every B ∈ B,

(T∗µ)(B) = µ(T−1(B)) ≥ 0

which shows non-negativity at the empty set.

• Now Let {Bi}∞i=1 be a sequence of disjoint sets in B. Then, by property of
preimages,

T−1
( ∞⋃
i=1

Bi

)
=

∞⋃
i=1

T−1(Bi)

As each Bi are disjoint in Y , their pre-image T−1(Bi) must be disjoint in X.
Else, if x were in both T−1(Bi) and T

−1(Bj), then T (x) ∈ Bi and T (x) ∈ Bj,
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hence, contradicting disjointness.
Then,

(T∗µ)
( ∞⋃
i=1

Bi

)
= µ

(
T−1

( ∞⋃
i=1

Bi
))

= µ
( ∞⋃
i=1

T−1(Bi)
)

=
∞∑
i=1

µ
(
T−1(Bi)

)
=

∞∑
i=1

(T∗µ)(Bi)

Thus, T∗µ is countably additive.

Therefore, T∗µ is a measure on B.

Theorem 60 (Abstract Change of Variable). Let T : X → Y be a measurable func-
tion and f : Y → R be a B-measurable function. Then f is integrable with respect to
T∗µ if and only if f ◦ T is integrable with respect to µ. Mathematically,∫

Y

f d(T∗µ) =

∫
X

(f ◦ T ) dµ

Proof. We first prove the result for non-negative measurable functions, i.e., f ≥ 0.

• Consider first the case f = 1B where B ∈ B (the characteristic function of B).
Then, ∫

Y

1B d(T∗µ) = (T∗µ)(B) = µ
(
T−1(B)

)
On the other hand, since 1B(T (x)) = 1 if and only if T (x) ∈ B, i.e. x ∈ T−1(B).
Hence,

1B ◦ T = 1T−1(B)

Thus, ∫
X

(1B ◦ T ) dµ =

∫
X

1T−1(B) dµ = µ
(
T−1(B)

)
Therefore, for characteristic functions,∫

Y

f d(T∗µ) =

∫
X

(f ◦ T ) dµ
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• Considering simple functions as

f =
n∑
k=1

ck1Bk

Then, for each k, the statement holds for 1Bk
. Then,∫

Y

( n∑
k=1

ck1Bk

)
d(T∗µ) =

n∑
k=1

ck

∫
Y

1Bk
d(T∗µ)

=
n∑
k=1

ck

∫
X

(1Bk
◦ T ) dµ

=

∫
X

(( n∑
k=1

ck1Bk

)
◦ T
)
dµ

Therefore, for simple functions f ,∫
Y

f d(T∗µ) =

∫
X

(f ◦ T ) dµ

• Now Let f be any non-negative measurable function. Then f is the pointwise
limit of an increasing sequence of simple functions. Let f = lim

n→∞
fn with fn ↑ f .

Then, for each n, the statement holds for each simple function fn, i.e.,∫
Y

fn d(T∗µ) =

∫
X

(fn ◦ T ) dµ (n = 1, 2, . . . )

Taking limits on both sides and applying the Monotone Convergence Theorem
(Theorem 28), we obtain,

lim
n→∞

∫
Y

fn d(T∗µ) =

∫
Y

f d(T∗µ), lim
n→∞

∫
X

(fn ◦ T ) dµ =

∫
X

(f ◦ T ) dµ

Hence, ∫
Y

f d(T∗µ) =

∫
X

(f ◦ T ) dµ

Now Let f : Y → R be measurable. Applying the non-negative case to |f |, we get∫
Y

|f | d(T∗µ) =
∫
X

|f ◦ T | dµ

Therefore,
f ∈ L1(T∗µ) ⇐⇒ f ◦ T ∈ L1(µ)
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If these equivalent conditions hold, then applying the non-negative case to f+ and
f− gives ∫

Y

f+ d(T∗µ) =

∫
X

(f+ ◦ T ) dµ

and ∫
Y

f− d(T∗µ) =

∫
X

(f− ◦ T ) dµ

Since
f = f+ − f−

and
(f ◦ T )+ = f+ ◦ T, (f ◦ T )− = f− ◦ T

we obtain ∫
Y

f d(T∗µ) =

∫
X

(f ◦ T ) dµ

Therefore, f is integrable with respect to T∗µ if and only if f ◦ T is integrable with
respect to µ.
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